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THE 



DOCTRINE AND APPLICATION 



OF 



FLUXIONS, 



jPart the second. 



S E C T I O N I. 

The Manner of Investigating the Fluxions 
of Exponentials, with Those of the Sides 
and Angles of Spherical Triangles. 

^60. 1 HE method of deriving the fluxion of any 
power, jf'y €& %, flowing quantity, when the exponent 
(v) is given or invanable, has been abready shown : 
bat, if die exponent be variable, thsit method fails ; in 
whidi ease the quantity sf is called an' exponential ; 
whose fluxion is thus deteimined. 

Put sssor'^ and let the Imierbolic lopritfam of i* be 
dsnottd \ff y; Aen tb*t of a^ (x) wiU, by the nature 
of logarithms^ be = v^;, and therefore its fliixionssi 
^•\-v^ : but the fluxion of the logarithm of z (=ap*) 

voii. ir. B 
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5 ^ , « ^ 



• Art. l»«. i^.4d80 ejqiKSsed by — ;* whence we have— =t?y + JfP, 

andccmsequentlyi==2rt)y+aj^: which equation, by substi- 

+ Art. 1«6. tuting — for its equal j^,t becomes i s= *yi5 -h = 

j^ ^©-ho* X — = :r"^ -H vx'^^x =z ixTv x hyp. log. x 



TAe same otherwtM, tnthmtt introducing the Propertiet 

of Logarithms, 

861. Let 1 +a:=:t, and n + tc=t?, supposing n con- 
stant and w variable: then »• = 1 + ^l* "sslH-^' 

xlT^*=mi" xil + ftz-^^x^ X 2- + 

jArt.99. T X ^' - ^ ^ ^^ V&c.)t=r^- X 

I .II I 

l+w« + f»« — Itoxars+^a;^ — ito* -h §t» x «' + &c- 
whose fluxion, found the common w^y, is ni x 

ITi^ &c.) +TT5" X fws;+wi+t£«o — |w X ^ + iM?^— iter 

x2«i + ftt?2w— tiw + iwx2:'+|tp^ — fw^ + Jt© X 3^-i 
&c.) which, by substituting x and i? for their equi^ z. 

and 10, becomes nx x I+H""' x (1+W5f+|»« — fw 

X «* + &c.)' +l4-«r X t?« + w« + ttw— ft5xa:^ + &C. 

But, if ti? be, now, supposed to vanish, we shall have 

the true value of the fluxion w:hen © ss n ; whidi> in 

that eircumstance, appeats to be = n^c x 1.+ «1 
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It is plain, because the series, ;? — | jb;^ + jr 2:' &c. 
here brought out, is known to express the fluent of 

i 
j , or the hyperbolic logarithm of 1 -f ^,* that the* Art IW. 

JL "7* Z 

two conclusions agree exactly with each other : from 
either of which the following Ridty for the fluxions of 
exponentials, is deduced. 

MS. To the Fluxion found by the common Rule (Art. 14) 
considering the Exponent as constant ^ add the Qjuantity 
arising by tmdtvplying the Fluxion of the Exponent^ 
the hyperbolic Logarithm of the Rooty and the proposed 
Qnantity itself, continually ^ together : the sum will be 
the Fluxion when the Exponent is variable. 

Thus, for example, let the quantity proposed be 



a«+^r> then the fluxion thereof will be zx^zzx 

a« + ««p' 4- i X a2 + z^]' x hyp^ log. (a« + z*). 

But, if the root is constant, and only the exponent 
variable, the exponential will be more simple ; and its 
fluxion will then be had by barely multiplying the quan-' 
tity itself by the product under the logarithm of the root 
and the fluxion of the exponent. . 

Thus, the fluxion of a* will be expressed by a* x x 

x hyp. log. a; and that of a« + *«!** by a^ + i«l* x nx 

' x hyp. log. a^+b^. These kind of exponentials oftner 
occur, in practice, than any otha: ; but, as it is very 
rare that'we meet with any, I shaH therefore proceed 
now to the other consideration proposed in the head of 
1^ section; iiamely, the method of det^mining the 
fluxiflns of the sides and angles of spherical triangles 
(a thin^ very usefid in Practical Astronomy) which 
I shall deliver in the following Propositions. ' ' 
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PROPOSITION I. 

258. To determine the Ratio of the Flinims of the 
several Parts of a right-aiigled spherical Triangle ; 
supposing the Hi/pothenuse^ one Leg^ or one Angle, to 
remain constant^ while the other Parts vary. 



^-'\)r^ 




Let A, F, and G be the 
poles of the three greiit' 
circles D E F G, ABD, and 
ACE; whereof the positioti 
, of each is. supposed to con- 
tinue invariable^ while ano- 
ther ^eat-circle H F C B iar 
conceived to revise about 
the pol^ F : whence^ iif G H 
be supposed perpendicular to 
F H, three vmable right- 
angled triangles, F G H, 
FCE, and ABC, wiU be 

ibrmed ; in the first whereof, die hypothenuse F G wtU 
remain constant ; ki the secondi the leg E F ; and in 
the third the ande A. 

Let B b (q) be the fluxion (or indeimitely small in- 

*A,r%. 134 crement)* of the base AB, or the angle F; and let 

C d meet the great circle i F A, at right-angles, in d ; 

then it wiU be (per Spherics) as sin. F B (rad.) \ sin, 

PC::B6rfr.Cd = !!^xg = f^x,.- 

V » rod rod. ^ 

and, tang. C : rad. y.Cd ( x q) t 

xf =:the fIi»doti of B C. 

Moreover, nn. C : ml :: Cd (^^±1^ 



king. G 



JKV>: 



stn. C 



X 9= the fluxion of A C. 
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Lastly, nne of FB (rod.) ; ^kFH (BC) : : Bb(q) : 

— X 9 (=:H»i) =3 the flusioff of OH, or its 

rod. 

complement C. 

Now, if the several quantities, in these three equa- 
tions for the trian^e A B C, be expounded by their re- 
spective equals in the other two triangles C £ F and 
F G H, we shall idso have 

sin. CF J. ^ T^ 

Xq=:^JlttX. CF. 



tang, C 
sin, CF 



sin. C 
co-«. C F 



x^=— flux. C E. 



x^^flux. C. 



rod. 

And 

CO-S. FH . /i T?TT 

.c^tung. Kjrm. 

co-s. F JI a r^ 

-:^-yyXf3=nUX. G. 

co-^. GH 
sin. F H 



X9=-flux. GH. H.E.I. 



rod. 

COKO^LA^Y 1. 

^4. Hence, if, in any right-angkd spherical-tri- 
angle, the hypothenusc be denoted by A, the two. legs 
by L and ./, the angles^ respeetivdy, adjacent to them 
by A and a, we shall, by substituting above, have three 
equations for each of the three cases. From the com- 
parison and <x)inposition of which, the three following 
taU^ ^e deduced ; exhibiting all the different varieties 
that can nqs^bly l^ppen, whether an angle, a leg^ or 
the hypotnenuse be supposed invariable. 



■^""'■■•i 
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TABLE I. 
When one An^^e A is invariable, 



xa 



i tang, a i sin. a ; tad. 
co-«. f eo-^. I nn. k 

; co^, I i. co^. a i CO. tang. I 

• co^. I i. R ; 'co~tang. I 

*=—; xZr= x/= r-^— xa 

nil. a co^. a sin. a 

sin, I. 1. tang, a ; sin. a ; 

d^—ff- X /i=— ~ — I X /= — I > X h 

R €o4ang. I co-tong. I 

TABLE IL 

When one L^ L is invariable, 
. tang.a . sin.a i R 

8tn. A sin^ n co^. n 

co^. h \ sin* a : tang, a - 

«s =— xA=z — ; J X c= —• 7— ^-r X « 

i( tong*. A toii^. A 

; sin. h ' COS. a ; tang, h 

A=-T x-4=--^- x/=-7-^^ — xa 

tang, a R tang, a 

; sin. h 1 R ; tang, h 

1=^. — xA=i xA=: ^ — xa 

stn. a COS. a sin. a 

TABLE in. 
When the Hyp. is invariaWe, 

; €o-tang. I • COS. I . R ' 

jsz ^^^L^ ^xa=-i — fxl 

COS, JLt COS. Lt stttf Li 

■ COS. L ' sin, I tang. I : 

L= ; iX-4=— ^r- xa=: — ■ ^ f xl 

co4ang, I R tang. L 

Where, and also in the two preceding tables, the leg L 
is adjacent to the angle Ay and' the leg I to the angle a. 



\ 
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COUOLLABY II. 

S55. From the third original equation, expressing 
the fluxion of the ai^le C [Vide Ait^, 253) it appears 
that the superficies of any spherical-triangle 4 B C> is 
proportional to the excess of its three angles above 
two right-angles. For (BC db) the fluxion of the 
triangle ABC, is = sine BC x Bb (by Art. 161) which 

being to, — ^ — x B 6, the fluxion of the angle C. 
rod. * 

above specified, in the constant ratio of radius to 
unity, tne fluents themselves (properly corrected) must 
therefore be in that ratio ; that is, the superficies of 
the triangle ABC will always be^ proportional to the 
increase of the angle C, from its coinciding witK A^ 
or as the excess of A and C above two right-angles. 

PROPOSITION II. 

S56. To determine the Ratio of the Fluxions^ or the in- 
definitely small Increments^ of the different Parts of 
an oblique Spherical-Triangle ABC; two Sides 
thereof A B, A C being invariable, in Length. 



Let C c be an indefinitely 
small part of the parallel de- 
scribed by the extreme C of 
the given side AC, in its 
motion about the given point 
A ; moreover, let C d be part 
of another parallel, whose 
pole is the ^ven point B ; let 
the great-circle B c meet C d 
in d ; and let the three sides, 
A B, A C, and B C, of the 
triangle be. denoted by jD, £, 
and F respectively. ^ 
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Then (per Spherics) we shall have 

R:s.E::CAc (J) : Cc = 



S.E. 
R 



X A; 



S.F 



and, H: S. F::CBd (B): cd=:^:^ X B. 

JtC 

S.ExS.C 



Also, R : s. rfCc(ACB): :Cc : f- 



R* 



X J: 



But S.C:S.D::S.B:S.B; therefore S.ExS.C 
s=S.DxS.B, andoonsequently F, also, = — ' 



i?« 



xJ 



.y.^ 



Again, i? : co^. dCc (ACB): :Cc (^ x J) : 



S. E. X COS. C 
R^ 

whence B = 



X A(=:CdJ = 



S.F 



S.Ex COS. C 



R 

X A. 
S.F 



X B; 



RxS.F 

Lastly, co^.cCd (C) : R::Cd(^ x BJ : F = 
S.F 



C€h%» O 



X B. 



Whence, by the verj- same argument (substituting 
D for Ey and C (ox B in the two last equaticms) we 

likewise have C =—^r ^ ' x J, and F (sr 

K % o, Jt 

X B) =^ — r-^ X C. 



co-^. C '" ' eo-t.B 

Now, from the equations thus found, it is maniftst, 



i\ A:F 
^. J: B 
3^ i • c 
4^ B:F 
5^ C:JF 
6°. B : c 



R^: S.DxS.Bi y.co^seca. D: S.B) 
RxS.F: S.Exco^.C 
RxS.F:: S.Dxco^s.B 

€9.4. c: S.F 

t 

co^. B: S.F 
co^.C:ah4.B{::T.B\T.C) Q.E.L 
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S57. These proportions, for the fluxions of the parts 
of a spherical triangle, are very useful in various eases 
in Practical Astronomy ; whereof I shall here put dowti 
one or two instances. • 

The first is : to determine the anmiaJ^ >lt^ation of 
the declination and right^ascension of a fixed ster, 
dirough the precession of the equinoK, 

Here A must denote the pole of the ediptie, B that 
of the equinoctial, and C uie pla«e of the star ; and 
then (by the first and fourth pn^rtuws) we have 

Coseca, D *. sin. B \\A \ F ; and 

s, F. \co^t. c :: F: B; 

m 

That is 1°, As the cosecant of the obliquity of 

the ecliptic is to the sine of the star''a right ascension 

*Jrom the solstitial colure, so is the precession of the 

equinox, or atteratkm of lovigitttde, to the akeration of 

declination. 

2**. As the cosine of the star'^s ikciinatum is lt> the 
e&4ang€nt of its angk of position^ so is the ^keratiim 
if dedinaitum (found as tAoiotyto tke cdteration of right 
ascension corresponMng, 

The seecmd exampSe is to find how much the ampli- 
tude, and the time of the amarent rising and seUing of ' 
the sun, or a star, are a&ct^ hf refraction; 

In this case A must de- 
note the pole of the equa- 
tor, and B' the zenith, and 
the side B C must bcv an 
axdb of 90 d^rees, so 
that the star C may co- 
incide with the, .horizon 
Qd : . then, from the very 
9«nie iproportioii, we haw 

Sin. B : eo-seca, D \\ F \ A^ 

And, R\co4;.C\\F\B 

But, R\c»4.C (T.qCA) \\9m.B (CQ) : co.^tang. 
D (tang. QA). 
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Hence it appears, 

1^ T/uUf as the co-sine of the true amplitude (con-' 
sidered independent, of refraction) is to the tawent of the 
pole's elevation f so is the given horizontal r fraction to 
the difference of amplitudes thence^ arising. 

9f*. And that, as the co^ne of the true amplitude 
is to the secant of the pole's elevatum, so is the said 
horizontal refraction to the effect thereof in the time 
of rising y or setting of the sun, or star, 

fiut this last proportion may be otherwise expressed^ 
without the amphtuae : thus, 

S.JB X S.JC xS.J: W : : the horizontal refraction, 
to the sam^ effect. 

PROPOSITION III. 

258. To determine the same as in the preceding Problem; 
supposing one side A B and one of its adjacent Angles, 
B, to continue invariable. 

If from the end ok the 
given side, opposite to the 
given angle, a perpendicular 
A D be let fall, that perpen 
dicular, as well as the seg- 
ment B D cut off thereby, 
will be a constant quantity, 
while the other parts of the 
triangle Aa D vary, by the 
motion of a along the arch 

a B D. Therefore the problem is resolved by Case 2 of 

right angled triangles. Vide Art. 254. 

259. It may not be ainiss to give one example of the 
use of this last proposition : which shall be, m finding 
the parallax of a planet in longitude and latitude ; that 
of altitude being given. 

Here A must stand for the pole of the ecliptic, B 
the zenith, and a the planet : then, if the hypothe- 
nuse A a be denoted by A, the leg. D a by /, and the 

given parallax in altitude by */, it will appear, from 




i 
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the place above quoted, that J. (the parallax in long.) 

«ii 1^ 'in* a ; ^* Jffawi : j i / .1. 
will be = -: — =- X / = — : — 3 — y /, and A ( the 
stn. h 8m. Aa 

„ . , ,^ co-«. a : co-«. jBa^ : 

iMuraUax in Jat.) = r— x t = 5 x 1. 

*^ - rait. rod. 

If the planet be in (or veiy near) the ecliptic, and 
<|Q be supposed a portion of the ecliptic, meeting A B, 

at right-angles, in Q, then Yi>^ Spherics) — — 3 — 

(c<M. BaQ\^tcai^. Qia . co^. BaA / sin. BaQ \ 
radiua /tam^.Ba^ rod, \ rod. / 

tin. QB 



sin, BcL 



; whence, hj substituting these values 



above, we shall, t!tt thia case^ have A =a ^ n x 

tang, o d 

Landh =r — A- = — x I; that is, in words,. 

As the tangent of the planefs zenith distance, is to 
the tangent of its longitude from the nonagesimal degree 
of the ecliptic, so is the parallax in 'attitude to the 
parallax in longitude. 

Andy aa the sine of the zenith distance to the corsine 
of the altitude of the nonagesimal degree, so is the pa^ 
rallax in altitude to the parallax in latitude. 

Because the parallax in altitude, the horizontal pa- 
rallax (M) being given, is nearly = ■ ' — xM,if 
this value be substituted for I, in the two last equations, 

we diaU get k^ '^"-^^ xM^ij J'"^:^'' "" ""/^ 
° rod. rod. x tang. Ba 

^g sin* AB X sin* BAa ., 
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Whence, we have these two othei' theorems, for 
fi&ding the required parallaxes immediately from the 
horizontal parallax^ without either the altitude or its 
parallax. 

1. As radius to the co-sine of the altitude of the 
nonagesimal degree of the ecliptic^ so is the horizoTital 
parallax to the paraUax in latitude. 

S. And as the square of the radius to the rectangle 
under the sines of the altitude of the nonagesimal degree 
and theplanefs longitude from thence, so is the hori- 
' zoHkU parallax to the parallax in longitude. 

PROPOSITION IV. 

L Stillp to deUrmine the sa$ne Thif^ ; supposing on< 
Angle A, and the Length of its opposite Side B D 

(or) 6 tyy tB remain constant 

Let BD (eqjaal to 
B D) intersect B D in 
an indefinitelY soaall an- 
gle at P, and meet AB 

and AD in B and D ; 
also in BP produced, 
let there be taken P N 

=;:?]() audPM=P6, 

and let iV, A and Jf, A be joined. 

Since, by fcypothesis, DB=l36=x:M N, if from the 
first and last gf these equal quantities D M, common, 
be taken away, there will remain B M = D N. 

Moreover, $i»ce the triangles B M 6 and D N I), in 
their ultimate state, may fe considered as rectilineal. 
Art lS4wand right-angled at M apd A^,* it will therefore be, as 

B M : B B : : cos. B, : radius. 

And D N : D b : : GO'S. D : radius. 
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Piom whenoe, the exttemes in both ftopotiitm being 

the same, we have B B : D D : .* cos. D ; co-a. B : 
and thereforey if A B be denoted by Hy and AD by JT^ 

it appears that H \ K \\ co^. D \ cos. B. 

Again^ per Spherics ^ sin, A \ sin. B D f Gy :*! sin. 
D : sin. H : : Jlux. sin. D '.flux. sin. H ; because, 
the sines themsdves being m a constant ratio, their 
fluxions must be in the same ratio : but the fluxion 
of the sine of any arc, or an^le, is to the fluxion of 
the arc or angle itself, as the co-sine to radius:''^* Art 142, 

therefore the fiux. sin. D being = ■ ' ' - x D, and 

rfl-j? If 

Jlux: sin. II=x ' \ ■ x IT, it fidloi*s that, sin. A 

: sin. G : : co-«. d x Jb : co-«. h x ii; or i): h\ : 

sin. A X COS. H \ sin. G xcos. D : and, by the very 

same argument, B 1 i W sin. A x cos. K \ sin. G x 
COS. B. NoWf by compounding the former of these 
two proportions with the first above given, We get 

/) : Jf" : : «m. a x cos. H : sin. G X COS. B. And^ by 

compounding this last with i \ B \\ sin» G x tos. B : 
sin. A X COS. K (that immediately preceding it) we also 

Whttiee^ by oolleeting these several propertioiis toge- 
ther, we have the foUowmg Tabk fiir all the diifemiit 
cases. 

• 

H \ K \: COS. D : COS. B 
D : B :\ COS. H . COS. K 
D : H\\ tang. D : tang. H 

• « 

B\K:: tang. B . tang. K 
. K \D \\ sin. G x cos. B ; sin, A x (»s. H 
H '. B \\ sin^ G x cos. D : sin. A xtos. K 
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It may be observed, that the fourth and the last are no 
new cases, but only the third and fifth repeated : and 
that, though the former of the two last named differs 
from that found above^ yet it is very easily deduced 

from it . for, since it appears that D '. H \\ '> j^ - \ 
, and because sin, A '. sin, G \ \ sin, D : «». 



♦ • 



co-^. H 

»^ . « « 1 ^ tV m»» -D sin H 

H, It follows that D \ H\\ =: : ^ 

c(hs, D co-9. H 

tang. D \ tang, H, Q. -E. /. 

There is yet another problem, when two angles re- 
main constant ; but this, by taking the triangle formed 
by the poles of the three given circles, is reduced to 
Problem 2. 



SECTION II. 

Of the Resolution of Jluxional Equations, or 

' the manner of finding the Relation of the 

flowing Quantities from that of the Fltucions. 

861. When an equation, expressing the reUtion of 
the fluxions of thie two variable quantities, contains only 
one of those fluxions with its respective flowing quantity 
•in each term, the relation of the quantities will be ob- 
tained by finding the fluent of every term : as has been 
already taught, m Sect. VI, Part I. 

Thus, if a««i=yy, then will -g- =?= 4 • 

And, if sTfx^ay ; by reducing it first to a?" «« 
oy—y (so that its variable quantities may be separated) 

aj"+* ay— 

we have — - sx -^ — . 
n+1 1 — f» 



OF FLUXIONAL EQUATIOKS. Ifi 

But, if the given equation has its indeterminate quan* 
titles and their fluxions so complicated together, that 
it cannot be brought under the form there prescribed, 
the task will become much more difficult ; nor is there 
any general method to be given for such kinds of equa- 
tions, whereof there are an infinite variety. 

The method of infinite series (in some measure ex- 
plained already, and more fiilly considered hereafter) is 
mdeed very comprehensive, and may be applied to good 
purpose in various cases; but, bemg tcoious ana at- 
tended with a number of inconveniencies, it is a me- 
thod we ought never to have recourse to till we have 
tried what may be, otherways, effected, by help of such 
particular rules and observations as we have been able 
to collect. 

Accordingly, I shall, here, first point out some of 
the most proper ways to be tried, in order, if possible, 
to bring out the solution without an infinite series. 

262. The first method is^ by multiplyingj or dzvidtngy 

the given equation into some power or product of the 

. quantities concerned; so as to brine it^ ifpossibk^ under 

the form of such fiuxionsy as^ we fonoWj do arise, ^if not 

firrni thkfirstj yet from the second or tkirdy of the three 

general rules in the direct method 



ort 



Thus, if the given equation be — h^= 

«y •3' 
then, the whole being multiplied by ^, so that the two 
first terms, ^x+j;y, may become the (Known) fluxion of 

the rectangle xy,* there arises ^« -f- «y = 1 ' but • Art, la 

still we are at a loss for the fluent of the last term, 
unless n be taken=l (so that y may vanish). In that 

case we have xy = ; expressing the relation 

m + 2 xa . ^ 

. • 

of the fluents when that of the fluxions is — l-^=s 

* .y 

— : which appears to be the only case, of the given 
equation, where this method is of use. 
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• • .<K • 

Agaiay let the equation <--+-^=s be pro- 

posed. 

Hei«) multijAjing by x^y (where the exponentft 

are the tame as the co-efficients of — and ^ ) we get 

px^'x X y -f J?^ X ry^'y = — ^ ; in which the 

former part of the equation is known to express the 

• Art. 15. fluxion of x^y.* Therefore, when nz=:ry the relation 

of the fluents may be found, and will be expressed by 



4 



x^y = ■ - rrrr — : which, if uo correction by a 
wt+p+lxa 

constant quantity be necessary, may be reduced to 



j.«+i 



m+jp + l xfl 

The same method may also be extended to fluxions 
of the higher orders : let x-^xz^^fi^ (which equa- 
tion occurs hereafter, in the resolution of a problem 
of some difficulty). Then, multiplying by x, it be-, 
comes XX— osri^rrf/y^i ; where, i b^g constant, each 
term admits, now, of a perfect fluent, and Me therefore 



jp2 xH^ 



h9,ye -^ ^ 5= fx i^ : from whence, supposing no 

X 

correction necessary, z = . =, and z = hyp. 

fog. /+ X -h ^tfa^x^- (by Art. 126). 

5t6& R NUfy koffcn that the solution of au equaHort 
wiU become more easy byjirst taking thefwoton thereof; 
whe^, by that meansy some of the terms destroy each other. 

The Allowing is an instance of it (which, also, occurs 
hereafter). Lety + ^ — : ^x—~ : whose fluxion, 
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tnaking i ocmstant, is y H- ^ ^ = i — 

X 

^ " '^ ^ : which^ by reason of the tains destroying 

y^ 

•• • •• 

one anotker, is reduced to-^^^"" s=yf^: therefore,- 

by expunging y^ &c.^ we get yy~"i :^ x «— aFl""4, and 



consequently 2yJ=— 2xa— ^rp+sozne constatU quan- 
ttty. 

264. Another method^ applicable to equations^ of the 
first order of fiuxtons^ wherein only one of the two va- 
riabU quuaUitiea (x or y) emUra^ is^ to Substitute for the 
ratio of the two Jtuxiona (x an4 y): frwn whence the 
valve if that quasUity will be hady immediately^ in terms 
of the said assumed ratio : and then^ by taking itsfinxion^ 
tkat of the other qtumtity (and from thence the quantity 
itself), will become known. 



Thus, let axy^-=y x x" + y^\^ (being the equation of 
the curve that generates the solid of the least re- 
sistance, when the bulk and greatest diameter are given). 

Then, by putting — = v, and substituting above, we 



get avy^ =yx ©^y*+y*l^ = yy* x i?* + ll'' ; and con- 

_ ' av , « av—Sav^v 

sequently y = i^ "" - : tnemore y = 



avv — Sav^v 
and consequently x ( = t) y J = — v — : whose 

iduent may be found, from Art. 84, or, otherwise, 
thus: put ti?*=t?*+l; then «2=t£j^— 1, and fw= 
vv ; by substituting which values there arises x == 

flow— 3aww X «?*— 1 . . c o • -^ jxu 

= iiaww^^ — daww ' ; and there- 



to* 



vox. IT. 
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- 4mw-* Sauf"^ a Sa Saw- -- 9a 

tCttC X = . ' — — - = — 1- - — ss 

—4 -2 w* 2w« 2tr* 






(by taking ^, or t'=0) becomes x= 



2xt;«TT]' 2- 

From this equation, by completing the square, &c. 
V may be found in terms of x ; whence the correspond- 
ing value of y (= -====^) will also be known. 

96s. The fourth method, which chiefly obtains when 
one of the mdeterminate quantities and its fluxion, 
arise but to a single dimension each, may be thus : 

Let the value of Ihat quantity^ which is least involved, 
be first sought, from the fictitious equation arising by neg- 
lecting all the terms in the given equatioH, where neither 
thai quantity, nor itsfiuxion, are found : then, to that 
value, let some power, or powers, of. the other quan- 
tity, with unknown co-ejicients, be added (according to 
the dimensions of the terms neglected) and let the sum 
be substituted in the given equation, as the true value of 
the first mentioned quantity : by which means a new 
equation will result ; from whence the assumed co-efficients 
may, sometimes, be determined. 

Ex. Let the given equation be cxH-{-yx=zay. 

By neglecting cx^x, or feigning yx =: ay, we get 

st V X 

— =^ : and consequently — = hyp. log. y — hyp. 
ay \ a 

* Art l^log. <{*= hm log. ^ ; d being any constant quan- 

tity, which the nature of thfe problem may require. 

Hence ^ = the number whose hyperbolical logarithm 

is - : which number, if if be put for (2,71828 &c.) 
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the number whose hyp. log. is unity, will he ex- 

V 

X 

pressed by M)' (since it is evident that the hyp. log. 

hereof is - x loff. M = — ) : therefore ^- = 
a ° a/ a 

MY and y = d X M]" . Now, to the value thus 
found, let there be added Ax^ 4 BwT + C, in order to get 

dx' 
the true value ; and then, y being=2Axi + Bi+ — 
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X 



X MY y* we shall, by substituting in the given equa-* Art. 14. 
tion, have cx-x-{-Ax^x + Bxx + Cx + dxM' =2Aaxx 



-f Baac + dxAf*, an^ . consequently c + A x xH + 

B— ^Aa X xx+C—Ba x x=:0. Whence A= —c,f^ Art. 84, 
B=—2aCy C=^2a-c ; and consequently ^= —ex 



x^ + 2ax+^^-{^dM' . By the very same way, the 
value of ^, in the equation cx^x-f-^isay, will com^^ 



Out = — cxttr"4'(ajc"'"* -f n. w — l.a-x""*-f- n. w— 1.. 



w-2. aV=^+&c.) + daf- . 

266. But, what is a little remarkable, in these equa- 

X 

tions, is, that the Exponential dM' , though a variable 
quantity, should, only serve, as it were, to correct the 
fluent, or pecfortn tne office of a constant quantity. 
What I here mean will plainly appear, if it be con- 
sidered, that . the equation y = — a x Ji* + ^ax + Jfe*,- 
where the said Exponential is wanting, answers all the y 
oonditions of the fluxional equation first proposed;' 
which, upon trial, will be found ; and must needs be 

c2 



I 

t\» c«0e, seeing il may be> ^tber, tiken MtUng at 
aU, or any quantity at pleasure. 

But the equatfOtt- ys: -^c x oc^ + So* +' S6^ l^ea. 

<£if' is wantiQg) cap|iotbfrOQncecdbe4 w tte u«va%ifiii^ 
80 as to give j^=0, when^ x^O ; since, if any other oon- 
fitant quantity,^ brides -7 9a'^c be int^uoed, the fim 
conditions wm npt be answered : the correction, n(iust» 

dtgrefpre^ be b;|^ the exponential d,M' ; and i^ thus : 

Since j^ =r — ex* — ^cax — 2ca* + dJlf ,if^be 
takei]^=^ and X =?: 0^ thea— 8ca?+4if :j;0^ or d=. 
^ca^; and so the equation, truly corrected, is^s — c x 

267; We eoin& now to. the last method -; namel^r^ 
tha^ of infinite sevies; whipb, diough les$ mtfcpoBBH^^jBi 
vastly more comprehensive, than, any yc^ explained: 
the noannw of it i» thus : 

For thfi quantity whose vcdu^ you wofdd findy ht qn 
ii^in^t vcries^ coTistating of the powers of the other quart- 
ti^ with ufilfnpwp> cfh^hients^ be_qsst{n^ij which series^^ 
together with its fluxmn, or fzunons, must he substi- 
tuted instead of their equals i^ the, ^iven eqjmtjon^; 
when a new equation will arise^ from which, iy com- 
paring the honifllogQU^ terms, the, assumed co-effic^nt^y^qnd 
amsequentfy the vahc sought, wilthe determined^ 

Tkm^. \Bk tl^ e|ujitio» ^rttresf^ (tttittdibl^ toArv^ 
Then., assuming x^ Ay + By* + Cy + Dy*+ Ey^ &c. 

HVkielli Ti^ues Jkeiiig' 8ulq*kuted< kt j»— j|^ ^r^csO^' w» get 

-y- Ayy - Byy - Cy'> - &c. J -"• 



^ 

• 






Tkerefol^ A-^]==rft; t)T Asil ; 2B-Asp» cur B=i 
|4,SC-B = 0.orC=|=^;4D-C 

And «<Hue4«em]y x <^ + %^ + C^' &e.) = ^ -f 

'i 

Again, let it be required to find tlie value of ^, in 
the equation cx^x -\' yx :=i ay^ or ay—j/i— cr«flc=0. 
Here, assuming ^= A« + Bx« + C.t^ -m)x* + E«5 + Fjc* 
&c. and proceeding as before we shall have 

«Ai + «flBa:i+5tfC«^vc+4aDjr^«H-SaEi^^x 4- ftc.") 
^ -»- Acx- B«*i- C«5jc- Dx^x-AcVlL 
^ xK^oc J ^ 

Whedoe A=:0; SoBbzA^rO^ doC s= B+c =c c, or 

"=rb' ''^ ^ =3rfe **• ***^ consi^quently y 
(A^ -L Bz« H- Qx^ + &c.) = ^+-^+ ^' 



c^ 



3. 4. 5, 6 a* 



Sn 8. 4«« ^ 3. 4. 6a» 
+ &e. 



S68. It appears frmn thi» exkmple^ that the quantity 
io be found, will not always require allihe terms of the 
seri^ AjT-l-Bx^+Oa?' &c. Anid it may happen, in 
innumerable cases, that the series to be assumed will de- 
ijoand a very di&reitt law homihai Where tbe exponents 
proceed atioordiBg to the terms of m arithmetical pro^ 
^ression having unity fat the commrai difierence. And, 
mdeed, the greatest difficulty we have h^ to en- 
counter is, to knoiw what kind of series* #ith r^ard 
to its exponents, tmsht to be dssiimed, so as to answer 
the conditions of the equation, without introducing 
more terms than are actuaUy necessary. 
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The following rules will be found very useful' upctti 
this occasion : whidi, though they may beocHne im* 
practicable in certain particular cases, never take in any 
superfluous terms. ^ 

V. Having (if necessary ) freed your equation frmn 
fractions and surdsy let ike quantity^ whose value is 
9oughtf be supposed equal to some power of the other quan- 
tity with an unknown exponent (n) ; and kt that power j 
together with its fluxion^ or fiuxions^ be substituted for 
their (supposed) equals in the given equation. 

^*. Let the least exponents of the variable^ or inde- 
terminate 9 quantity ^ in the new equation^ thence arising , 
be put equal to each other : whence the value of the un- 
known exponent n will be found, 

3**. Substitute the value of w, so founds in all the ex- 
ponents where n is concerned ; and then take the dif- 
ference between one of the equal ones, above mentioned, 
and every other exponent^ of the variable quantity , in 
the whole equation, 

4°. To these differences^ write down all the least num- 
bers that can be composed out ofthem^ by continual addi- 
tion^ either to themselves , or to one another ; till you havcy 
by that means^ got^ in the whole^ as many different terms, 
• as you would have the required series continued to, 

5°, Lastly, let each of those terms be increased by the 
value ofn (found by Rule 9,) and you will then have the 
exponents oj the series to be assumed. 

EXAMPLE I. 

269. Let the Value of x, in the Equation a^i- +/'^^ 
N —a^'z'^^0, be required. 

First, by writing z* for f , and nz^^^z for x, the 
; indices of z will be^w— 2,. 2w, and (which are deter- 
mined- by inspection, without regarding the co-efficients) 
. wherieof the two least (2w — 2 and 0) being put equal * 
to each other, we here find n=l : therefore, the ex- 
ponents being 0, S, 0, the, differences (according to 
Ruh 8) are also O9 ^ ; from whence, b^ aidding 2 con- 
tinually, we get 0, S, 4, 6, 8*&c. which (being each 
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increased by the value of n) give 1, 3, 5, 7, 9 &c. for 
the exponents in this case. 

Let, therefore, x = Az + B«' + Cz^ + Dz' + &c. 
-Then, putting i= 1, in order to facilitate the operation, 
we shaU have jc = A + SBar« + 5Cz^ + 7Dz^ + &c. 
which two values being squared, and substituted in the 
given equation, it will become 

a«A« + 6a2AB«« + 10a«ACz^+14fl^AD2* + &c. 

+ 9a«B25r4-|.30a« BCz^ + &c. In 
* j^A^z^ +2ABs4 4.2ACz6 

-a« +B«ir^ 

Whence, a-A2=a", land therefore A=l; 6a«B= — 

A, and therefore B=-~ = -g-^; 10a* AC 
= -9a"B- - 2AB = - B X 9a B + 2A = — B x 




^ 14AD= - SOa^ X - ~x ^ 



2. 3. 4. 5a* ' 6a^ 120a* 

11111 



2 X 



120a* 36a* "" 24a* 60a* 36a^ 



1 1 

and therefore D = — 



S60a*' "" 14.360a6 " 

2,3.4.5.6.7 77^- and, consequently, x=.-.^ 



2. 3. 4. 5a* 2. 3. 4. 6. 6. 7a^ 



&c. 



EXAMPLE XL 

270. Let the given Equation he a-xy — 2a^iy+ajri* 

+ «'y=0; tofiniy. 

Here, substituting 7f\ for y, the exponents will be 
i»— 1, »-r], 1, and 714-1; where, making n—lssl^ 



\ 
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we get n= 2: wnence, the diflbyences beitog ft, ^, the 
series to be assumed for ^ wJU be A»'+B«*+Ca*4- 
D«* + Ej?'*+&c. From which^ making rf = 1, we 
havey=gA»+4Bar5 +6Cx* +8Di^' &c. and 

y=2A -M2Bjr* + 30C:r*+56Da<> &c. 
And, these values being substituted, the equation be- 
comes 

2a2 Xx + iSta^Hx^ M- SOa^Cj:* + 56fl*Dx? 4- *e. 
— 4a^A^-8a^Bx^ -l^a'^C^5_i6a2Dx^ + &c. 
+ ax 4-2A2'' +imx^ -\-SOCxf + &e. 

Therefore A = ^ 1; B.= - g = 
"■ 18a2 "" 6a5 ' "" 40a^- 8a' 




2ff 4a' Ba5 8a' "^ lOa^ 



aTx 



Which series is known to express the fluent of — : • , 

^ a* + x- 

or, I a X hyp. log. — : consequently y is aliSo=: 



a^ 



^a X Hyp. log. ■ — . In this manner, it comes to 

pass, thaty though we are obliged, in very complicated 
case^, to have recourse to infinite series, we are 
sometimes able, at last, tt> give the solution in finite 
terms, or at least, by help of logarithms, sines and 
tangents : which will always happen when the series 
can be summed, or is found to agree with that arising 
from some known quantity. 

271. Sometimes it happens, in equations involving 
the higher orders of fluxions, that the exponents, 
mentioned in Rule 2, whereof the least ought to be 
made equal to each other, are so expressed, as to render 
such an equality impossible. When this is the case, 
the value of w, and the first term of the required 
series, can ottfy be deterknined from the natuve of the 
problem to whidi the equation b^Ii^ngs. We faiow, 
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indeed, fitmitbe €q[u»tMiii itself, thatn iimstl)e eilher' 
equal to nothing, or to sonre positiye inte0er, Itss tbaii 
that expiewuig the ord^^if the highest nuxion nt die 
equation : because the term that sat; the haet es* 
pcnxent, and which therefore eamnt be cotopaxed with 
any ether (being always afectsd by tw6 or more of tbe 
fitetom 91^ n— 1, 9t— £5 fte.) will' then, (one of those 
fictoohs beingsssO) vanish entniily«iit of the equation; 
wiiich, thereby, is rendered poBSuble. 

Wiien n and A are known, the lest of the terms 
wiU be foiind in die osmmon way^ as in 



EXAMPLE III. 

Wfiere the Equation proposed is y.^ + flJ^ — (^y = ; 

to find. y. 

By su^pbsing x=l, and writing af for y, taf*^^ for 

^, and wx»— 1 xx'*^ for y, we get a;' -f wuT'^ — 

n X n— 1 X fl'af "^ : but it is plain that no two of the 
indices of x can, %ere, be equal : the value oF n must 
therefore be either=0, or unity (in both whidi cases 

the term — ax n— 1 x a*x""* Tanisbes) but I shall 
take the kittet value, tmd suppose the first t«rm of tbe 
series to be Ax ; them, the aifferenees of the foresaid 
exponents beii^ 1 atid ^ l^e law of the series will be 
expressed by 1, S, 3, 4, &e. Whence, assiuning y^ 
Ax + BiT^ + Cx'^ + D»* &c. and proceeding as m the 
former examples, y will be found e= A into x + 

*2 «.3 «.♦ «t5 •j6 

;r- +;r-:: + ;r-T+;?i— . + ;;7r-, &c. or = A tnto x + 

ai'^2.8a«"'"2.8.4fl'"*'2.3.4.6a*^2,3.4.6.6a5"^ 

&c. where the law cS loontinuation is manifest, the 
eo-effieient of every numerator being composed by the 
addition of the two preeeditig ones. 
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272. It will be. proper to observe here, that, id equ^* 
tioDs like the two last proposed, where the higher 
orders of fluxions are concerned, the series expressing 
the relation of the two quantities must always be found 
in terms of the quantity flowing uniformly. And, 
that, if the number of dimensions of the fluxion of the 
said quantity, after substitution, be not the same in 
every term, the equation kself, put down to be re- 
solved, is absurd and impossible, and such as never can 
arise in the solution of any problem. In all proper 
equations the number of fluxional points (supposing 
the powers of the fluxions to be wrote without indices) 
will be the same in every term. 

EXAMPLE IV. 

273. Where let the given Eqtiation be a^yr-ayH+x^yy 

=zx^x; tojindy. 

By proceeding as usual the indices will ]iere be n— 1 , 
2n, 2n + l and S ; whereof the least (which can be no 
other than n— 1. and 3) being compared, n will be given 
= 4 : and the differences will therefore be 0, 5, 6 ; to 
\7hich the double of the second and the sum of the 
second and thirds &c. being put down, and then every 
term increased by 4, there arises 4, 9, 10, 14, 15, 16, 19, 
&c. for the exponents of the series to be assumed for y. 

Let therefore y:=Ax'-h Bx' + Ca?'° + Dx'* &c. then, 
making x=l, y is=4Aj:^ + 9B:«« + lOCaf^ + UBx'^ 
-f&c. 

And, by substituting these values, above, we have 
4a^A;r^ + 9a^Bc(» + 10a^Cx^ + 14!a^Bx'^ -f &c. 
— x^ —aA^a* +4A2a:9 — 2aABr'^ -f &c: 

Whence A = l^,B = j^„&c. 

^""^ 'y-4^'"~144?'~40^^4032a»^ ""• 



* If, for y, the series Aar4 4. Bar5 -f Ca;^+ Dar? &c. whose 
exponents are in arithmetical progression, had been as- 
sumed, according to the method of some very good authors, 
no less than seven superfluous terms must have been ia- 
troduced to obtain the four above given. 
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974. Befinre I quit this sab|eet, it may not be. amiss 
to subjoin the fdilowing remarks. 

l"*. If the indeterminate quantities are great in re- 
spect to the given ones, a descdiding series will, in most, 
cases (where it is practicable) converge better than an 
ascending one. To obtain such a series,^ compare the 
greatest exponents, mentioned in Rule 2, instead of the 
least, and proceed according to the third and. fourth 
Rules,* whence a series of numbers will be found ;* -^^^ ^^ 
which, being successively subtracted from the value of 
n, you will have the exponents of a descending seri^. 

Thus, let the common algebraic equation a^x-^ax^ 
— a^^— ^*=0 be propounded ; to find ^, when x is great 
in comparison of a. 

Then, proceeding as usual, the exponents of the 
four terms of the equation will be 1, 8, n, 4 n ; whereof 
the two greatest (4n and 3) being made equal, we get 
nrsf; uierefote the difl^ences are 0, 2 and 2j ; and 
the numbers to be subtracted from n, are 0, 2^ 4, 4, 
V> ^c. Consequently the series to be assumed btyis 

Aj?* + B;if ^-\-Cx ^+Dx ^ + &c. From whence 

10 1 7 

•11 1 /. t 1 4 <I ^ ^ « 

V Will be iound=a x -\ -^ -■ • — r- &c. 

«^ ' . 5 X 3 

9P. But, if the quantity (x) in whose terms the 
other is to be expressed, be neither much greater nor 
much smaller than the given quantity (a), it will be 
proper to substitute for the excess, or defect, oS the 
said quantity fx) above, or below, some given quan- 
tity ; so that, having, by this means, exterminated x, 
the series arising firom the new equation (wherein the 
said excess, or defect, is the converging quantity) 
will have a due rate of convergency. 

The use of this is so obvious that it needs no example, 
or farther explanation. ' 

3°. Lai^tly, it will be proper to observe, that, if the 
equation for the value of A, arising from the first co- 
lumn of homolc^ous terms, admits of two or more, 



rnqvai toots X^v'^wh is tt dse that magr, f»et'Ii|i|)S9 iftver 
happen in practice) all 4ibe ftnnegoiiig pMfe^is wul he in^ 
nafficielit :; unless die vqmtion also wtnits ff scfme other 
^P0«ty besides die aqpttl inies^ whevehgr A in«f be mwre 
iC^miSMdiottiiy coqmned. To deSermme the cstooneats^ 
in di«t paMitfiitar case^ 'divide )eteh ibf the >di&!iM»oc% 
ifaeMiMfdd in &«Ae 3^ by tlm mimber of tlie eqnal 
iwfiMS ; aad th^ {HRx»fed SB nsual. Tiie reasans of 
wMgh^ as well as irf the rules tbemaelves^ I hSn^ long 
ago gtvett ^Isc^faeite; and liaive not tddoi to sepieat ih^m 
here. 



SCHOLIdM. 

, 275. Althou^ the business of revBrtine aeries is 
Aot a btrraieh of the doctrine ^ fluxioDfi, hut, moie 
pvopeiijt, belongs to coainion ff(§peira,* yet^ as it is 
4>ften y^sefal where fluxions are .concerned, and fidls 
unddr iike jgeneral rules iikwtrMed in the foregoing 

>ages, I shall here add an example or two on that 



Let, theft, ax+bi:^+c^+dx*'^ex^ &e.=y ; to re- 
vert 'llie series, or, to £nd ^ in an Ihftliil^ series et- 
pressed in 4he powers of ^. 

Here, bv writinj^ y idsc x, the indiees joS the powers 
n£ jfy in rthe equatioB, wiU be n, 2», 3ii, &c. and 1 ; 
therefore Me±l^ and the differ^i%es are 0^ 1, S, 3, 4, 5, 
&e* and so the ^series to be assumed, in this case, is 
A^ + Sff^ + Cy^ + 1>^^ &0. Which being involved andsub- 
«tttuted S&r the itespec^ive poWtrs ef x (n^lecting, eveiy 
where^ all «u(^ powers <cfaf ilnd^ as exeeed the highest 
you would have the fteries oarried to) there ai^ises 

«Ay+a%2 +aCy +«i3[jr* fe;. 

* 4-iAy + a6ABy+2frACy 




OF FLVXI01IA& miKAtTIOKS. 99^ 

Whence^ bj coaaparmg th& km^kgiMS lenis^ A=r 
— ; B==— 3; C (= : )= z — ; 



p.. «AQ+»B«+8cA*B+dA\ SbJc-Sy-^rf 

a / a* ' 

die. bsbA ooBaequefttfy a^=: ^ — %+— ^^ x^ 



6y-&i4c+a«i 






X y Ac. 



Vot an iwitance of the lu^ of tbb qancliiri^n, k4 o?-^ 

Jp2 /r^ /|i4 

^+-5-— J- &c. = ^: then, a being,, in this 

bjL mhstUvting th«« v^Iiwa, havera?:^^ ^^.l^.^^^ 

•gri^ Am^iflleiioe, wllenj^is'^voB, A» wiH^atii^bo 

^brea ;! prgyi^ed^ ^ ^a^ue of . j£ be; 8u$0^% sm4i^^ * 

JE^ampfefii Le^tfaeKo^be-|^9^^a>K^+^^eDP^+dxy+ 
g<^ -«-^ +ff<y+A^+ ^'+fcd?'+fa^y&e.=30; to. 
find^. 

By assuming j(=: Ar+ B«^+ Ca^'4- D'V* ^' ^ P^^ 

W^g. ^ ^^^ A wiH. hft feufA^^n — -gT, B.^ — 

c + dA+eA ^ ^ <IB+2eAB4T/+M+«A«+«A* ^ 
6 



30 THE ftESOLUTION 

Exampk 3. Lasdy, let «- + 6x'"+^ + cxT-^^" + tli'"+^' + 

&c. = 2:. 

Here, in order to determine the form of the series 
to be assumed, let 2r" be wrote for x in the given equa- 
tion, according to the usual method ; and then the ex- 
ponents, supposing 2 transposed, will be 1, nm,nm+ 
* np, nm + 2np, nm-^Stipy &c. respectively ; whereof the 
two least (I and nm) being made .equal to each other,' 

ft is found = — ; and the differences are ^^ , ^ 

—^ ftc. Whence the series to be assumed for x is 

1 l±i '±?i 1±?? 

3^ + .B« - 4- C z * -h Djb: * -h &c. (for it is evi- 

' dent, by inspection, that the co-efficient (A) of the 
first term must here be an unit). This series being 
therefore raised to the several powers of x^ in the given 
equation, by Art. 108, and the co-efficients of the ho- 
mologous terms in the new equation compared together. 



it will be found that, B= , C= ^r— , 

• - . 

_. %if? + 9mp + 9p* + 3m + 6j> + 1 x &» . 
D= ^ + 



l+wt + 3pxic d o 
^-^ , &c, 

Vtam the general value of ac, found above, innu- 
merable theorems, for reverting particular forms of 
series, may be deduced. 

Thus, if » + bx^ + cx^ + dx\ Scc.=zz; then fm 
being = 1 and n=i) x is=;?— fo^ +"^- -^cx^'— 
SP-Sbc+dx z^ &c. 
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And, if jc-f 6j^ + cx^ + dx^ + kc, ^ z ; (m being 

- X 2' &c. 

Also, if 07 + bx^ + tx^ + dxT &c. ^ z ; . then 
fmbeing=3'|and j7=::l) x=:;?«— Si^^Tfc^^^x^^- 
'STS. It may be observed that, in all these fonns of 
series, the first term is without a co-efficient (which 
renders the conclusion much mwe simple). There- 
fore, when the series to be reverted has a co-efficient 
m Its first term, the whole equation must be first of 
all divided thereby: thus, if the equation was 8jc— . 
6x^ + 83^ -^ ISx' &c = ff; by dividing the whole 

by 3 It will become a? — 2j:« + -5 ~- &c.= ^y : 

where, putting z^ly^ we have, by Form. 1, x=zz+ 



SECTION III. 

Of the Comparison of Fluents, or the Manner 
of finding one Fluent from another, 

^Tl. VVE have, already, pointed out the most re- 
markaUe forms of fluxions whose fluents are expli- 
cable in finite terms ;* and also shown the use of in- • Art. 77, 
finite series in approximating the values of such '^^^ ^3, 84, 
fluents as do riot come under any of those forms iff^^rt. 99. 
but this last method (as is before hinted) being trouble- 
some, and attended with many obstacles ; mathema- 
ticians have therefore invented, and shown, the way of 
deriving one 'fluent from another: which is rf good 
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advantage wbea tha flueuA sougbt caa. be xeferre^^ to 
one, like those in Art. 126, and 1425 expressing the 
logarithm of a number, or the arch ef « eivele ; simee: 
the trouble of an infinite series is, then, avoided. 

As the subject here proposed is of such a nature, 
that it would be very tedious and difficult, if not 
akogelfaer in^aptireaUe, to la{^ dovq tulea ap^ pM- 
eepts for all the various cases.; I sbaUdeUver, what I 
have to ofier thereon, by way of Problems ; beginning 
with some vc^ ^Busyi ones, fcr the? sake of the Vowig 
Profcknt. 

PROS. f. 



»7a TifFhemti^ ^^^i.^^ bemggivM (i».^Jtrt. 196) tt 



x^x 



^ proposed tajbad^rcm ihmce^ the Fluent of -^t:=== - 
Let both the numerator and denominator of 



x^x 



- y — : , be multiplied by x^ so that the quantity 

cc^x 
without the vinculum, in the fluxion, " t- - , 

Va^x^+x"^ 

thus transformed, may become some constant part of the 
fluxion of the highest term under the vinculum: 
^idi.part^ ia this ease, being ^^ kt ^ of the fluxion 
of the fij^st. term under the yihqulum (or \ aHx) be 
therefore added to the numerator, in order to- have the 

t^fec"7= ^ L M.^ , a ^mP^^ fliwdon.; a^d then the 
Va^x^+x^ 

•Art.77^^ fluent^ thereof^ by the (pmmon rute,* will be f 
lS^aS^4T«? ^ ix^Mfa^ + o?^: bu^, fi)pm tUh w^ ar^ 

rmr *ftd«4w« <^ flu^ of tbe. ^uwtity ^ ;,. ^ ri 

Wx \ 

(<=: —^:^-s=je^y that wask added : wki^ fluent^ as 



/a? 



•t Jr ' 
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that of -7==== is given=:Aj(p. %. (^« + •«* + j?«),*» Art. m. 

will be «: f a^ x %p. log. (x -f V^a^ -f j^) ; and ooii<* 
sequeDtly the fluent sought = | x V^a« + jr« — | a* x 



»«» 



PROBLEM II. 
279. Let it be proposed to find the Fluent of- A — , 

yrofii that of r ^ ; ^t«en by Art. 142. 

By proceeding as above, and adding — \ a^ocx to^ 

\ drxx — x^ot 
the numerator, we have — y ; whereof ■ 

the fluent, by the common ride, is — J V^-a^ x^ — i** 

(= — I a: l/«^ — X*) : from which, deducting the 

\ a^xx I a* i 

s — 4 a^ X arc f ^^ whose radius is unity, and sme 

= — t) there comes out ia^ A — \x v^a«— x«.tArt.W. 

Q. E. l. 

280. In the same manner, if the power without 
the vinculum, in the expression whose fluent is sought, 
\e!C(ieedg fftaf in the Other expression given, by the ex- 
ponent tinder the vinculum, or by any multiple of it, 
the required fluent may be determined, by one, or by 
several operations, according to the Value of the said 
multiple. 

Thus, if the fluent of ; ' = was sought ; then, 

r CL "^ X^ : 

because the index of x, without the vinculum, exceeds 
vol.. II. D 
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X 



that in r- " by twice die exponent under the 

vtfictt/icm, the required fluent may be had from that of 
y ^ ; , at two operations ; by the first whereoF, 

we have already found the fluent of y ■ ■ =' to bes 

i a* A — i X V^a^ — x^ : whence, putting this value 
s= J7,'and proceeding as before, we also get— } V^a^x*— j?* 

+ Ja^S= - 4 xVa«-»* *- — ^ ya« -x« + 



— -— = -^ -^—7? — =» tbe true 

8 8 

fluent of 



t/a« — «« ' 



PROBLEM III. 



«81. Suppanng the Fluent of a^cz''\'' xsT"' z to k 

given = A^ to find the Fluent of o+c?)"* x «^**^"' i 

= B (where the Exponent of z, without the Vinculiun 
is increased by the Exponent under the Vinculum). 

Let the part affected by the vinculum be multiplied 
by gf^f and the part without be divided by the sime 
quantity ; then our fluxicm will be transformed ti 

as^ 4* csr+»r X jg^-H*-***-* z = M' where let q be ndW 
so talcen that the exponent (n^q) of the hi^est pOWer 
of ^ under the vinculum may be equal to (pn-^-n'^mq) 
that of the power without the vinculum + 1; that 

is, let q a= ^"- : then (by Art. 77, if the first term 
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under the vnieuhm was oonstant, the fluent of the 
said expreauon, or its equal oa* + ca"+«f x ir+«-' i, 



would be had « — ^!^^Z3" . But the 

lfl+1 X n + jxc 
fluxion hereof^ supposing both terms to be variaUe 



(as they actually are) is asfl + cs*+»f x n^*^^^ i 4- 

qa 

X oa* + car*-*!* X A*-*i (by the oommoti 



i»4vj X € 

rule). Therefore , , ' " ^ -==^== X 

fii-f Ixn-f 9XC n+qxc 

JIu. of asfl + cs"+t^* X *^*» s3\Br that is. 



. * . ~ X <«• a+cB*l" X 

m+l xn + jxc n + jxc -^ 

5-v+f-« f ss i?; or, by substitutbg for j, 

a+cf"l"** X 2^ pa 



•taSiWMIMI* 



m+p+lxiic m+p+lxc^'^^^^^ ^ 
»iK B; but the Jto. ofT+c?)" x s'^i is 



given s j< ; therefor^ lastly, 



TT'SFr^' X a^ 



st+l>+lxfic 



t .^^^ s= J?; Q. E. /. 

m+p+1 X c 



SBS. If the quantity under the t>tifc»/tcift be a mul- 
tinomial, a -^ or + dz^ + tz^^ 8te. Then, suioe 

the fluxion of a f esT -^ dit^ -^ ez^ Ac j**^* x s^ is 



« 
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(» "Sin X nc«^+«-* i+wTTi X 2n(fe^««-'ifa:^ 

a + c^ ■^-'dz** &c. f, it is evident, that if the 
fluents of r^'i, . «^+"~'i, z^+*'''i &c. Arawn 

into the general multiplicator a -{• csT + dz^ &c. )*, be 
denoted by -4, JS, C, A &<5- the fluent of the 
whole quantity exhibited above (which fluent is 
« + e2' + dz^ + ez^ &c. f"*"* x 2?^) will also be ex- 
pressedby pna^ +p+m+T x ncB +^+2w+2 X itdC 4- 

^TBmTS x wel> &c. Therefore, if there be given 
88 maay of the fluents A^ By C, A ^ ^ there are 
terms in a + cz* 4- dz^* H- cz^' &c. minus one, th^t 
other flufent, be it which it will, will also be given from 
' hence. Thus, if d=0, €=.0, &c. and the value of 

J be given, werfiaU have a + c^l x z^sspmA + 



«n+I 



^ fl-Hcz* X z^ 

p + wi + 1 X ncB ; and consequently fiss -= — 

* p+wi-f-l X wc 

— ■ =^ — , the very same as before, 

p-t-m+lxc 



PROBLEM IV. 

988. The Fluent of a+czi" X z'^* i ic«^ giiw f6» 
tn the preceding Prchlem) to determine^ Jtom thence, 

the Fluent of a-^c:^)"* x z'"+*"""' i > supposing v to 
denote a whek positive Number. 
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Let a + 02^"*'*"* be denoted by M ; also put p + 1 = 



''_- _. *»*--. /* 



PiP-^^ Oh-2)=/>, i> + l (p+8) =^&c. and^letth^ 
fluents of a + cztT x 2^"* i, .« + czTV x z**"* i, 

a -h C2"l X ;2^— * Zy oTc?! x z^'i, '&». he repr^ 
sented by J, 5, C, 2>, &c. respectively. Then, since 

Mz^ paA 

m+;>+lx«c ~ m+p+lxc = -» <^%<^F-«»^ 

Prob,) it follows, from tl^e very same argument, that 

Tfi+p-fl xnc m+p + lxc 

Mz^ . paC 



= C 



m+p + \xnc m+p-flxc 

&C. &C. 

^ence, by writing the value of jB in the seeond equa* 

tion, we have . ^ — 

m-j-p + lxnc m'\-p'\-l xm+p-^-lxncc 

ppa^A 
■f ' s=C. In the S3|ne manner, 

wi+jj+l X m +^+lxc« 

by substitttting this value for C in the-8d equation, we get 

M^ jpaMsf' 



m^-p*hlXMc » -f |i'-j- 1 xm+i>-l-lxwc« 



+ 



* ' 



OF THK COMPABISOM 



«|+1> + 1 xm-hp + 1 xm+p+lxwc' 

pppa^A 

fw+jp+l xm+p+l xm+p+l xc' 



= Z). 



Where the law of continttatioD is manifest ; and from 
wheiioe it aroean that the valae of any of the quanti- 
ties B^ Cf x>, E, ke. or the fluent expressed in a ge* 

vcai nuumer, wiU be ^^ 



w+f +lxiic 
m-j-q-^lxm+q^ncc m+j+1 xm+9xm+9«— l^nc' 



goMz!'''' 



— IXI» 



r«;; ± 



jixf+lxp+gxjp+S (o) X g'J 
»H-|)+lxiiH-|>+«xm+p+8'(t))xtf' • ^' 

9+lxnc *c «.»— lxc« 

* - ^ 1+1 ^t+2 






p-h8 
' l+S 



(©) X -rr : where, ilssfluent of a+cz"f 



xz'^'i, j»|>-H?— 1, «=sj4-iii9 <s=j»+iii-J-l; and 
^here the sign of die last tcnn (in which A is 
fimnd) must be taken + ^ — * aooordiDg as o is an 
even or odd number: ndte, also, that the parenthesis 
(d) is put to express the number of terms, or ftctors, 
to which the series, or product, preceding it, is to be 
continued. The like notation is to be understood in 
other cases of the 'same kind^ when they herefifter 



I 
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The same otherwise, 

884. Let 9 ss |i + tj — 1, and let aTcPl""^* x 

RzT -t^ Sz^^ + 7!z«--** + A J8'" + M, be 

assumed for the. fluent sought : then^ by taking the 

fluidon thereof, you will have m+lx ncxf^^z xa+cz"*] 

X R^ -{-.SzT^ + A i^ + a + cz"f'*"V X 

^iJz*^' + jfn— n X zSz^*^^ + pnz ti z^^ 

+/3xa+cF|"* X z^^^i; which must be == a+cz")* 

X a^-^'i (or a + cz-f x 2**+*-'i) the fluxion 
proposed: whence, dividing the whole equation by 
0+^"^ X 2"*' Z9 and transposing, there comes out 

^TTxncxBsfl^+Sz'^+ Tz"^. + A«^) 

a+c;8"x j»JBjaf^+J»— »x*Sz*""^ xpiAa**"*)' =** 

Which, reduced, and the homologous terms united, 
becomes 

m+y+lxnci?) xz** + » + ? x nc*?) ^ ^1*- + ^ 

w+y — Ixn cr) xz^""^» ..... +jinaAl ^ ,t 
+911— nxoiS^) +^ i ^ 

=0 : where, by making m + f +.1 x wiR — 1 s Q, 

J 

m+fl X fiCiS'+«iiaJls5:0,&c. wehave Jgar ■ ===== ^ 

^ ^ w+j+lx^ 

a = — ==•"""> y sa — ,■ — ; ornnittmg 

m+gxc ffi+9— Ixc ^ ** 
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T=- 



^— 1 xa«y 



jx^— 1 X€fi 



qa 
mTx«i^ 



\ kc* 



*— Ixc #+lx«x«— 1 xnc^ 

Whcfe, because the exponent of the first term of the 
^nation is qn (pn+vn-^n) and that of the last terin^ 
("in which A and /? are concerned) =^pn, it follows that 
the number of coefficients to be taken as above (whereof 
A is the last) is expressed by v : from which last, the 
value of |S is given = — ptui A . 

But, from the law of the said coefficients, i2, S, 
. ^ . • A , it appears that the value of A (whose plaoe 
fiom the beginning is denoted by . v) will be s= + 



^-hl.«. ff— I 



*— 1) + 2 



£1' 
»c" 






nc" 



= + 



and therefore 



(= - jmaA) = ± ^^^^^^ (*-l) . . . . . p + m + 1 

'^^ = ± t.FTT.f+2.r+-8(.) '^^ ^P"""« 

|H- w + 1 = ^ as before). Now, if the several values of 
M S T. . . . . . and 13, thus found, be, substituted in 

t|ie assume^ expression, you will have the very same 
conclusion as in the preceding article. 



Corollary I. 



I. ♦ 



285. Since jf is =:p + w— Ij the fluent a +C2"T 

RzT + SzT-^ + A;2f + Ay given above, may 

be expressed by N x «2-- + Sz"^-"^ + Tz— ^ 
<!>) 4- 0A ; where iV = a 4- cz-]""^' x z^ 22 = 



DP VLITEirrtf; - 4lr 

p+«— 1. ait 
, 5= - £==^-==— , T = - 



'---^ : and. where the co-efficient (0) of the 

SVen fluent (^^J will always be expressed by the hist of 
e quantities R^ S, T. . . A, multiplied by ^ pna: 
this IS evident^ because it is found that /3 = — pna A . 
And the same thing will also appear from the several par- 
ticular cases (in Art. S83) for the values of B^ C, and 
JD : in each of which th^ oo-effieient of the last term 
(where A is concerned) is to that of the term imme- 
diately preceding it, in the constant ratio of pa to 

— 5 or df jin a to unity. 



n 



COROLLAEY II. 



286. If the value of c be negative, the general fluent 
(in Art. 288) when a+cs"=aO (provided nt + 1, n, jand 

p be positive) wiU become barely = + — x- — ?=• x 

D 4- 2 €Cjd 

r — o ^^^ ^ "7^'^ because, in this drcumstanoe, aH 

the terms multiplied by a + C2*|*"*'* entirely Vanish. 
11^ Iherefifre, b be written for — c (to render the et- 

pmsioti incnre eomitiodious) we shall have -^ x^ — =• 

x^— ^.f'ij >; -TT for the true fluent of a — bsrT x 

2*"+'"-''i, generated while bir, irom nothing, be- 
comes = a : where A denblJi^ the fluent tf ia^rb^* 
xs^''#, generate, in the linie tiise; and whcntfe 
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I 

I sp 4- fft + 1- Hence it fiiUows that die fluent of 



(where e, y^, f are any given quantities) will be=: A x 
^g^^P-fj^'^^^+^'^-'V^ta^-* -Hfcl in the 



t 

ferementioned drcamstanoe. 



PROBLEM. V. 



287. The Fluent (A) of a+c^^xsf^^^z being giveny 



tojind the Fluent of a+c^xs^^i; supposing r 
to denote a whole positive Number. 

Since a+ca"l"^* = a + c^-fxa+CB*, it is evident 
that « + c;8-l*+* X s^'i = a + carP x oa^'i + 
i + c«"r X cs^**^'*: whose fluent (by Prob. 8) 

. - ^ . oTl?)""*"' X JB^ paA 

«-|-|>-|- Ixn m+p + l 

aT7?l-^'x£^ ^jrrixaJ In like manner, if 
p-k-m+lxn /I -f-m + 1 

this fluent, of a + cs»|"** x «*^'i, be denoted by 
J?, that of a + cs-f"*"* X «^*^ by C, Ac it will ap- 

, rn?)'"*' X «^^i»i + 8 X aB _^: 
pear that — + , ■ _./» ^» 

«^EliL!r+^±L^Ll?=:-7), &c. Whence, 
ji+neH-Sxn jp+w+8 

by sttbstitutbg these values, one by one, as in the pah 



ceding ptoblem, and putting Q =s a + cji*, we get 



p + III -h 8.» |i -f m-f 2.p + w + l.fi 






p -h m + 2.JP + w + 1 p + m + 3. n 

ji+m-bS.jp+fii+S. n p+m-hS.p+m+g.p+m+l.ii 

-f ^ , ,5 . , Q . ^ =?, &c Whence it is 

evident, by inspection, that the fluent of a+es^"^ 
X s^*~' i, ezpraMied in a general manner, wiU be 



— h . ]^ ^ ^ , Ac Which, 



bjr putting iii+rs=/^p+fft+'*s=g', and making Qr*^ x 
s^ a general multiplicator, will be reduced to Q"+' x 



X .q X— -% frj a'il; where it 



jp+m-fl p+i»+« p+«+S 

appears (from the foregoing values of S, C, and DJ 
that the oo-effident of il is always equal to the last term 

of the meoeding series, multiplied by m-f 1 xna (in- 
stead rf Q*.+» O- Q- E. I. 



COEOLLABY. 



288. If e be negative, so that Q, or its equal, 
A-fcsT, may become equal tonodupg^ the flu^tttill, 
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W + 1 



m+it 
. — ^ X * ■ — - 



m that circumstance, be barely = 

X ' ■ (r) X a'-i ; provided die values of m+ 1, 

p, and It are positive : or, if c, /} andn be positive, and 
m+r+p negative, tUe same expression will exhibit the 
true value of the whole fluent, generated while z, from 
nothing, becomes infinite. 



PROBLEM VI. 

289. The same being given as in the preceding Problems ; 
it w proposed to find the Fluent of a + c2f]*^^x 



zP 



»•! 



z. 



If — r be written instead of r, in the last article, 
we shall have m-'r:=zf p+m^r=zg, and Q^^^ z^ 



'X 



Q 



/x.gQ 



( - r J + 



m + 1 



p + m + 1 



^ (^rJXfT'Ji expressing the required fluent 

in this case. ' . * ■ 



But 



w+1 



&c. continued to — r 



fiu^rs, signifies the same thing as the product con- 
tiimed downwards, or the isontraiy wayt to r f^tors«, 
according to the same law : and^ therefoire ia sxj 

2}+m p+m— 1 »+m— 2 . . . ^ - 

f_I_ X ^— — =— X ' 5— r^>)' After the same 



manner we have + "^^ 



_r— J 



gn 



ffg— !•« 



(-r; = 
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(r) and consequently the fluent itself = Q"+* s^ x 









COEOLLAEY. 

£90. It appears firom hence that the co-e£Bcient of A, 
the given fluent, will always be equal to that .oi the 

last term of the preceding series, m\ilti|died hjp + mxn: 
for, seeing the co-efficient of the said last term (whose 
distance from the fir$t, indusive, istlenoted by r) must be 

S^'I^'S^'-'J^^ X JL (by the law of 
/+1./+2./+3 .... /+r nor ^ ^ 

the series^ where y*4-r=m and^+r— l=:/i+m— 1 (as 
appears from above) it follows, by inverting- the order 

-of both progressions, that -^—^ — '^ ^A !^ i 
>^-— ^ will also ^press the same co-efficient : vhich. 



iui' 



.mmtimied by p + m x n* rives ^' — -^ — = — ^ ^ > ■ ' , 

X ^, the very co-efficient of -4, above determined. The 
use of this conclusion will be seen in what follows. 
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PROBLEM VIL 

891. The same bdiigf still, given ; to find ike Fluent of 

a + c«"l* xji^ •■ 'i. 

By proceeding as in the last Problem, the required 



fluent of a-^cz']* x z^ •" * is derived from thai rf 
a + (W*r X «^+*^'i f^t?«i fty Pro6. 4) and comes out 









9+1.9+8.9 + 8.910' ?— 1 f— * p-8 

X—- : where, Q = a + cb", 9=0— tj— 1, a^zm+Qf 
a 

e=p+m+l : and where the co^-efficient of ul is eaual 
to tiiat of the last of the preceding terms, multijuied 

by— m+iixnc. If the manner of deducing the re^ 
quired fluent, in this, and the last, problem, should not 
appear suflSciently plain and satisfiictoir to the beginner ; 
the same conclusions may be, otherwise, brought out ; 
by finding A, in terms of B^ C, or D, from the se* 
veral particular equations in Art. 88S, or, by assumins^ 
a descending series, instead of an ascending one. Vidt 
An. 884. 



PROBLEM VIII. 
898. The aame being, still, given; to find the Fbunt of 



a + cs-f X s^^'^'i. 



Let die fluent of a+cr)*.x ar**^i< (ftioen hf 
Ptob. 4) be denoted by A, and that leqniico, by F: 



OT VLUBKT8. 
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then, if p+D be put =; ji, the vdue of F (the fluent 
of a+c;8"l"^' X :f^^i) wiD be given from that of B 
(the fluent of a + ejaff x a'^^ij by writing J? fiir 



^ andp forp^ in Art. 287. Whence we get F=Qr*^ 



-X h— ^^ — (r) X cTB: where 



j»+m+l p+«t+2 ji+m+3 

Which fluent^ by substituting the value of B (in 
Prob. 4) becomes F = Q*+' z^ x -2L« + J"^^ 

^ Ag. g^ (r>+ -2L±JLx J!i±«. (.) 



««^-l-«^-*-» 



P + W+ 1 p+«+« 



XITXQ**^' af X:: 



qaf^^ y.^-^la^z 



(")! 



«+l.nc «+J[.«ic* «+!.«•«- l.ncP 

-: X p. (r) X <f X f- xf— . 

p+w+1 p+ffi+« ^ * 



(t))x -p: wherefsj^+9— l^«sin+9sM+i'+«-^l9 

and ts|) +111+1; and where the »ga of the laat torm 
is + or -^ according as o is an mn or odU nuBdiier. 
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S95t. If the last term of the first series, exclusive 
of the general multiplicator Q"*"*"* tT^ be denoted by 

g, th<B multiplicator, x (r) x a% to 

j> + m-|- 1 j>+m+2 

•Art. 287. the second series will be=m+lxna^;* and there- 
fore the first term of this series, including its mul- 



tiplicators, IS = . : wnicn, it Jt 

be put to denote the last term /3 (f^^ jb^^* of the 
first series (with its multiplicator) will be expounded by 



' . Hence it follows, that the fluent rf 

« + l.CjZf" 



a + C2")**"*''' X z^"*"'*~'i, given above, will also be tjfuly 

* 

expressed by •- + -^ , x-^r- -f-^ — gX 

* - • * • 

'Zr — T ^ -^Z ^ » X --p ( I? ± 

C3" s — jl c:?* - «r-"^ ' C2;" 

f ___^ ■ _«^ . . 

m+\.m+2.m + 3(r) x j?.y + l.pH-2 (t?) ^ o^'^ . 

■ ■ >- > — X ~ , 

^ + m+l.jc>+OT+2 (r) X *.« + !.« + 2 (©) 

where IT, /,, JT, L. R, S, T, F, &c. rewe- 

sent the terms immediately preceding those where they 
atand,. utder tbeir proper Aligns : . R being. the last^t^^rm 
of :thetfij:Bt series ;^ fiko\'f:ezm+ry g*:s?w+»*+l>+^# 

^ssp+f; — 1, «=:m+9, *=m+p+l, and Q^a-^c^* 



OF VXQCISrtft. 






CoftOLLAftT IL 



S93. Stocethedinsoryjp+n-fl. |»4-"if2fr> x 
t,(r+l).(e4-8)fe>,arthelastteniit>r thoBxmt(bf 

<9) xi»4-©+i«^Lji+«-|-«i^«fr;r vlwoe, the lui 

fietar f^^m-^vj of die first j i w gi ab i ua , is iess hf 
umlfdunitiieSKt&ctdrofdie second; it is evident 
that die said secsod piogveanon is uiAj a tmtmuUati 
of dieSzrit ter aMwrfiieton: and 30, the Jast tennof 
At fuent, where J. h fiMoidY is tnily ezpnssed hj ±, 

p.p^Up^ fv) yTm^i.m'^-^.mT^ (r) ft^A 

HeDce it fillovB, Aat the fluent «r Mi-harf*' 
X vr*^^£^ «c that of a — i^-i*** X ar'-^^'i 



(malng c s — A^ viO, when o -^ izT* hooBoies cqnai 
ta wotiuiig, hehas^ ss 



^■WM^iM^MW ^V^IHHMMBM^ - Vi^M^H^ai^B^BM «^i^l^l^BB«^B^ ^M^^^MMM^^V 

^.l^-l-l-li^-Sfoi xa»+l. m+IS. »4-d^r) ttf^J 

-"• — ■» ' M =g=: — .'«■ =^ — T =: — ■ — X — y- — 

m^f -h 1« m ^j» +i. SK-4- j»+S /'i^+ry *• 



A bong the flirent of o-^&"P x sf^i, in that cir- 
constaaee, 9 and r whole pend^e mmhen, and j» and 
saHh 1 anjr padtive munhcn, ^ifaer whale «r broken. 



Scpou0ja. 



^4. If the fluent of a^cz'^]*^ x z'^'f (given 
by Proh. 5) be denoted by C; then (Fj the fluent of 



o4x?l"x 2f-^-* £ (where msm+r) will be had» 
ftwn- C (by Prob. 4) aeoordtng to a new fomi, di^ 
▼OS., n. K 
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ferent from those already giveil. And, by following 



•I— r 



the same method, the fluents of a + c2"l 

s^+'^'i, a-^cz']"'^' xa^-^'i, and a + cz']'^ 

X 2^-^-' z may also be found, each, according to two 
tlifFerent forms, from a combination 6f the corresponding 
cases in the foregoing Problems. 

But as it is extremely tiresome to repeat the same 
thing again and again, where such .a number of symbols 
are necessarily concerned, I shall here put down one 
solution to each case (because of their use) leaving the 
process and the other forms (which contain no new dif- 
ficulty) to those who will be at the trouble to set about 
them. 



1^ The fluent ^ of a + cs-r" x 2^+'^» i is = 

Q.n-^^1 X Z^^- g+1 QH g-^2 QI \r^. 



— ~x 

C2" JS 



cz"* #—1. cz" «-"2 cz" 



+ --!-- X - — 3^ X — ^ (r) X ^ xCZ^x(l— (t?)x— — 
m m— 1 wi— » i f+1 t-r^ — d 

"Where If, /, JT, L....i?, iJ,- T, &c. *'3enote the 
terms immediately preceding those where they stand, 
under their proper signs ; R being the last term of the 
first series, also Qs=a+cz",y=:m— r, ^=|i+m + »—**> 
^=p-)-o— 1, 9s=m+l{+t)— 1, t=/>+i»+l, and -4= 

«^e given fluent of^ +cz"r x z'^'i. 
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'i is = 



2*. The fluent of a + cz* 1"^' x z 
^•+r+i ^ 2^-^ «+a iei:^• «+3 Icz' ^ . 
, q + l.na 9+2 a j + 3 it 

whefefa:|i— ©— 1, »=m+r+9, y==f« + r, ^=p+« 
-f- r, and the rest as in the preceding case. 



z is^ = 



S». The fluent of a+cz"!""' x z'-"-' 

•_«+i ^_i±*x^5^-i±^ X—" re) 
y + l a y+2 a q+3 a ' -^ 

In which fssm—r, g=m+p—r—v, q=p—v—l, 
«=f 4«> and the lest as befofe. 

895. Fiymt what has been delivened in this section, 
the fluents of various fotms of fluxiims may be ex- 
hibited by means of ciicular aics' atid logarithms. 

For, rinoe the fluents of a + csTj^ x 2*!^' i, 

«+cs"r* X r**-*i, and a + csT]'^ X z~*i (which 

I call original ones) are all of them explicable by one 
or the other of these two kinds of quantities (as. will 

9jffeai &rther on) those of a+czi""'^ x 2*"±'^-*5, 

• 4 C2??l^*^ . X e i-tr^> i, and a -f c*^-*-*^ x 
2^*"^ i iifill also be given from thence, by the Core- 



OS ov tmt c9VrA»tso)r 



tphf tjwanPBW Whom die aiosi tiaefttl tmnnii^i 
fluents iQ Ctiig^M HanumkL Menmrarum will be oi 
tfsooiffi, liesides some otfaem, mne general than any, < 
the same kind, pot down W AslX sa^jaaous anther. 
Here jfiiDow a finv exampieB of sonie of the moat oieG 



EXAMPte L 



t'^i 



S96. La iU fUximtgivm bt -77^^^== («rf' + 2*j 
X 2^i) o Amf amy aRftobr padthx iVtoakr. 



i 



T1m% die fluent of d^ + z^-^ x i, or ^r^^ 

Wng ss= }uj/f. bg. £i — — -, — ; or, c^nat to t; 

4k 142. ami aiMMK ame la ^ ana noma atiuqr ; ^ afleonlo 

as die seooad tenSy in d^±,^^ ispqaitwie or nuigattvi 
let if be, diierefinc^ laikcqi In denote ibe aaui aid, 

fc g ai i dmi ; wdletrf^ii'j*^* xi he comfawJ wi 

oTc?r X af*^i (wlioae flnent is, Jl along, sn 
yoBBd to he pma ss ^) anil jon wM have asil% c: 
±l^nss%m^ *-{,f^--ls=0» aaddHrefiieeps 
Ijr anhitilMUig duae valnes in Ai(*S83, i 



^Skanat gAq (p+ o— 1) = -^, a r»+9> = 
—1, t (m+f+1) 5= 1 ; «ed, coaiaqq0€si%, tfce fine 



^ Sv.&-8 






6¥ yEtrsKtt. IS 

19 5 7 



s'Ts 



Iteftik iitteg^v«^» wlnin ilie givm flo&km is - y • ' ft ^. 

aiidoatthes»a(iet]iD^aiio£li>iuiilM9r; trait in all olbet 
caaes, affinnaUve. 



EXAMPLE II. 

«9T. id 22*i •iP + itf^ (or ip+ie]-l+' ^ ,?-^j 5^ 

prvpmaML 



Hc3c^ denotmgjdie fluent of <? jt 2*1 '* Iiy ^ (as 

above) and cofttparing d} ± z« p^^' x a^':^ with 

ft+ct-r*' X a^***-'^ (mic PWbi 8) we bave r=l, 

ani tbe lest as in die hat example: wbence ako 

jf (>+•>> = »+l»/r«+r> =^ l,^«a+l, Q»i^± 



a% and the flimt itair ^ ^'^^±^' + J?* 

aa+2 - ^ 



^ ^=5:1^ "^ k^4>a^ (* ^^ ^> ± 2^4 



X g f»^ X - g^ ■■» ('it, iSr, T, Ac beii« tbe pre.* ArUSaiu 
casdnig Icnna vidi cbeir i^em) = -^ x (z^'^'i 

(" + 1) ±|x|x|x?rr^x^: ,he« the 
ai0» of «Ik hat ttm mot be nj^daM as ia tlw 
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preeeding extmde. If the fluent rf -"tt; — r-r, or 

of ;&"*« V^d'±z* (in which the exponent is n^ptive)^ 

he required ; the answer will be had in finite terms, in- 
dependent of Ay bj Art. 85. 

EXAMPLE III. 

898. Wherein the Fluxion proposed is d*— z'T^"^' x 
^j«+«i-i^ ; r and v being any whole positive Numbers. 

m 

. I^oe the fluent of d"-.2"|"^ x z^^z (as will 

2 
appear hereafter) is truly expressed by - x arch, whose 

n 

sine is — ;- and radius unity, let this value be de^ 
di- 

noted by A ; and then, by writing d" for a, — 1 for c, 

— f for m, and { for p, in Art. 29S, we shall have^^ 

2r— 1 
(i» + r)s= — ^,gr(m+ji + r + v) = r + v,^(p + t) — 1) 

8t)— 1 
= —2-, « (w+j) =, t^-1, t (p-^m+l) =zl, Q 

(a-f C2") = d* — 2% and the fluent itself equal to 
e-«z-+*' g^TZl |d*fl' 2r-8 



r-^-v.n r+»— 1 Q r+«— 2 

jdrS gg-S |rfT. . 1. 8. 5. 7 (r)x 1.8.5.7(8) 
z" e-2 ^ 2" ^"^ 2.4.6.8.10.12(r+e) 

•Art.8»3.*x<f"+'"^.- in which /T, /, J" . .. ii, .5, T, Ac. 
denote the preceding terms, with their signs ; R bang 



or 
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" t 

the last term of the first series. Hence, because all ihe 
terms tmt the last vanish, when Q^O, it follows that 

the whole fluent of dr — z'Y^ x s^^*—^ i, generated 
while Zy from nothing, becomes equal to d, is truly 

»^ '^ ^xM^bM^ X *-"• 

. 1. 3. S. 7 (r) X 1. 8. 6. 7 (») <^•+•" G ^ »„. 
''y 2,4.6.8.10.1a (r+t,) ^ -"ij— ' ^ ^^^ 
the semi-periphery of the circle whose radius is unity. , 

EXAMPLE IV. 

S99r Let tit be required to find the whole Flttent of 

a-hA"" X z^-'z • , ... . , ^ „ 
^ , generated while bz, from No- 

d+kz'^f 

things becomes ^a; that of a— fo'T x z^'^i being 
given (= A). 

Here^ by expanding d+fcs")^^, our given fluxion 
becotaes = n — fo"]* x «^""*i into d*^^ x (1 — 

Which series being eompared with c -{-fs^ 4- g'Z-'* &c. 
(vide Art. 286) we have e = 1, /« - 'j>g^ 



' Q * . , &c. and consequently the fluent spught 
(by substituting these values) equal to -^ into 1 -^ 



p ^ ak p p + l 1^ /3 4- 1 «fc 
t. I Id ^ t <+l ^ 1 2 id 



X * or THE cmirAKiMm mr FLrcNTs. 

P P^^ P±* ^ fi ^+* *+2 df[» ^ . ,^ 

•^.#KtmLtivfcs*^ ted it » seqpmite i&«t I -f ^ sboaM &b» le 

pmditm; ottewise tk fttoit wiDf fibl. iUtttac^ tbe 
tttxes fawudbt oat dbove nms om to ibfiftBy^ yet it ma^ 
besvttve^ hkmaBjemmz tbn^ if tlur gkie& flvxioit 



f=l?l- 



X 2 



rf+far 

* . , oJb ftp* 



; ihm, de fivenil sencs be- 



-^ AcL Its sam 



— ~-^ 1 ' ' P Vr B. 

as tlir ftneiit laag&ts vltace A (die oMs flnoit of 

«— fc"P* X 2**~'i) bcii^ =: .-> X semi - pcri« 

jibezj of t&e cirde wbose raduts is lauij^ tbe fluent 

1 

X Irf tlietaase laaoi-perip&eijr. If ibe lec&r k 4e» 
sinms to see a fertbcr oppIieatKiQ of tBe summfttioii of 
sopesy to tbe findnig c^ flamts, I mnst Ecftgr him t» 
Mxy JKswrtttiwma (where it is handled in a general nao- 
Ber) bavii^ ndtbor mom nor TmKnatinn to tsea^ of it 



CT 

SECTION ly. 

Of the Tranrfarmatian of Fhm&ns. 

801. I>Y the TransforiDatioii of Flaxions may lie 

di^oT^ more oJ^iXh, £»b>: Mnid^ t» 
whi^ sowe, a gnat part cS the aeeoitd aedioit would 
properly £bI1 under this bead. But, tbhat is licve pro- 
poBedy and tekat is ep mmou ly meant by tbe txmmx^ 
mation of fltixionsy Uy ^he method of ordering those 
lunds of e^ipressions which involve one variaUe quan- 
tity OR^ with its fluxion ; which, yet, are so aTOcited 
by radical signs, that the fluent, without an infiAkis 
series, would oe impracticable, were it not fer a new 
aobsiitiption^ «r some other hind of transformation, 
wherdby the giveii fluxion is rendered more manageable. 
Something of this sort has been ahready toudied W]pon 
in Art. 88. And in what foDows I shall farther point 
out and exemplify the principal cases wherein tuck A 
ffootAart will do of semoe. 

SOS. JN' tie miwAet of dimemmomscf Jig variable quoM^ 
Itlry, wdlumi ike vincuuim, inerauei If tmtljf, he some 
aliqjKOljKntjeTfQrUyffikedi^ ^ 

Illy, mider the vinculum, the fnxum w3l he reimtei tm 
a better farm ty iuUtituitng for that power of lAc 
wtriahk qtUnUAVf wUck arises fy iioiding iU expememty 
under ike vincmom, Ijf the dtMominatw rfthe froctiom 
expresnug the otdd aliquot part^ or parU, 

r*^'i 
Thus, if the fluxickn propounded be -t; ; by 

sttbatitmiog xsszi% and taking the fluxion of both sides 
of the eijuation, we have « s | n s^'z ; and there- 

tare i*^*i ss — : whidt value, with that of sT^ 

being wrote for th^ equals^ in the ^ven fluxion, it 
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will be transformed to -*— ^• -: : which, puttii 

a = c^. (to make the terms homdcgoiis)^ is aliBo e 

± 
esmressed by . : whereof the fluent will 

given by Art. 1^, or Art. 142, according as the sij 
of 0^ is positive or negative. 

SOS. If the power of the variable quantity und 
the vinculum has a co-eflScient, it will be best to bni 
that oo-e£Scient without the tinculnm. 

Ex. %. Where let the fluxion given be *-"; r- 

. ^ Va-k-cz' 

which, by bringing c without the vinculmn^ becom 

from whence, by putting » s 2 



z^^'z 



s/\ 



c 

X 

and proceeding as above, wfe get 



»c*y/^ + 



x^ 



.1 

whose fluent, by Art. 126, is — - x hyp. log. (x - 

/"a — ' — ^ 

V/ - + x% This, by restoring ;?, becomes — | 

^ypJ««(^*"+ Y — + ^")- Which, corrected (I 
supposing it = when 2 =: 0) gives, at length, — : 



hyp. log. (>+ y^ + 2") - byp. log. ^/^ = 

A X hyp. log. (A/ii%i/l + ^i.") for the tri 
fluent of the quantity proposed. 



(^ ¥L\}XlO'^ft. -^ 09 



r But, ^fien c is a negative quantity, this fluent fiiils» 
because thci 9qiuae jrcx>t .o£ c is to be extracted. In 



X 



this case — - ■ y =r. isau&t -be transform^ 



. , / : and then its, fluent (bj 




— c 

1 



C3»' 



Art. 142) will be had = 7= x the arch of a 

. . ' . inv-c ... , 

€urde whose radius is unity, and right-sine = 

V _c 

. jEJ«. 8. Let. the giVen fluxion be ■ : > 

zva + C5 

Which, by bringing c without the vinculumj and put- 

tingjras£;^% ia transformed to ^^ ■ y . ' '. ^ : 

• |nc*a" A/ f .4, j?« . 

A, '^ c . 

. -^ 1 ■ 

whereof the fluent, by Art. 126, is —^ x hyp. log. 

—7= / = —p X hyp. log. 



V^a — Va + w" 



-7-.= > But here, when c is positive, 

Va-^ Va + cz* * 

the numerator will be negative ; in i^bich case it will 
be proper to change its signs, and express the fluent by 

1 , , y/a + csT — l/g 
^ - X hyp. log. ^^ ■ -7=. That, such 
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an alMraiilM oJT the smmi pm nudte no diKormce*!? 
ibe flttMB^ is evidoit mm iim moam of logmiltti»; 

ktaMie tlie Bixion tf the kg. oT— x (=:II^afe i!^ ) 

—■at X -^ 

n the same with tkai of the hyp. log. tf x. It w31 he 
proper to pfaBdrve farther, that, instead of the knorithm 
A^ dcmed, any one ot tl^ ibibiring etpm ^nan- 



tltieanur^ be taken; ,mir. h jp. log. --^ 

(fimnd fay nraltiplying bdth the nnmerator and deno- 
minatcr of the fiiresaid logarithm hy Vm + cz* -* Yd) 

= 2 X hyp. kg. I7=S W *"® noting 

C2 



a 



rf logarithms ) =: 56 x hyp* kg. v' ■" 

But, take vhkh of these ftms y«a will^ the flnsiit 
6ik whena kAqgative ; bocanse thegenenl mnltiplicalar 

= is then impossiUe. In thk case the flncnt ef 



I nc* X X _ 

c 



— # > or its emud — r^ * vill 



be giwm l7 Art. 148, «dk«q«iAd ly «^-py3^ 

X >l = — 7-^— ; wheie A dctotes ihe mri whose 
radias is unity, and secant — yr (=s^/ fLV 
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,fc-i 



im die sane mafUMer tha lunil (ft ^ — ^ « Aiwdi 

a + ciT 

= — Tiir X arclu whose r^us is imity and. tan- 
nVac • 

«nt \/ — , or equud to — 7=:= x hyp- loff. 

-7= 7==, aomApj; as the vi^uc of e i» afllr- 

tnativeor nq^^; ft being sapposed affinuatifc. 

S04. IFib» tk power, or pover*, o^ lAe variMit 
fmaalify^ wak&Kt lie vineiikimy or radMical mgn^ fall^ 
wum^f m tke dtMommaiwr^ t^ may be of use to Mft- 
jftete for Urn reciprocal of Uit mid qwmU^^ ^ for 
(Ac fntie$U nJttdt wn^utM 1^ dmikig aomc known quan- 
filEjr, either^ tgi^^^ks ^">^ eomfouni of it in the de- 



a^j 



Ex. 1. Lsi tie proposed Umxim be — - . . ; 

laeii, piUtii^ xzs — ^ me have j? = — , and z= — 



«^x 



a'wK 



— x« 



--t; and conseqiieittly — >-^ = ^ ' 

wheieot iStt^ fluent is— •*• + a- = — \/ -4-a^- 



Ex.2, fcf life jfsiDm JZoxmi fe 



zz 



a+3' X Va^'^az'^z'^ 
**: fi' i.^ ft' -or 



« X , i s= — 



' T ■"■ 



ft'jc X a — jp 






X 



m 



k 



ftl 
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quantity proposed is transfiiniied to ■ ■ * ' >:flj — ±a - - .L.jL>l: : 

whose fluent may be fpnnd from a taUe of logarithms ; 
as will appear farther on. , ' . 

806. If the Fluxtan given is affected by tiob dtf- 
Jerent surdi^ and the rational factory or the quarUtty 
without the vinculum, be in a constant ratio to the 
fMxion of the quanti^ under the vinculum of either 
surdy or be related to it as in Art. 83, the given fuxion 
mil be reduced to a more simple formj by substituiwg fof 
that surd. 

Ex. 1. Let — ^-— ^ be progound/Bd. 



/c«- 



z' 



♦ Art. 279. 



Then putting x = Vft« + 2S we have sfi=x^^b% 
zz = xi, and /c^- - 5r2= V^c"- + ft^ — jr^g /fl' — g^ 

z z y/¥ -f «2 

(by making as= v c* + i^) Whence — — r-^ ^ — = 



Or, if :c be put = V^c^—z^ (instead of VV+^*) ; 
then z^ = c- - J^S si =.- xi, i/PT~i? = 
)/b^ + c^ — a:« = i/a* — a?« ; and consequently 

=: — i V^a^ — «2 : whose fluent is 



given by Art. 297, or 131. 

Ex. 2. Zee the given Fluxion be a + csTT x e+j5«]' x 
+ Art. sa : g^»-Ai ; supposing p to denote any whde positive Number, f 

In this case, let that of the two quantities, a + cz* 
ande-f^", whose indeir (m ot r}. is the most com- 
plex ^which we will suppose the latter) be put = x ; 

f «/ 



then we shall have z* = 






^^ 



^-l 



a; 



/ 



>-» 



^' 



ex ■"• cc ex 

a'\-csf=za H ^j— == ^ + -t; (by putting d =s a — 



cc \ ex 

"^j and consequently d + -7. 



X ———--—— 

:sthe fltcdon proposed : where, p — 1 being a whole 

positive number, the value of x — cl^* will therefiire 
be expressed in finite terms ; whence, if m be also a 
whole positive number, the fluent itself will be had in 
finite terms : bat, if m and r be the halves of odd 
numbers, then the fluent will be found (firom Art. 
298 or 294) by means of drcular arcs and logarithms. 

306. If the given expression be affected h/ iwo surds 
whereiu the powers of the variable quantity are the 
same^ and the rational quantity^ wUhout the vinculums, 
be related to the Jbtxion of either surdy as in Art. 83, 
ft may be of use to substitute for the quotient^ or ratio, 
of the two quantities under the radical signs ; especUdly, 
if the sum of the said radical signs, or exponents 
(supposing both surds to be reduced to the denomznator) 
is a whole number. 



Ex. 1. Let the given Fluxion be 



»-i 






WTPy X c*--iM 



4. 



Theiiy wntmirapss-— i — -, we have c'=-T-ri — ; 



OZ*2r =: -===rr- ; 6' + 2M XC* — zM ( = 



T - 



1+^ 



:« - «» 



x-c'— ;:*!* =zx^ X c* — 












4IS 
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A' -h?l X c^ — zM 
whose fluent is as i- .■ » i x\/ • 

Ex, S. Let theft be given • ■,, ' ^_^y » 

' R^ve, putting x s= — ^*e-; ^ you niB have «" =s 



*' «» ■ " I 1^ 



#1 " ■ ' • 



. ^ OX '— € 
f-'CX 



^— I 



x.--i-==r^ ; a + cs-r 

ft X/ — CX] 






X JT) =5 






f^cx 



X z' ; and consequently the 



ax'^^^' xf-c^r^^'' xx-^x 



nx af^ ce\ 

Where, if m 4- r be a whole positive number, greater 
than p (also a whde positive number) the fluent irill 
h^ truly had in finite terms ; because both the series 

ifcr the values of ax — tf^ and /— cxj"*^ '** do 

•ATt99. in that case terminate.* But, if r and w+r— p^-l 
be the halves of whrie numbers, positive or negative, 
then the fluent will be given by the last secUcm. 

907. A trmomidis reinced to a hmomal by tdcing 
away its middle fen%; that is, by substituting for the 
sum or difference of the power of the variable quantity 
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in thai iefm and half its cf>efficicnt ; according as the 

signs of the two terms, where the said guantity is found, 

are alike or unlike. 

z 
. Ex. 1. Let the given duxion oe y, ■ r^ =-; 

then, putting »ssj?+|c, or 2r=j:— fc, we have z=:x, 

= t/62— ic« +372; whence (making a^ = &« — J c« ; 

there results y, ■ = g =3 ^ = : whose 

fluent is given I^^Art. 1S6. 

Ex. 3. ie^ rtc fluxion given be , — r = 

First, by bringing c without the vinculum, according 
to Art. 303, we have \^a + 6«" + c«*" = v^'c x 

4/^— + f- 32" ; and, by putting x = i" + 

—, or s" = a: — — , we also get z"""* i = — , and 

V- + — +«*«( = \/-. + s:;+^'- 

Vc c "^ Vcc2c« 

fluxion transformed is 



.^w— I rS 



C5f3-* 



whose fluent is given by Art. 1S6, when c is a positive 
quantity: but when c is negative, the fluxion must be 

fx 
expressed thus, y 1 : 

answering to Fprm 2, Art. 143. 

VOL. II. F 
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Ex.8. |r,/'-'*+g'»-^H-*."-'i+<:.^-i- 

be proposed. 

Then, feUowing the steps of the last example, 

' c c 



^5 ■ ■ I*" 

be transformed to c*" x -nr + Jr- ' - more- 

over, «" being = ^-"g- = a7— d(by putting d =5= 

sr) and «^'i =: — , we also have 2r^"-'i { =- 

. « r ^\ XX -^ dx -_, 

2- X s^'i = «-ci X — ) = ; z^' z 

n/ n 

(= «2" X «"""' i) 5SX— dl X — = ; 

&c. &c. From whence, by substituting these se- 
veral values in the given flui^n, and putting 

— — -T-r- = e«, there comes out 
c 4fc* 

fx -^^ g X xx— dx + h X x^x— 24xx -f- d-x + &c. 

wc" X c^+jr«T 

whose fluent, when the exponent m is the half of 
any integirf positive or negative, will be found, by 
means of circular arcs and logarithms, from Art. 295. 

308. When the Denominator ts a rational trinomial^ 
or multinomial (that is^ when it is withmt a vinculum) 
the best way of procecixng^ fir the general part^ is, to 
resolve the given fraction into binomial ones. In order 
to thiSf let its denominator be feigned ^ ; Igf means 
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of which equation^ whose roots must be found, you wHl, 
ogf subtracting each root from the indeterminate quantity 
{xjf have the binomial denominators of the required 
fractions into which the given <me may be resolved: 
whose corresponding numerators, let bfi denoted Ax, Bat, 
Cot, ($*c. ; then, by putting the sum of the fractions, thus 
arising, equal to the given fraction, avtd reducing the 
whole equation to the same denominator,. the assumed 
quantities. A, B, C, Sec* by comparing^ the homologous > 
terms, will be determined. 

Ex. 1. Let the^ given fractvm be -^- r-; then, 

X 'J' ax "T" ^ 

feignuig x'^-{-ax-\'bz=iQ, the two roots 5^ the equation 

will be — f a - V^ia2 ^ 6, and — |a+ /|a«— 6: 

.wUch being denoted by p and q, we have x-^-p and 
^— jT far the two binomial factors, whereby x^ -f cw + 6 

may be rescdved, or by wbos6 multiplication (x ^p 

XX -^q) the ^aid quantity is produced. 

Let therefore ^ + — — be now assumed ( = 

X —-p X'-q ^ 

) = == == ; then, by reducing the 

a:^+ ax +0/ x— p x x-^-q ^^ 

whole equation to one denomination, &c. we get 
A + B X xi — qA + pB + 1 X i = : whence A 

is found = , B = ; and, consequently, 

« JC X . 

p-^qxx — p q'^pxx^q x^-^-ax + b' 



„o. 



X'X 



Ex. 2. Let the quantity proposed be -j— — ^-r-j 

X •p ax "^ ox T* c • 

Here, if the binomid factors whereby OP^-fo^ 4- 6.v 
+ c is produced be repreisented by x^jp, «— y, and 

1 .1^ t 1 jImX jox l^x 

* — r, and there be assumed r*H f 



X— :» X — a Xr^r 

f2 
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, this case, we shall have A x x— 9 x x— r+fl xx— y x 

jr— r + C X «— |) X X— jf— a^=0.; that is, by reduction, 

^ ^ X x2 — p + rxB}^ X X + prB ^ = 0. 



— Ij p-i-qxC 



pqC 



Whence^ + J? + C=l,ilxg+r+fixp+r+Cx/>+? 
=0, and ^9r+'B|pr + CW=0. Now, from the first 
of these equations, multiplied by jp+99'' subtract the 

second, and you will have-^xp — r-pSx^f — ^rssp-hy: 
also, firom the first, multiplied by pq^ subtract the third; 

then Axpq—rq+Bxpq—pr=:pq: lastly, from the 
former of the two equations thus arising, multiplied l^ 

p, subtract the latter, then Axp^'^pr—pq+gns^p'^y 
that is, Axp^qxp-^r^p^ ; and consequently ^ = 

• — ' — : whence, by the very same argument, 



i8 «*^ 



B= ^ and C = 



q-^pxq—r r-^pxr—q 

SO9. After the same manner, you may proceed in other 
cases: but there is an artifice, or oom^ndium, for 
more readily determining the assumed quantities J, JB, C, 
&c. b^ which a g^reat deal of trouble is avoided : and 
that is, by considering the equation in such circum- 
stances of tne indetermmate quantity x^ when it becomes 
most simple, or when most of its terms vanish. 

Thus, in the preceding example, because Axx-^q 

xx-^r+Bx x^p xx-^r-i-Cx x^p xx—q — «-is=0 
(in all circumstances of X whatever) let x be taken =:^p ; 
then, all the terms vanishing, except the first and last, we 
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have Axp^q xp— ?*— 1>-=0; ^nd oonsequcatly -4 = 

' — ' ; the very same as before, 

p—qxp—r _ - 

Mare universally, let the given fraction be 



x"« 



or" + ajr"-» + i^"' + cr"-=* &c. 

(where m and n may 



«*"« 



X— pxx— y X X — r X X— « &c. 

represent any whole positive numbers whatever, pro- 
vided the latter be greater than the former). Q?nen, 

Ax Bx Cx Dx . 

assummsr + 1- 1- &c. = 

x—p . X— ^ X— r ap— « 



X^JC 



X 



f + dx'*"* + boT-^ &c. 



&c. we shall have A x 



a?— }xx— rx;j5— * &c. +5;xx— pxx— r xx— » &c. 

+ (7xx' — |>xx — ^xx — s &c. &c. — x^rsO I from 
whence, by expounding x by p, q, r, &c. successively, 



«m 



we obtain A =s — ~- 7—, B = 

jp— 5f. p""^, p-^^s «c. 



, c = 



^-rp. ^— r. ^ — « &c. r — p. r^^q, r — s &c, * 

fte. Whence the fractions themselves, whereof these 
quantities are the coefficients, or numerators, will like- 
wise be given. 

But the numerators thus found may sometimes be 
more commodiously e^cpressed by help of the given 
coefficients a, &, c, d^ &c. so as to involve only one of 
the roots p, 9, r, &c. in each fraction. For, since 

X— y x x—q X X— r &C. is supposed, unhersaUyj = x" 
.+ ax*-' + ix^' + cx"-^ &c. if both sides of the 
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equation be divided by x—p, we shall have x^qx 

^ X" + axT"^ + ix""^ + C3f^ &c. 

X — r X »— « &c. = 

X — p 

Which last expe^sion, when x is =; p, that is, when 
both the numerator and the denominator become equal 

to nothing, will manifestly be equal to (p — q xp — r 

x/i — « &c.) the divisor of J. 'therefore, if the 
fluxion of the numerator be taken and divided by that 
of the denominator, and p be wrote instead of x (vide 

page 166.) we shall have np*'^ + « — 1 x op*"* + 
M—Sxip""' 8ce. s: p—qxp—rxp—s &C. abd there- 
fore A (= ^' - ) = 
p—q. p—r. p-^s &c.' 

^ — . — 7-r-. By the 



np"-^ + n-l.ap"-^ + «— 2. bp"^ Sec. 
very same reasoning B ss 

^ 

«9^» + «— 1. 0^"-' + n— 2. Ajf"-^ &c. 

r* 



m^* + n— 1. ,ar»-' + n— 2. ftr^' &c. 



e =:^^ 



&C. 



JETeiuie it appears^ ihat^ if the numerator of the given 
fraction be divided by the fluxion of the denominator 
(negleciing^±) and the ieverd roots^ p^ q^ r, S^e. (found 
by feigning the denominator s&) ie, succemvelyy ^vbati- 
tuted in me quotient , instead ofx;I say^ it is etndentj 
that the quantities so resulting^ divided by x—p, *— ?> 
x^r ($*c. wUl be the required, bin&mial^ fractions into 
which the proposed multinomial one may be resolved. 

310. If some of the roots p, 9, r, &e. are impos- 
sible, which is often the case, the fractions thus 
found, where the impossible roots are concerned, must 
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be united in pairs, and so reduced to trinomial ones^ in 
order to take away the imagmary terms. 

Thus, let the fraction t^roposed be —. ; 

r r x'-\-ax^ + 6jr + c ' 

and let two of the roots, p and q, of the equation 

ar^ + (Xjic--f Ax + c =is be impossible: then, + 

x—p 

•DX K^X ■ • XX I 11 1 

h bemfi: zii -^ ; . , we shall, by 

a? — 3 X'-r ® xl + ax^^-bx ^ c ^ 

. . ^, . . , , A + B X xx-'Aq+Bpxx 
u ni ting the imaginary terms^ have ■ i — i-^ 

x^—p-}-qxx-{-pq 

Cx XX 

-\ 5 also = — ; — r ; where the impos- 

sible quantities destroy one another. But, to render 
this more obvious, let a be taken = 0, 6=0, and cr= 

■ 

i^l, so that the given fraction may beeome -- — - 
then the three roots /"p, f, r) of the equation, x^ — l 

=0, will here be _ 1-4- \/:i|, - | - \/=*, 

and 1 ; whereof the two former arc impossible. More^ 
over, by dividingf the numerator (x) by the fluxion of 
the denominator (Sx^) (accordittg to the prescript) w^ 

1 . 

have ~ ; whidi, by writing p, q^ r, successively, in- 

II 1 

stead of jT, becomes^-, :r- and tt- for the values of j|, 

a^' Sq 3r ' 

'^ * ' , -I mm-,. 

Bf and C, respectively. Whence — = — 5l iL 

x^^p-^-qxx+pq 

O y X \ * """"T X 'T -r "V 

+ (= -i ::) IS == -r-^ ^~-T+— ^ = 



72 



Ol THE TRANSFOKMATIOK OF FLUXIONS. 

wise, investigated in a more general manner; by as- 

Px-fQ , ft a? , -. 

summg -j-^— -;-^ + - — ^=^73 — ^, and proceedmg as 



in the first and second examples ; whence the very same 
conclusion will be derived. 



If the fraction proposed be of this form, viz. 

, the method of resolution 



^pif— i^ 



«"« -f. 'ajT"— + bsT^^ &C. 

will still be the same: since, by putting xszss'^ the 
given expression is reduced to 



n 



ar + ax"-* + 6*"-^ &c. 



It may also be proper to observe, thaty in very 
complicated cases, tne application of two, or more, 
of the six fore^in^ rules, may become necessary. 
Thus, for exam^e, if the fluxion given be 

a+^-re+f^+gz- ' by resolving ^^y^^^^^ 

A S 

into two binomial fractions, • 



- + 



to Art 308) we shall have 






+ . ^>» — =r==r- • where, 



if m be a whole positive number, greater than p, the 
fluent will be had in finite terms (hy Art, 306j Ex. 2). 



SECTION V, 

The Investigation of Fluents of rational 
Fractions, of several Dimensions, according 
to the Forms in Cotes s Harmonia. 
Mensurarum. 

311. As the subject here proposed is a matter of 
ooinsiderable difficulty, and has exercised the attention 
of some of the most celebrated mathematicians (who, 
yet, seem to have condescended very little to the in- 
formation of their less experienced readers) I shall en- 
deavour to set it in the dearest light possible : in order 
to which, it will be requisite to premise the following 
Lemmas. 

Lemma 1. 

If the Sine of the. Mean of three equi-Jtifferent Arcs, 
fuppasing Raduis Unity, be multiplied by the Double <f 
the Co'rine of the comrrum Difference, and from the Pro- , 
duct, the Sine of the leaser JExtreme he subtracted, the 
Menuunder wiJl oe the sine of the greater Extreme. 

ft 

Lemma II. 

312. IfGbe taken to denote the gireater, and L the 
lesser, of two unequal Arcs, and their Difference be ex- 
pressed by D; then will, 
« sin. G. X cos. D'^sin. L. xrad ^ 

!• - ' ■■ ■ y^ =s COS. Ct 

sin. D 

^ COS. L X rod. — co-s. G x cos. D ^ 

*• . — r\ — ■ ss sin^ Cx 

sin. D 

a Bin. G. X rads — sin. L x co^s. D r 

o. > — y. = cos. h. 

sm. D 



74 OF THE FLUENTS OF RATIONAL FBACTIONS, 

The former of these two Lemmas may be met with 
in most authors upon Tri«)nometry ; and the latter is 
nothing more than a Cormkry to the common theorems 
for finding the sine and co-sine of the isum and dif- 
ference of two giTen arcs; for which reasons I shall 
not stop here to give thar demonstratkm. 



COBOLLABY. 

* 

• 8ia. If any arch of the circle, whose radius is 
uHity^ be denoted by Q, its sine by «, and its i^sine 
by a; aftd there be taken ^=fe, Bz=zQaA'-h C=^ 

&c. it follows (from Lamina 1)^ that, 
Stn. 8Q (sin. Qx^—sin. 0)=2sa-0=«J 
Sin. aQ (sin. 2Qx2a-«m. Q;=2*Ja-i=s5 
Sin. 4Q (sin. SQ x 2a-«m. 2Q)=^Ba'-sA=sC 
Sin. BQ (sin. 4Qx2a-«n. SQJ^z^Ca^-sB^zsD 
Sin. 6Q (sin. 5Qx2a-.*i». 4i(i)^^Da^sC=:sE 
&c. &c. 

Lemma III. 

gl4 Tor'tsolm the Trinomial r^--^f^Ji^-hx^\ where 
n is any whole Number, ifUo simple trinomial Factots. 

Since the first term of the given quantity r^ — 
afcf'ic* + «*• is divisiWe, only hj the powers of r, 
and the last, only, by those of jj- ,• and it appears that 
r and a? are concerned, exactly, alike ;^ let therefore 
r^^^vrx-^-ofi (where r and x are, also, alike concerned) 
be assumed for one of the required trinomial factors, 
whereby f^ — Hcf'X* + x** may be resolved : and let 

r^^^arx + x« x {f^rhAr'x+Br^x^ + Cr^x^+Dr^x*-^ 

Cf^ar^ '\- Sr^sfi -^ Arx'^ -^ Ji^) (where r and x are, still, a£' 
fectedalike)be assiumed=r'°-2AT*j?^ + «" (the value 
of n, to render the operation more perspicuous, being 
first expressed by 5). 



BY BSSOtVIHC tHEU IMTO MORS 8IMPLB ON£s. 



Then, by multtplteation and transpontton, wc 
hive 
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Whence, J=2a, 2<=2^a-l, C==2aJ?.-J, D=z^C 
- By and £C- 2aD + 2^- = 0. But, if Q be taken to 
denote the arch (E F) of a circle E H E, whose radius 
E O is unity, and CQ-sine (Of) = a ; and s be put for 
(Ff) the sine of the same arch ; then (by Corol. to 
Lem, 1) sA^rin. 2 Q, « Bzs^ein. 3 Q, 5 Czssin. 4 Q 

«c. and consequently A = -^ B = —^ C 

$ s 

sin, 4 Q ^ ^n. 5 Q . «m. n Q\ 

« 8 B ^ ^ 

over, because, SC—2aZ)+ SArsO, or D x a— C x 1=*, 
where (as appears from above) D x a — C x 1 = 

sin, 5Q X co-s. Q — sin. 4Q x rod. ^ ^ •. 

=s co-s. 5 Q (ly 



More- 



s 



Case 1, Lem, 2) we therefore have co-«. 6Q {'nQ) 
=Ar. Whence thi^ construction. 



GM 



Take R to denote 
the arch (EM) whose 
co-sine (ON) is the 
given co-efficient k, and 
letQ (EF>be taken 
to EM as 1 to n ; then 
the co-sine ( Of) of 
this last arch will be the 
true value of a. But 
this is only one of the 
. values that a will admit 
of: for it is weU known 

that the oo-sine of any arrfi, is also the co-sine of the 
same arch increased by any number of times the whole 
periphery (Pj. Therefore, seeing the cosine of n Q 

( = co-sine of R ) is likewise = co-sine P '\r R ^ 




co-s. aP+-R=cos. 3P+/? &c. it follow^ that Q (whose 
co-sine is a) will be expressed by any one of the arcs, 

R P-\^R %P+R 3^+^&c,(or^yEF,EG,EH,EI, 



n 



n 



n 



n 
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&C. supposing the' whole periphery to be divided into n 
eyaal parts, from the point F). Hence, if the co- 
sines of these several arcs, repressing all the difEereat 
values of a, be represented by b, e and d, &c. respec- 
tively, we shall have r*— SJr»4-a:% r*— 2crj?+«S r^— - 
9drx^x'^y &c. for the several required Actors, by which 
r*"— 2ir"»*+x*' may be resolved: and consequaitly 

Note. If the sign of the middle term 2At" of" be po> 
sitive, the distance (or co-sine) O N must be takien on 
the contrary side of the center : but when k is greater 
than unity, this method of solution fails ; since no co- 
ikiae can be greater than the radius. 



Corollary L 

315. I£ k ss 1, the arch R (whose oo-sine is A: ) 
bein^=0, the values of b^ c, dy &c* will be expressed 

by the oo-smes of the arcs — , — , — , -r— &c i«- 
^ n n n n 

apectively ; and our general equation will here become 

r**— 2r* «"+x*'=r« — 2brx + «« x r«— 2cr«+a;«x 

r«— Wrop+dc* (n). From whence, by extracting the 
square-root, on bo'th sides, we also have t^ 03 op" = 

.1 i 



COBOLLA&Y II. 

816. But, if k^ ^l (or the middle term be 

p 
+Sr^ Jf ) then the arch R being = -^^ the values of 

6, c, dy &c. will, Aere, be defined by the co-sines of 
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the aroB g^, -gp ^, Ac; and our eqqalum, bj 
taking the root, as dxyve, will beeome r^ + J?" ^ 



ScHOLitru. 

317* . Fitrni the two preceding coroUaprieSy the de- 
monstration of that remarkable property of the circle 
mven, and ^splied to finding a vast number of flnents, 
m Cotea's ffamumia Mensurarunij is very easily, and 
naturally, deduced. 

For, let the 
periphery of the 

circle ABB &c. 
whose radius is 
expressed b^ r, 
be divided mto 
as many equal 

pMts AB, BB, 

B6, Ac. as 

there are units 
in the given in- 
teger n ; so that 

AB, a6, a6, 

&c. may respectively i^iAlnt the values of tihe fivesaid 

P StJP SJP 
arcs — , — , — &c. (vide Corol. 1). Moreover, let 
nun 

O Q be the co-sine of the first of them ; and, in the 
xad^s OA (prqduced if necessaiyy let there be ieken 
OPrex,- andktOB, QB, PB, &c. &c. be drawn: 

then, the €o-sme of the angle A O B ( = — j to 
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the radius 1, being expressed by c (vide Carol. 1) it 
will be 1 : c: :r (O 9) : O Q *= cr : vhepoe PB? (=?f 
OB2 + OP*-20QxOP) ==:r2 + af»r-?crx5^ r«r,-^^ 

By the very same argument PB* is=:r^ - 2drx+ jr«, 

&c. &c. Therefore, because r" t» j?"=r2— 2*rx+x*) 

I . -I 

X r« — 2crj:+jr2| ^ r^-Sdr^r-f i'^1 ( n), by Cprol. 1 

it fpllows th^ their equals, AO" oP OP'' and P A x PB )t 

PB X PB &e. must be equal like?^ : which is thf first 
. part of the theorem above htnte4 ^* 

After the same mf|n»er, if the aiwa AC, AC, AC, 

P ^P BP 

AC be taken respectively equal to ^, -g— , ^-- &c. 

it will appear (from Coiofc ^) that AO" + PO" is 

=:PC X PC xPd (a) n^h u fhe Im^ Wrt ff the 
same theorem. 

Hence (by tiie hfst) all the roots of the equa- 
tion x" = r" are veiy readily Ibund : for, since 

AOcnPCyrcPAxPB x P]6 ^ where the second 
&ctor and the last, the third and the last but pne, 8cc. 
4re respectively equa\ to ««^ Q^er^ it is evident that 

AO" ui PO" (r* c»a7S) is also==;PA x PB* x P6*pcPB2= 



rv 



ruix X r« — I «crj? + x^ x r« r- 2drx + ir« &c. 



Whence, ap"(V} r^ Ijieiiig 7s 0, it follow^ tI?At r oq or x 

r*— 2cra7+«* &c. is =s : from whieh, by extracting 
the roots out of the equations r W) x = 0^ r* — icrx 

+ x« = 0, r« — ^rfrx + ac^ = &c. we get r, r x 
c + /c^-lf r X c-i/^TT^r x d + l/d»~l, 
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&€• for the several roots of the equation jr"=:r"; 
whereof the first, only, is possible, when n is odd; and 
the first and last when n is even. 

By the same way of proceeding all the roots of the 

equation, j?" + r" s= 0, will al^o b^ found : for, seeing 

a* + r* is = r^ — 26rjc + a^\ x r^ - ficr» + a;«j Ac. 

(=:PC X PO X P6 &c) wher^ the first fiictor and the 
last, the second and tne last but one, &c. are respec- 
tively equal to each other, it is plain that af + r^ is 

likewise =>« — Sbrx + x^ x r« — 2cr» + x^ &c. and 



consequently jr = r x ft + V^A' — 1 &c. &c. Where 
the roots are all impossible ; exo^t the last, when their 
number (» ) is oda. 



Lemma IV. 

318. Supposing evefy thing to remain as in tJie pre-- 
ceding Lemma, and that A;, o, c, a, &c. denote the 

Sines of the Arcs R, — , ^ &c. (whose 

n n ' n 

Co-^ines are ky ft, c, d, &c.) then, I ^oy, the Fraction 
nJcT^ tXf^' brx 



r* — 2crjr + a?« r* - 2drx + x^ 

For, since r** — Silrr' «*+«" (r'" - 2iti^ «"+«*') is 



=r« --^x X «2 X (r* + -4r' a?+ Sr^ x^'^Cr^ af + Dr* «* 

+ Cr*** + Br^x^ + Jrx' + a:^) ( fty ^Ac foresaid Lemma) 

, . . , , , . sin. 2Q n *'^- 3® 
and It IS also proved that A = , B= — ■- — ", 



C = — ' — ~ See. it SI evident, therefore« thtft 






J- (= 7^+Jr'x + JBr^ x« &c ) is =f«+ 



« 



X r^T &c. and cons^uently — s 1 — 



«iii. 4 Q X r^»^ + si4 5 ^ x f ^j:^H- «Si. 4 Q x r'op* &c. Iii 
which equation, £#' a &nft «, let'v their several respec- 

tive values &, c, (2, &c. tfnd ^, c, a, &e. be, suocefr- 
sively, substituted ; and let the corresponding arcs — , 



P+JR 2P + jR 



n n 

then we shall have 



&c. be represented by Q, Q» Q? &c. 









&c. 



&c. 



Which equations, added all together^ give 






>io 



. ' ^ - . '-W • ^,,,~...-~- 



«t 






VOL/Il. 
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tt OV TXS KLUXHTi OF AATiONAL VB4fi?|0ili^ 
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X 

T ■ 

+ 

But the sines of the first oolnmn, bein^ those of 
im arithmetical progressinn (whose common diffeienoe is 

•— ) hf which the whole periphery is dirided into n 

(JS) equal parts, their sum will there&re, it is well 
Known, be equal to nothii^ ; or all the nq|ative ones^ 
equal to all the positive ones. 



I 
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The same is also truer with regard to the" sines of th^ 
second , column ; whose arcs 



tv n- 



Stf 

&C. (having — for their common difference) divide 

the periphery (twice taken) into the same number (n) 
of equal parts. But the sines of the middle cdumn 
(which IS the last aBove exhibited) will not vanish, as 

kll the rest do : for^ n Q ()eing=/?, n Q=P+Ry nCt 
=z ^P + Ry &c. the common difference will here be 
<^ud[ to^ (P) the whole periphery ; and thei^finr^, ev«^ 
arch , terminating in die same point with the first, the 
circle will, in this case, remain undivided, and the 

sine of each be equal to (fc} the sine of the fitst^. 



Hence, our equa;tionis reduced to r'**— 2fer^«^ + jr" » 



f I ■■ 



divided by r'®— Sftr^a:^ + «'% and multiplied by rx, gives 
ori£ ctx drx ' « „ 






f 

The same otherwise. 



Q.E. D^ 



Sl9. Since r'"-2iliy or + Ji'^is = r2-2*rjc+j?« x 



r*— 2crx+««xr^— Sdrx+J^^ (n) by Lemma 8, it is 
evident . that, ' log. r'*.. — 2kr^ar + x^ =s 



log. r^-^rju +»«+ log.r*«— SIc'fa: + jp« -f log.f^-* 2dra: + if * 
(n). And, as'thisi equation holds iiniVertolly, Iee& dkid 
X be wh^t they will (which two quantities m^ b^ tvCp^ 
^pomi to flow independently of eath other) lei the 



64 #9 Tilt 9LtrMW of AA'fteiiAL mAMi#ir8, 

fttM0ii ef iYnt whole ^^tkm ht idbaty vmUAg h va- 

(and X omstant); which ^ves y»I^;^^^.y> 
— Sirx 94:rx 9drx 



• Art 196. fj^^*^ Bat, ^, ft, (f, if, &a. are theoo-sines of theaMS Jt, 

II ft 9 • * *? 

fiiAQii 9m i^ ii it iuu^ ihiare&iK^ thv ftom oC tht 
ififfi^t of chose ares being denoted £y A", the fluxion of 

R 

^ach of ibi nitt wiHi bti exprosatd hf ^ : aai Ho (tii« 

ftixioil of tlhe co-sine of air a^ beiii^ opitf Itr the 
fluxion of the arch itself drawn inta its' smey applied to 

t Art. 14j».tadiu8)f it foOows that kzaLRIi^ h ^ — xi^cm 

n 

— X c, &c* Which values being substituted, in the 

* 

foregoing equation, and the whole divided I^ ■ , 

II 

LSMMA V. 

9X0. To^fet^tiirtie ifene^ armNg^^rom ^^ 
«^17fi%^fy« 7Vmi<n9i»4 «^^2iKrx-trr*lt fl"<' ^ eacStM 
&a JKemxmdap 4dini amgwm Nunfinr (v) vf Term 
tfi;Md4^<o(ienl 

present the required quotiant continued to 5 terms 



XV MSmymo TUBH INTO M9RB fOM^hU OM«:s. 

(p^ to n^er die process the nuire 4)bnpus, beix^ first 

exmupded by that pumber) and let f^oir^ -f TV-**?"^ 

1 
b^ the reniaiqde^.. Then, because l m^. ■ ^^ is = 



S& 



s^Sarx+r^ > ^e shall, by. reducing the whole 
iquatiDa t9 one deiKNuinatioR^ have 



r 

t 

I V* 



! 






+ 

t 



I 

I 
Ml 

9 






^ 

^ 



9 



I 



^ 



I 



Oi ■* 



II 
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' Therefore, if Q be now put far the arch irhoB^ 
Tadius IS 1 and co-sine a, and there be taken S =£ 

sin. Qy^szsin. 2Q, tS=:stn. 3Q, &c. we shall also have 






= —g—y F (- D) = -g— {hy Carol, to 

Lem. 1). And consequently ^^ _ ^^^ . ^.g = 

_ + 

;«n. 6Q X r^x'^^—sin, 5Q x r*jr"^ 



*yxj?2— 2arx-hr* 



Whence, univer- 



^^^' ;»» - 2arx -^ r' = 
^j~g+<yrx"^-f *yr%^^ + «yHj^^ &c. (eo V terms) 



-^ — — Which 

last equation (though obvious enough from the preced- 
ing one) may be investigated in a general manner (if re- 
quired) by assuming a?"* + Arx""^ + Br^x"^ 4- Cr^x"^ 

ing as above: by which means you will find ^=sSa, 
5=2aJ-1, &c. /=2tfc-(i« ?^?l^±LiL9, and ^ 

^s= — e) S3 — ' — ^^K — . And thus may the third 
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Lemma be made out, if any oibjeotioa or ^Seulty should 
arise about its being general. 

COBOXLABY. 



Kuppose r^y instead of x\ to be the leadu^ term 
whmhj the quotient is produced ; then, since r and 
«4re affected exactly alike, we shall, by writing r for 

X, and X for r, have ye^g^y.^^ = 



S 



sin, p -f- 1 X Q X J'r'"* — sin. vQ x j^* x 

PROBLEM L 



888. Tojindthe Fluent of ^,_g^^^^^ > ^qg^to^ ti>«^* 

Let A B M &c. be a circle whose radius O A ^or 
O M) is r, and let the angle A O B be such, that its 
co-sine* to the radius 1, 

may be equal to a; or Jji ^ -^ 

so, that O Q (supposing . 

BQ peipeiidiculaTto OA) / 

may be = ar: moreover /\ / 
let s denote the sine of Q P O ^^^ 

the said angle A O B, cor- 
responding to the co-sine a, and let O P (considered 
as variable by the motion of P along O A) express the 
value of X : then, P B* (O B« + O P«-80 Q x O P) 
ssfS— 2arj7+x*; and the fluxion of the measure of 
the angle Q B P (radius being unity) will be repre* 



sented by jfj^ ' ^t^ij^ ^rt* 14?) Qr fey 



.rax —X , 

r5:;;:rrTr; ana flMwenwnay 



r • 

pressed by — x OB P. 

aw? 
•^«*"' ™'* r8-2ar« + «« ""^ ^ trangfonned to 

•^ "^i; — » - , ' »- » wheie the msat of 



•Art 196. the fiwrner part if s^ 4 hjjp, ^ 



r^— £arji7+x« 



r« 



# — 



f fefP- %• (p5^ = %^- %• ^' ^d that of the latter 



a 



part = — X OBP; it appears that the fluent of 
XX * PS 

^ X OBP. . Q.&i. 

€oEOLi:,4f^x» 
82?. Since, PB : POy.sin^ BOP' (»> : Mk 6d}J^ 

- ■ y "' ^v i ; it follows, if the hypevbelfHil log»- 

yi^yof y; ..rr'^ri^Al ^'^ ¥ Jff WW?fted bjf -Jff^ fQ4 
the asoh, whose sine k "> j.'-' "■'» ■' t and ra««tf 



unity by N, that the fluents of - — 5 --r- and 

PROBLEM II. 

324. T(^dekf9pmtk Fluent of ^^g^^^^y^ ^!gy^' 

3' ^ m anjf toAofe jKmtive Number ^ and 9 fes^ ^Aan 



L^ every thing remain as in Leip^ Zy linci then, if 
the equation there brought out be multiplied hy x" d&» 
and V at the same time be exfMni^^^ by fn^^X^ we sh|iH 

«n. mQ :>< r*"*«f --«i>. if^--l X Q xr*« 

tM«»iy 4- ■■■ Ml jftnA iMia . ' I \fu ij j jn i |i i uixu. mi i' Ki Iji ' m iii 

vhijfe flumt will ther^isM b» given jby the preceding 
propoBitixm : foi?^ supposing the values of M and N to 
be Ito there sMofi^^ t^ fl)\eiit e£ the huH tam 

(sin, mQ x, r*~* xx — sin. wi — 1 x Q xr* »v . 

-« + -y — «». m— I X Q X ^ X ;r^ = -IT ^*^ 



«»• wQxiH + — 1^ ■■ I ' ^ n* ■■■■ >■ » T x N 



= ^ ip^ ^tg^ (kQ X Af-^cS^ »<{ X N f%^ £«». 2, 



to oV TttE yx.tr Eirrs of &AtioKAL if %Acrio^a^ 

C!a^l.)*To which adding the fluent of thepreeedingseries, 



there results — x =• + ^ + 5- («— 1) 



+ -«- X «n. mQ X M+co-a. mQ x AT. Q. E, /. 



COBOLLABY. 

S!^. Hence, the fluent of — 5 — 5 r-5 — *"*7 

he deduced: for, by writing m— 1, instead of m, the 

a^""* « . 1 

fluent of -; — 5 --7 will be found = ^^ x 






«in. m— 1 X Q X ilf+co-*. »i— 1 x Q x iV: Which 

fluent being multiplied by r, and ^Aai of -^ — 5-7- ^ 

(given above) by '^a, we diall,.when the homologous 
terms are united, have -^ x (-^aSx — ^ ^aS — S x 

A3 Wfr— 1 



J 






«tn. mQ X « — *tn. m— 1 x Q x JI/-» (co-5. mQxa— 

€o-s. m— 1 x Q) X JV, for the true fluent of the quantity 
propounded. 

But (by Case 1, Lem. 2) — = — ( » 



BT HBMiiViKG M^M nrro'ttdiit^ sfilptfi owes. Hi 

~r- (= — -^ — s )= "^' ^^ 

te. And, by C^^e ft. of ^e same Lemma^ 

^ , . ^ — P5 «w. j»Q: whence, 

o • * 

bj substituting these raluen, our fluent is Teduped td 

— CO-*. Q X 1- — co-«.2Q X s — CO-*. 3Q x 

»i — 1 m — x . 

—-3- — CM. 4Q X -y -(« — 1) — »^"^ X 



€0-*. mQxM — sin. JfQxJV; 

PROBLEM III. 

SS6. To determine the Fluent of —„ — s --3 ; tmder 

t^e Restrictions spec^d in the preceding Proldem. 

If the equation in Art. SSI be multiplied by sT^x, 
and V at the same time be expounaed by m, we 



aT^ X 



shall have — - — ^ ^ — 

r* — xarx + J?* 



r^; + 



r""*""' «». m + lx Qxrx — «in. mQ x xi 

-1 



where, the fluent of the last term being 



r 



A^ 



N —. ^ _ aN 



*Mi. m+lxijx ^ — «it. niQ X JH + — »— •Ayt.3W. 



r-^* 



into — tftn. mQ x Af + 



SH i»f T^^ wMiB^w o^f .^Tipm* w^Af^v^h 



■ f »i. ^ ., >^^ — » — * X lY S5S ^ X - 

— f^. mCt X M'^<^b: mQ x JV fiy Ci|«e S, Lcm. 9) 
it fellows that the fluent of th^ l^bple 03cpjf8siQ09 <9r 
tile qtumtity.sou^t, wMl be tridj expres^^ 07 



■J 



-1 / .yjr^- 5'**-* Sx^-* ^ ., 



1 



*S'r-+ 



7 X cfi-sin, m(i x N^m^ fiQ X -8f* 



3SK7* 



PHOBLEM IV. 



Tojind thejuent, (j^-j.^— ; m a«<{ n Wv 

no^ exceed the latter, 

]Let ft^ c, d^ S^ denote tbe coHliAes «f the arc» 

Then f iy CoroL 2, Zcm. 3) we shall h^ve r* + «^ = 

Tn^. Whence %. r^+a?* =: ^ %• t^— Sirj? + a:* + 

f log.r^ — 2cr» -f jr« + | %. r* ^afr« + af« ^^^ 
ancl} consequently, by talung the fluxion on both 

sides. = rr^ 55 -+ > 

Art. 136. ^-gifey ^ ' yg *^^>>> w^Wchkwtequf^tioii^Hmkipliedby 



n mauMM^ mmsm mto moss umvur oias. 

■^ 7«^i5y+V ^•^^ I^each sUe fcettof te ftow 
auteacled ftdnt it. ^, wiiidb oomos to dke samo Aiz^ 
let ^ be taken from n, and each o£ Ac f »J 

Itimi to tfal otto jid% £mD wil^) tiba. we 



^uiuThsv^ 



«#* 












a^^2dr^ + r« '^'*^'' ^^^ multiplied" by 












af^cc+rafT'^x 



&c. 



But nov^ to deteiminle t£le fi«ent "hereof, let the 
several «cs ("-*-—, -~^ > -2 &c.) above 



\ n 



iqpecified, be denoted llff <i, Q, 4 Q, Ac. respec- 

■•I 

tively ; also let JV, iV, i^,i&c. express the measures of 

xi, 1 1^ • ^ . XX sin, Q 
the luigles vfaSise sina ^e r * — ^^^ , 



/« 



X X m. Q af X sfk. ^ 

•^ — ^^ &c. and My if. 



t/x«--26r»+r2 



ilf» &c. the hyperbolic lo|;alrithms of 

# 

■ ■■» » ^ "^ — - «c. Then fw 

T ' T 

CoroL to Prob. ») the flwnt of the first term, 

— fee* »+rac*"* J-^ -rr- ' 

Jt'-^j+r* C^xpowwing a by 6; comes out 



• 



« 



or TME rLus»r» op batxohal «aaotkq!I»^ 



^cfht: Q X 



«--« 



•^ 6(Mf. %Q X 



flll-2 



m— 1 
co-*.8 Q X 3" («»— l)+r"^* inta«m. mQ x JV — 

In the sitme. manner, bj writing c Sat d^ ^ Sx Q^ 
M for M^ and JV for iV^ the fluent of the second tenn^ 



is found s= — COS. Q 



1—1 



m-l 



&C. &c. 



»— 2 

Therefine the fluent of the whole expiession, by 
oollectiog the homologous terms, appears to be 

I 



8- ? . . . 

' ' <0» <» jQ- <Q i 
X 

3 



f 



1 







1 










\ 




ft 


A A 


s» 


g* 


t 


• • 


t 

• 


o 








• 


20 


id id 


}0 




^^ 


«^* C^- 


A 


V 






_, y 



? 



3 

^ 

)8 



^ 



s 

4 



! 



? 



Cd Cd GO Od 

C)^^ O O^ ^ 
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sin. mQ X JV,— co-«. mQ x 3f 



«n, m(J X -^ — co-«. mQ x Jtt 



■^ ^^' ^ («k m^ X ^ — co^. w6 X Jtf 



sin. mQ, X iv -^ ce««. mU x M 



But the oo-sines of the Brst column being those of an 

., . , /180* 3xl80» 5xl8(f 
arithmetical progression i - 



n 



36(r 



&c. whose oommon diflSerenoe is ^ whereby the 

whole periphery is divided into n equal parts fvide Art. 
SI 7.) they will therefore destroy one another ; since it is 
well known that if the jperipfaeiy of any drde be divided 
into any number (n) of equal parts, the nq;atiye sines 
and co-sines will be equal to the positive ones ;- which ia 
self^vident when their number is even.. 

Hence the co-sines in the second and third colunms, 
&c. will also destroy one another fvide Art. 818.). But 
those of the last column of all, as well as the sines, having 
unequal multiplicators, must remain as above, ana 
that column, ahney (drawn into r"*"*) will be the 



true fluent of 
180»x 



WT'^X 



'£ 



f'+af 



Whence, putting m Q 



(a:m x — ) = J2, and dividing by nt^^, we 
sh«U (because ^=80, 6 = 5Q, ^ = 7Q &c.) have 



m 



or TOM p&uBKTt om BATMVAL wnomaoKB^ 



r*— 



9_ 



nruSJtxN - co^iSR X JIf , 

I „ & fluent or 

— X (nn. 5ilxiv — co^. 5R%M) af^'± 
n \ . [ -X -. 



T III rflf A •T <A. X M 

sin.lRxN" co-8. IRxM 



CoiiaiJbART. 



Q. E. /. 



^9S. ^iAHi ^ iit«i^ dnd the Iast» the second .apd 
the^ hiAt but one, &ii 6{ tbe fcStegding quantities 
x2 — fUnrx + r^y *f - 2crx.+ r«, »« — Sdri: + r«, 
4kt, firfe'..«faipectrre^ eqml t* dBflkMrthn (M$ AA. 
317)) the oorresjJ6nding fluents, found above, will 
m^^fm bn eqkd:^ mi dborfoM tli^ dkok vP 

Jf»?^ will «^ bl^ «^^ 



(sin. Rx»ff '^ tmej R j^ fldf 









&e. 



£ir. 



The number of lines to h^ {hW taken being 

= I «, when n is even ; but, otherwise^ = — 5 — ; in 

which tast case*, ttie IbgarittimV &c. i^ the l^t Cne, 
must be taken only once, instead of twice ;, being that of 

^■^* (vide Art. 317), 
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' PROBLEM v.. 

999' To^find tkc Flvmt of -^ — — ; m oand n hdng 09 

in the preceding Problem, 

■ J£ b, c, df SiQ. \k taken to denote the oo^sines of 

, 360^ g X 360° . ■ ^ . .„ 

the arcs -; , &c. to n terms, it will 

« n -» 

appev (from Cord. 1 to Leau S) diat r" — «* is = 

* 

(nj. . From whence, hy following the method of the 

last problem, we also fasve ■■> ■ ' ■ — =» 

^ r" — jr* 



x«— 26rj: + r« x^— 2crr+r« 



&c. 



Which fluxion having exactly the sanie^^>rm with that 
in die preceding PnMetiQ, its fluent wiH also be ex^ 
pressed m the very same matter, ^t is, by 

sin. mQ x iV — • co*^ mQ x M 

«-i / «*»• »iQ X AT — co-5. mQ x ijf 

«m m^ X J^ -^ cosp. mQ x Jfr 
(&c. to n Lines). 

* 360^ 

Only Q, Q, Q &c. must here stand fcr ^, — r-, 

8x860° SxSeO" - ,. , ^ 180" 3x180° 
— , &c. ( instead of , , 

6x180° 



n 



&C) 



VOL. II. 



9a 



OF THE FLUENTS OF IIATIONAL FEA<^IONS, 



Therefore, since the multiple arcs mQ, m^j mQ ftc. 
are, m this case, equal to 0, m x , xm x , 

Sm X ^ &c. (whereof the sine of the first la = 0; 

n 

and its co-smea unity) we shall, by putting R=mx 
5®?!, and dividing the foresaid fluent by nf^\ have 



^ ♦ - M^ 

nn. JlxA'^— CO-*. RxM 

nn. %R X fr-'co^. iRxA 
rin. $R X i^-co^. SRxM 
^ (&c. to n Lmta). 



=: fluent of 



Q. E. I. 



CoEOIiLAEY. 

S30. Since in the fl«ent here (^ven, the seoond 
line and the last, tibie third and the last but one, ftc^ 
are respectively equal (vide Art. 817) the same may 
also be exhibited, thus : 



{ 



(*c to^i- lines). 



. ^ SCHOLIITM* 

881. If the semi-jNBTiphcry AB C H of the circte 
whoae diameter A H is Sr, be divided into as many 
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eq[ual parts A B, B C^ i 

C6, 66 Ac. as there ^< ^ 

are units in n (so that 13 jt 



n 



I AJ3 = 3 X — = d ^ Q. P O 

n 

&c. rt»3e Art. 817, and 827), and in the radius O A 

ST?^'/ ?!T**y^ .*^ be taken O P = «, and 
ra, O B &^ be drawn, it will appear (from the said 
art ides. and fte m Prop. 1.) th at the quantities 

'/r«-2fow+xVy,^_gcrx+«« &c. in the former 
of the two preceding^ Problems, wfll here be expounded 

by P B, P 6 &c respectivdy : from whence it is 
abo plaui, that the measures iV, j(r &c. of the angle» 
wirase sines are xxttn. (j J x stn. Q 



&e.* will here be expounded by OBP, 06P, &«. &c, 

,mi»^i - " * Art. 9SSf» 

Therefore the fluent of ^Zl, given in the w- *^ 

roHary to the foresaid proposition, may be thns exhibited, 



r«n. Rx2 (0BP)-E^:rRx9, (OA : PB) 

f &« &c. 

Where the arch if is (=mx^) = «tx.iff, and 
where <^0^ : PBJ is put (after the manner of CoUs} 
to express the hyperbolical logarithm of :^. ft i&, 

also to be obsarred,, that, when the last of the points 5. 

h2 t~ » 
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B9 B &c. falls uptfn H (which will always happen 
when n is an odd nmaber) the sngle, in die last nne 
of th^ fluent^ will vanish^ &m the conefponding 



PH 



logarithm (which is that of t^ ) ^^^^ ^^^^ ^ 
taken, instead of twice, only once. 

In the very same manner it will appear, thaty the 

arcs ^, Q &e. in the second case, where the fluent 
of ^ — -J is sought, will be, respectively, expounded 

by AC, AC &c. also the corresponding angles Iv^ N 

&c. by OCP, OCP &c. and the fluent itself by 

' ....... (OJIPCJ 



r— istn. Rx^rOCPJ-co-s. Ry^9.(OA:PC) 

^ ^ stn.ZR x2 (OCPJ'-co^^RxSfOAlP^} 

&€. &c. 

V ^ . 360\ 

where the arch R (=m x— '— ) =» w x A C ; and 

mhet^ as well as in tb6 preceding case, all the aocs^ 
. sines and cosines are supposed to have /Unity for their 



From the fluents of 



r" + j:" 



and ^ 



» 



r^— X"* 



thus given, thoae of 



a?*«+"?-'jc jc- — +*-»3e 



»* + «" 



r^-hci^ 



*-*"+'"-^ X 



^•n+M— 1 ^ ^ ^ 

~5rr> » ^'^^ V*— y^ ' wl^ere v denotes iwiy whole 

nmtiber, may be very easily deduced; either from 
Art. 2^, and 291, or (more readily) by dividing the 
numemtDr by the denoiiiinator, and continuiiig the 






I 

L 
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quotient to as many terms as there are units in v.* By * Art 150. 
which means, if jp be put = vn + m^ q^tm—nif and 

the fluents of _, , _, and -z -; be denoted by V 

r" + J" IT — XT ' 

and W respectively, the fluents, in the four cases speci- 
fied above, will be expressed by 



• — + -== (t?) 4- — -, 

( t? ) + r'* fr , 



respectively. 



«>d.r::+ — „ + 53—^,3. ('') + 3;, 



m 



Moreover, fixm the same fluents, those of 



« +/«♦' 






and •- ■ > ■■ wiUlikewifie become known : 
t "fz^ 

For (having transformed the fluxioas here pro- 

1 ^*^'~*i ' fz^ 

posed to "7 X vi, &c.) let — i^ put = af. 



or j:= i— ; then will 2" = > 



t 



X 1*", and con- 



2i,-i 



M 



aequently— ^ x « ^ = y 



X mj^'^jc. 



MS ^F THE VLUBHTS OW KATIONAL FEACVIOM«, 

m 

Whence a:-*"'i = " x ^ X xT'' i, and 1 + 

— I 
•Lf!= 1 + «•; and therefore ^1-^ ( - 1 x — 



« e 



•* 



whose^fluent is given, by Prob. 4 or 5. But, r being 

)iere =1, the general multiplicator ^^—, theregiven, 

1 n 

-will be barely = — : which, drawn into — x 

^ « ' qe 

M m 

-J , gives - X > , for the general multipUcator 

in this case. 

One thing more, though well known to Mathemati- 
cians, it may be proper here to take notice of; and that 
relates to the sines and oo-sines of the fiir&-mentioned 
arcs, Rf SJ?, 8 A, &c. &c. (multipljring the several 
ai^es and ratios) some of which arcs do frequently 
exceed the whole periphery : when this happens to he 
the case, the permhery^ or 360^, must be subtracted 
as often as possible, and the sine and co*sine of the 
remainder be taken. If the remainder be greater 
jdian 180**, the sine, fidling in ihe lower semi-circle, 
will be negative ; if, between 90^ and S70^, the co-sine, 
falling beyond the center, will be negative. 

PROBLEM VI. 

g38. Tojind the Fluent of ^^ J^^^"^^ ; »*«^ 

n and m denote any whole positive Numbers^ and where 
the given Expression cannot be resolved into two Bino' 
mials (k being less than Unity. Art. 308 and 310). 
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Let R be the aich whose co-sine is Ar, and radius 
unity, and let k be the sine of the same. arch ; more- 

over, let the arcs — , , , 

' n n n 

A +3x360" 



/» m im 



n 



kz. be denoted by Q, Q, Q Q, Q, 



ftc. and , let &, c, ci &c. and &, c, il &c. express the 
^nes, and the co-sines of the same arcs respectively. 



Then will 



nitr-^ 



r 

hrx 



crx 



arx 



From whence, multiplying the whole equation by 

1 



"» 



we have 



iP"+-^> X 



nicr^ 



r«"— «*yaf-fx«* 



mto 



nkf^^ 



iaiTx cx^x dx*x ^ 



Now, the fluent of the first term hereof 



9 

bXmX 



{if HF he put for the hyp, log. of 






and JV for the arch whose radius is unity, and sine 
•X^&Tx + xj ) ^iM »PP*' r>« /'rop. 2) to be= 



^jp-— 2 



«V». Q X T + nn.ltQ x 5" + sin. 3Q x 

III— 1. Ill— » ^ 

Ac (m— 1) +r"""' X /"wn. mQ x 4'^+co-«i<i, 
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From whence, if the aces whote siaos are 



y— , - y -_ = 8U5. be iBprc- 

sented by My A &c. and the logarithms whose num- 

* 

bers are 1 «c. by 

r r 

AT, ii^ &c. respeotivdy, the fluent of the whole ex^ 
pression, omittiDg the general multiplicator ( — '■ ' j 



will be 

<f ft. (X 
sin, Ci 

StU» (at 

sin. d 



X =■ + 

«— 1 



SITL SQ 

sm.ZCl 
sin, 2Q 
^ &c. 



X o"^ 



&c. J 



X— -y (&c. to m— 1 terms) 



sin, mQ x M + co-s. mU x N 



sin. mQ x Ji -f co-«. mQ x iV 



«m— I 



- 

\ ttft 



"^ ^ ^ ^ sin, m^ X A -\^ a>^. mCl x if } 



sm, mQ X M. + ce-«. mQ x iV 
&c. ^ &c. 



y 



But, the sines of the first column being those of an 
arithmetical progression (whose common difference is 
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y wbidb arisesi by dividing the whole periphery into 

ft equal parts, their sum will, therefore, be equal to 
nothing. 

Moreover, the sines of the second column, having 

Q V 360° 

for the common difference of their respective 

^cs do also divide the whole periphery (twice taken) 
into n equri parts, and therefore destroy each other. 

The same is likewise true with regard tb the sines 
of every other Cfdamn (except the last of all) when 
m— 1 is less than n. But, if m be greater than n, the 
arcs in the column, whose place from the first, in- 
clusive, is denoted by n, being expressed by nQ^ nQ, 

wQ, &c. (or R, JR-f360*», « + 2x360° &c.) whereof 
the common dilferance is the whole periphery ; the 
sXDdi of thai column do not destroy one another, hut 
each is equal to that o£ the first arc R (vide Art. 314 
and 318) and consequently their sum equal to n x sulR, 
In like manner, if tti be greater than ^n, the series, 
continued to m ~ 1 terms, will take in the column, 

where the arcs ave S«Q, 2nQy 2nQ &c. (or 2i2, 
2J2 + 2 X 860% 21? + 4x360° &c.) whereof the sine 
of each is also eqiuil to the sine of the first (2i2) and 
therefore theiv sura = n x sin, 9JS,. 

Thus also it will appear that the sines of the column 
whose distance firom the first, inclusive, is 3n (when m 
is greater than 3n) will be each equal to sin, SR ; &c. 
&c. , 

Therefore, seeing all the columns do actually vanish, . 
except those above specified, whose places firom the 
beginning are denoted by n, Sn, 3n &c. and whose 
oorrespoiiflii^ tenns,. or multipUcators, are therefore 

™ ^ m— » ' m— 2w ^ m—Sn 

&e. it 18 evident that the whole expression wiU be r^ 
duced to 
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8m.R X 



nr^' jT— 



m— « 



+ m. 2R X 






+ sin, SR X 



nr 



,j«-i 



x^i* 



wi— i5ii 



&c. 



+ r**~* into ( 



sin. mQ x 3f + co-«« mQ x iNT 
«1», mQ X Jtt + co-«. 9itQ X N 
sin. mQ x jfif + co^. mQ x iV 
sin. mQ x ilf + CO'S. mQ x iV 



&c. 



Which, multiplied by 



nJt*^' 



&c. 



, the foresaid general 



multiplicatoT) gives m it. A x 



+ sin. SR X 



m— ». k 






m^ftn.i m^2n.k 

^sin. mQ X M + cw. mQ x N 
sin. mQ X M + co-s. mQ x N 
sin.mQ x jfiT + co^. mQ X N 

m 

sin. mtlxM -^ to^* mQ x Sf 

i 

Sec 



+ 'Xl 

nfc 



for the true fluent of 



&c 



where 



the former part of the expression must be continued to 

as many terms as there are units in — „ ■ (the r»- 



n 



mainder, if any, being neglected)^ 



Q. JB. /. 
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COHOLLAEY 

834. If the quotient arisung fiom the division of m 
by n (when the former exceeds) be denoted by v, and 
the remainder by t ; or, which is the same, if tm + t=: 

m, it is evident the arcs tnClj m^j mQ &c. which 

360® 
are respectively equal to mQ + m x > mQ+im x 

9 mCi+3mx 9 «c. (by oonstructidn) will 

n . n 

360** 

abobeequal tomQ+t)x360°+^x , wQ+2t?x 

n 

360* 

860*+2<x &c. whereof the sines and co-sines 

n 

(omitting V x 360% So x 860* &c. the multiples of the 
whole peripheiy) are the same with those of mQ+< x 

860* ^ , ^^ 860® « . , 
, mQ + 2t X &c. respectively. 

Therefore, if the arcs of the progression, whereof 
the first term is mQ, and the common difference t x 

, be represented by T, jh, T &a respectively ; it 

fellows that the fluent of ^,, _ ^i^j/^ ^,. (»' 

>-8fa*«'4-W ^ '^' ^ *™^y expressed by 

^_^__^_^__ a**~* . r"***"^" — 

^n. jgx — 4-gtn. ggy + sin. SRx 

m— »•« m— Sn.^ 

*^- Kir) 



m— Sre. Jt 



-< 



nk 
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fsin, TxM+co^. TxN 
sin. TxM-^-eo^. fxN 
Bin. fxA^-co^. txN 
sin. TxM'\-tM. TxN 

In the very same maimer the fluent of 
-n — -sr^-i "zr (where the sine of the second term 

is positive) will be exhibited ; if i{ be taken to denote 
the arch whose co-sine is *-/: ; which will, in thisca^e, 
be greater than a quadrant. 

PROPOSITION VII. 

335. To find the Fluent <>/ ^^n^^kr-j^+x^ ' ^^^ 
the Hestrictions mentioned in the last Probtem^ 

Let every thing remain as before; then we shall 
have -rr: — ^i .^ . ^c. = nato 



(w) whereof the fluent (by Prob. 3) 



r'^ -^^crx '\- x^ 
appears to be into 

sin. Qx rsin. ^Q 



^ sin. Ci V rst 

^ /sin. Qf ^' _ jsii 



sin. 201. ^ ^'^^ 



&c. y ^ &c. 
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sm. 3Q 



1«9 



Jsin. SQf x^-^ 

i«jt. SQL wi-8. r^ 



(»•) + 



y«»+ 



— tfMk mQ X JIf +C0-5, mQ x N 

-sitL m^xA'^'ca^.mQxN 
&c. &c. 

Which, by reasoning as above, will be reduced to 



— stn. R X 



m 



— n. la 



— ««. £i2 X 



.Q« 



wi — 3n , ir'' 



-^ nkas X 



■IN I 1 1 » 1 1 I I I « 



m 



(to r terms) 



n 



+ 



km^-^ 



336. If, from the 
center O, of the 
cirdle AfiCP^ whose 
radius OA, or OV, p 
is r^ there be taken ^ 

L equal to k and . 
OP=x; and if the A 
arch Afi be to the 
arch A K, whose 
co-sine is + Xr, as 

1 to n ; and each G 



m^Zn*kr^n 

--sin. TxM+co-s. TxN 

^mn. txJk-hco^^ txlir 

^situf'x^l^co^. 'FxJSf 
&c. &c. 



Scholium. 

KCK 



Q. E. I. 
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of the arcs B C, CD, D E, ftc; be taken equal ta 

OgQo 

&c. &c. Then the angles \S, Q, Q, &c. spe- 

cified ,(in the two preceding Problems) being here ex- 
pounded by AK^ ABj AC &c. respectively^ we have 

PB^ l/r«— 2irjB+«S PC= t/r«— 8(tx+jp« &c. 
(vUe Art. 817 and 323.). Whence, also, the angles 

H . JT X sin. Q 

iV, iVi N &c. whose ^ sines are 






tfxnn. Q 



y^ — , / — ^ — &c. will here be 

equal to ByCy A &c. Therefore the fluents of 



aj^+«-'i 



> and— -^ 



'* 



giveoi) will, also, be truly defined by 



(there 



HI— n 



+ -^ TT X :r- H : — 5^ X 



sm, R 



»i— 



(to terms) 



sin,R w— 8» 



+ 



» x^mR 



^ 



f««. Tx(OB 

Bin. tx{OC 

sin. f X (02> 

wi. r X (0£ 

sin. Tx(pF 
&c. 



PjB>+co^.rx (i?> 
PC)+co^. !^x (C> 
PJ?)+co-*. Tx (D) 
P£) + ^<>-*-^x(-JB) 

PP)+co^,f X (-/> 

&c. 
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Ill 



<m. %R 



•^•■"•i 



^ "" m^n.r^ HtL.R m — 2n.r*" 



X' 



(-.) 



sin, SR 

sin. R m — Sn. r*" 

('^sin.Tx(OB ; PiB)+co-«,7'x(5) 

^nn.tx{pC : PC)+eo.*.5hx (C) 

-wi.lJ'xCOD : PD)+cM.3^x<D) 

^8in.fx(0E : PE)+cM.f'x(-i3) 

-^n.f'x(0/*: PP)+co-*.5Px(-.F) 



nf^+'^ X «n, -R 



x< 



respectivdy. 



KCK 




Where thd aie AK (at R) will be mater than a 
quadiut when the 0ti a£ kin pofidtive, out less when 

ne^tive; «,d where tbe «ts T, T. ^ &e. denote «i 
Anthmetkal Progression, whose first term (TJ is equal 
to m xABf and whcaeof the common diffisrence is 

equal to (or SC) multiplied by m, when m n less 

WW 

than n ; but otherwise by the remainder of fit divided 
by*. 



^Li 



iX/ ' Lr^ 



L 



lie 
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f+|»-i . 



g -" 



337. Heitce the fluent of - .^ - ^ ■ 



c+/^ +'ffz^' 



, where ^ 



is any number, either whole or InrokeRy maj be very 
easily deduced : for^ having transform^ the denomi- 



6 fz^ C 

natortor x — hF~ + «^S put — 

g g g 



— fS* J. 



g 



Siirr*, and 2^ = j?" ; and then it wiU become = g" x 



,2« 



I m 



4- 2A:r"j:' + «*" : moreover, a — "' being = 



1 + 2 



r" I "• " = a:'iL* , and o+-ofX2r'"'* 



2r = 



n+TOx.r"— ""-^ac, the numerator will be reduced to 
— X a:" i *"""• i ; and so, we have — =—;; ■ = 



n 



a:«X— 'x 



qg r2« + gfcf r" + *-" 



in which j: 



s", r = 



n 



. 4/"\ ^- i/^ 



g, ^0 ^ :;^. But, it may be 



, and k { :s^ 

observed, that the flueut hereof is only given when 

if 
f Art 333* 77==^ (* i*» eqUal k} is less than unity.* Thtr^Fore^ 

if if be greater than V^eg ; or if the values of e and g 
are unlike^ with regard to positive and negative, so that 

V^ is impossible, the abonre solution faih. But hete 

the given trinomial may be resolved into two binomials 
(hy Art. 310) and, from thence, the fluent may Be 
found at two operations (by Prcb, 4tand 5). 
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For, by feigning c+J[y+g;y-=:0, m order to such a 
resolution, we get — ^*^ • — ^^L^ s , and 

±tJ " y 4j — ^§ gjj ^|jg yp^jtg q( |;jjat equation, 

or the two first terms of the required binomials: 
which therefore are always possible when ^J^ — eg is 
positive, or when the foregoing solutioti fails. 

By denoting the said roots by H and JT, the trino- 
mial c + fz^ +gs^ is resolved into g x H^ ^ x iT— 2*, 

from whence - _ ^^ r- is reduced to 

e +/«* ^-g-a^ 

iff " i z "* z ■ 

+ — -=;, ,^ — • , whoso 



fluent is given by Art. 332. 
338. By proceeding the same way the fluent of 



2" z 



-^ ^ ■ ■ - ^ may likewise be fimnd: for, 

since one, at least, of the three roots of the equation 
c+^+gj^-i-Ay'=0, must be possible, the proposed 
fluxion, if it Cannot be' resolved into three binomiids, 
may, however, be reduced to one binomial and one 
trinomial ; and so, be brought under the foregoing 
forms : but this being a speculation too much out of the 
way of. common use to be farther pursued, I shall 
here conclude this section, with observmg, that^ when kj 
in the original trinomial, above specified, is neither 
less, nor greater than unity, the fluent cannot then be 
had directly, from either of the preceding methods ; but 
must be found by comparison from the fluent of 



3C"±"-^X 



Vide Art. 289. 

VOL. II. 
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SECTION VL 

The Manner of investigating Fluents^ when 
Quantities, and their Logarithms ; Arcs 
€md their Simsy ifc. a^e imvohed iegeiher : 
ioith other cases of the like Nature. 

PROBX.EM I. 

389. Supposing Q and n to demU given Quan- 
titie$ ; it U proposed to find the Mtunt ofsTot Q*. 

Let Q' X Aaf" + BuT'^ + CaT^ 8U5. be agsumed 
for the fluent lequired: then the fluxion thereof, 
which is 

• Art. S^.Q'^ X hyp. log. Q * X -^ -I- Bstr-' + GxT* 8w. + 

(f X nxJjr-'-^ »rn[. BxjT^ + n-2. CxiT^ 8U5. 
BKist ooMequendhr be =s af » Q* : imcl ^lare&fe^ bf 
putting m for the hyp. log. of Q, we hate 

mAjr+mBar-'+ mCx-* + mDaT^ 8cc. 7^ 

' Whence comparmg the co-effidents of the homologous 

. 1 ^ nA » ^^ 

terms, ;#€ gfet i*« - , ^ '^ ^ 'IS' "" "" Ji?' 

_ H-l.g ^ ^'^-^ Ac. and consequently ^ x 

u<J^ + ««•--• + CjT"* -f &C. =s — X(X*- + 



n.n— l.g^-' n.yt — l.n — g.a:^^ g^ \ Which 



m^ m} 
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series, it is plain, mil always terminate when n is a 
vrhtAe positive number. Q. E. I. 

S40. In the preceding problem the co-efficients ji^ 
By C^ &e. of the as^iumedi series were taken, in the 
common way, as constant quantities; which, because 
of the general multiplicator' Q% was sufficient. 

But in other cases, where a proper multiplicator, 
to express the Mechanical, or Logarithmic, &c. part of 
the required fluent, cannot readily oe known, it will be 
convenient to assume a series for the whole (independent 
of any geoeral multiplicator) wherein the quantilios 
A% Br C^ Dy &c. must be oonmered as variftble. 



PROBLEM IL 

841. To find the Fluent xkf s^of^A; z being the 
Hyperholic Legarithm <^ xi and m and n any given 
Numbers. 

Let there be assumed Af-k- B:t^^ + C«*^' + 
2)«"-^ &c. 3e the fluent of z^sT-^i: then, in 
fluxions, we shall have 

^mA&'^'z + m — 1. BsT^i + iw—g. CsT^z 

But i = — ; whence, by ord^ng the equation, there 
arises 

f -r f + f «•-« &- 

Now, by making the co-efficients of the like powers 

of 5r, equal to nothing, we have A = x*"'i, A = 

^. jg_ / mAx \ _ _ mjr-'ac nuT. 

n ' ^ X / n ^ " n« ' 

j2 
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C' t \^ wi — 1. Bx V wi. wi — 1, jr"~' 3c y-t 



'-— &c. and consequently the fluent sought 



n> 



= — into » — + 

n n ' n^ 



«t. TO— 1. m— 2. 2*""^ m. m — 1 .m — g. m — 3. a**^^ 

&«. Which, when m is a whole positive number, 
will terminate in m 4-1 terms. Q. E. L 

PROBLEM III. 

342. Tojind the Fluent of z'jf ; z being the Arch of a 
given Circkf andy the Sine corresponding. 

Let there be assumed Js^ + fixT-* -h Cz""^ + 
DtT"^ = fluent of z"y ; then, by taking the fluxion, 
we shall have 



JzT + BzT-^ +C;Z-^+i>^~' &c. 



■}-" 



- J2"y -f nAz^'^'z + n - 1 . BsT-^z See. 

• • • 

Whence, putting A — y = 0, B + w^i=0, C+ 



n— l.Sz=0, D + n— 2.Ci=0, &c. we get A^y; 



B^z'-nyz, C=-n— 1.5i&c. 

But, if a and « be taken to denote the radius and 
co-sine of the arch z^ it will appear, from Art. 14^, 

that yz =.— ax and xz = fly ; therefore jB = nfli, 

and B — nojc ; also C ( = — n — 1. Bi) = — 
«. «— l.aa:ii=— «. «— l.a'y, and C= — n. w— l.a*y ; 



likewise D (= — « — 2. CiJ = n. » — 1. n — 2. a*yi 
•c— «. n—l./i— 2. a'jc, and 2^= — w, n — 1. n— 2. a'x 



J 
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&c. &c. and consequently -4z" + Bz"^^ + C«""' &c. 
= ysT + wojca"""' — n. n — 1. a'^yz*^ — ». n — 1 x 
n— 2. a* X2""' 4- &c. 

II 
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Q. E. L 

In the very same manner the fluent of z^'w^ or 
a" X — « (w- being the versed-sine of the arch z) 

viH be found = — X2" + nyaz"^^ + n. « — 1. xaH*^^ 

— ». it—1. w — 2. j^a'z;"*^— n.w— 1, n— 2. n— 8. xa^z""* 

+ &C, 



L 
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PROBLEM IV. 

S48. The QHantiiieSf Xj y and z being the same as in the 
preceding Problem ; to find the Fluent ofsTaryy. 

By assummg i< z" + Bz'^^ + C«"^ + DsT^ &c 
and proceeding as above, we have Asszi^yji, J3= — 



nJi^ Czz-^n^l.Bi, D s:z^n — 9,.Cz &c. or 
Cl^causei=:^)i^^524^, C = ^EL-^, 

X / X X 

JD = - n^^.aCif ^ Therefore, if the fluent 

X 

of xT^Tp (found from Art. 142 and 291) be denoted 
byQ; «Aae of ^, by Jl ; lAa^ of ^, by ^S ; tJiatdi 

X X 

^, by T &c. it follows that the fluent of z'lfy^ 

X 

will be truly represented by Qf-^naRsT^^-^n, n— 1 x 



COBOLLAEY. 

944. Since y = --«- (Vide Art. 142) it fol- 
^ y a 

lows that s*»'yy is se •- z^'oT^^y^^ st = ^: 

therefore the fluents of these two last expressions ar^ 
abo, exhibited in the foregobg series. 

845. As the values of Q, J?, S &c. in the preceding 
articles, are too complex to be pursued in a gmeraf 
manner, it may not be amiss to illustrate the method of 
proceeding by an example or two. 
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Lei, then the fluxion proposed be -^ : where n 

bebgsl, m=2, and r=— 1, we have Q=^=: 

fj ' ■ (beoanio Ka^^^y* =5 »> Whoicp Q =« -j- 

\yVa^ — ^« + foers: — lyr + joi,* apd ther^re /? (as'" Art. 279, 

f )= -iW+ ^ =- ij'y + I *i (because f= 
« J and consequently As — |jf^ + |^; and so 

^2^ X « + a X ^^-5—* or ^^2 ^ ^^ > is 

the tiaie fl««lt of ^ (a«.*i;^=lL£2Yf t Art,344. 

Againj let the fluent of — fA xTTjJI* (expj^essing 
the content of the solid generated by the revolution ^ 
the (^jfdoidj be lequi^ed. 
* 

Here, the givan ^prcMision, in simple terms, will 

hecwne — p^H — 9>p^i — fly** ; whereof the flwent 
of the first term— pz^x, will be had, by making n=:S, 
^-l-O, an(lr-^1^0(rt^ Fow, 2, in Coro(.) 

Where, we therefore, have Q == ^ = — i ; whence 
^ X 

Q s ^ X ; also jlt (-^) = -" y> ^^ £ =: — ^ ; 

likewise -y (= -^^ = — •^S^ =: Xj S as x; and 

X / X 

oonaequently the fluent of^M^i^i (Q2i"r^ n a Jl j^^ 
+ ii.im. al^SzT-^ &c) = rrr jpff^ + %? f 2(j* X : 

to wW*, adding the fluent ( ^^'^^^^'^'^-^^ ofthe 
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9ficond term ^ ^zt/x (found in the preceding ox« 
ample) and also that of— r^ac (or— a-x + jr^i, found 

the common way) wc got, in the whole, | a -^ x x 2^ 
+ 2ay --yx X z + iay? -^ arx -\- ix^ ; which, multi- 
jJied hyp, and corrected, gives,./). i»/o fa — x x 2^ 

-\-^y-'yx X 5f + lay + a'x+Jjr' — ^a*, for the true 
fluent that was to be determined. 



PROBLEM V. 

846. Supposing H to denote the Fluent of k-j-lzi'x 

jjr~*i ; to Jini the whole Fluent of H xa—bf^T x 
«'*"'i, i^when a^hz* becomes equal to Nothing), 

By resolving F+^7?)' x sT"^ 2 into simple terms, 
and taking the fluent, the ordinary w^y, we get £r = 

X — + =;== h &c. Which 

^ ^ v + l.k 2.t; + 2.Ar« 

value being substituted above, and p wrote instead of 
q-^v, we shall have H x a - 62:*^ x jb*"-' i = — x 



rlz" r ,r — 1 . /^ 2: 



--1?1" X zf^-'z into - +=^r~-f 41^ 



2n 



r. r—l.r— ^./^z** ^ 



Let, now, the fluent of a — bsf'T X «^"'' z (in the 
proposed circumstance) be denoted by -4, and put t= 
jP+m + 1 ; then it follows, from Art. ^6 (by writing 

\ rl k^ 1 

- for <r, for /, &c.) that — x A into h 

P v + l.'k -" ^ n V 
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p . r ' al ». p + 1. r. r— 1 ^ oTl* 

^• ^ X — '\' -~z . X — + 

/.«+! *^ e. t + 1, 2. « + 3 ft*^' 



». p + 1. P + 2. n r— 1. r— 2 a/]* ^ .„ , 

the true vdue of the fluent. . Q. £. /. 

NatCi p and m+1 must here be positive quantities ;*♦ Art. 286. 

. . / 

and it is also requisite that r should be greater than — 

- ; otherwise the fluent will fail. 
a 



Ex. 1. Let H ^ 1 -^^^T" X y » «»M^ ^«* **c wAo/c 
FltterU of H X 1 — y^l'^y? 6c demanded. 

Then, A: being = 1, / =s — 1, £r=rj^, n = 2, r as 
— f, © = I ; also a=l, ft=l, w= — f, ^=|; 
p (=^4-t?) =1, t (=p+m + l) = 4, and -4 (sthe 

whole fluent of 1— y«}"*yy) =s 1 ; we shall, by. sub- 
stituting these several values above, get 1 + s-^ + 

+??-j5+;r-K+^-i-:rr &c. = fluent of H x 



5.5' 7.7 9.9 11.11 



1— J^l~* xy(or HH) wfeen j^ = 1. Which fluent 

JJi fft 2 

being also expressed by -^ , it follows that — =b - -h 

1111 

"5 "^Si'^'iq'^'Qi ^^' ^^®^® -ff is J of the peri- 
phery of the circle whose radius is unity. 



Itt TMM MAKITBR 09 MAMMX^ VLUlVtS CQMTjnittl, 

Bx. SL Let II ss c«+»«r* x i^ i© >&id tk /N^iit 

of fl^ X Ifi^^^ k c«i. 

Hw, i!f^c«, /i=U n = «, r =s — I, t> es f 5 abo 

a = AS 6=1, «» = — I? f « f, J» ^g + t>> 3= li I 

(^p-fm+l) = 4, and J ( as gpAofe fluent tiflPZ^'^ 
X ;ffi^ s= A .- whence, by substitution, we have c~' x 

Axi-ix-p+iX--4.x -5&C. whick 

... 1 

multiplied by c^ (the cp>«ffieient of i) givop — x 

h — _.+—.— -— 8^1; fiur the trHe fluept iq thip 

case : idioie the o^ries {s tfoe eacpressing the aidi of 

• ji^ 14^ the drde whose tangent is h and radius c ;* and is 

fhe^refiire equal t<^ c x aich« ^hoie radius ia unity and 

tlQlge^t =? - : whence tbiii last arch (takeq without 
the n^ultipUoator cj is the true value of the fitteutt 



■^' w<p 



SECTION VII. 

Showing how Fluents, found by means of Jn- 
finite Series, are made to converge. 

^417. It is found, in Art. 85, that the fluent of 
a'+ca"l* X cfe*^* i, in an infinite series, (makxni 

m + g ss s) is expressed by 5Li££j ^1!L- x 

ffta 



« 
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►2« 



1 ^ isff=== — 4- -'— ^ — S-' »^^ -^ w. W ftence 
9+1. a 9+1. 9+2. a3 

it follows (and is evid^t by bare inspectioa) that the 

fluent pf ii ^ cy")' x y^^y Cohere the seeond term 
tinder the mfladum is negative) will be truly defined by 



— ■ — -:::- — *^ into l + — ^^ ^ + ■ t. : — >^ *^ 

«»wt 9+1. o 9 + 1. 9+a. a« 

+ ^&c. supposing 5=r+9, 

But, besides the series her^ givePt uDd those, ii^ 
Art. 83] 84, expressing the same value, the fluent of 

e — (^f^ X yT^^ y will yet admit of another form, 
different from all of them ; by means whereof and that 
above. We shall be enabled to draw out some v^y useful 
cpndusions. 

848. Put sT = — 52L-. ; then y = — — — , and 

therefore «jr'y=^==p; also a-^ = T+1?' 

and jT^'y ( ^ sT" K y^'y) ^ ■ • j^,-n } aiid 

a+cJ0r r 

oonsequently a — gr]' x y*^' y = «*+«+« x 
* a + tfs"} *"' ' X «^*^'i: which fluxion, so trans* 



,< S ' « 



formed, being compared with a +€-3"]* x cfe^""' z ; we 

have m=-rr — 9* 1, ds a'^'^", and a (q+m) 

ss — r «^ 1; whence, by substituting these values 
in the first series, above given, the fluent sought will 



be had = lI^IZ-iL^tliLJl X a + 



rcsf" 



qn ^ 9 + 1 , a 



r.r— l.c*2** . r.r— l.r— 2,c'«^" ^ ^ 

+ + _ -■ ■■'— ■ — rj ^J^ I 

9+1.9 + 2.a^ 9 + 1. 9 + 2. 9 + 8. a' '^ 
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fl« ■ fly" 

Whioh, by restoring^ (or writing _^ and —^ — i 

for their equals a + cz% and 2") becomes 
a— cy"Txy'" ,, . r cy* . r, r— 1 

•^ ^ X (1 + —- rr X ■ ^ ^ 



9» ^ + 1 a-cy ^ + 1.^4-^ 



tS «iSn 



*^ &c) the true fluent, of a —c^ xy^^^y. 

a— cyr 

349' This fluent may be otherwise found, inde- 
pendent of that above, in the following manner : 

It is evident, by taking the fluxion of ^ ^^ — ^ 

(which quantity would be the fluent sought, if 

a— cy"f was constant) that ^^ — ^ is = the 

fluent of a — cv"f x y^*y — fluent of — x 

fl--^'"* X y"+"""' 1/ : this equation, by transposing 
the last term, and writing x in the room of a— cy" 
(for the sake of brevity) will become flu. af'y^*y-=r 

— =2L -I X flu. oT'^ ««"+»-' y. From .the very ^ame 

qn q 

argument (if, instead of r, we substitute r-— 1, r— S, « 

8ic. successively ; and, for ^, write ^'+1, ^-|-2, y-t-3, 

&c. respectively) we shall, also, have 

fin. x-'y-^-'y = "liy^" + *'~V^ X 
•^ -^ -^ 9+1. n 9' + ! 

' "^ ^ q + 9.n 5 + 2 

&C. &C. 
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Whenbe, by substituting these values, one by one, in 
that of, fiu, x' y"~* y, we get 

xT^ re x"^^ y^+" r. r — 1. c^ 

X flu, x^sr^^^-^y = ^ + -^^^^ + 

qn q.q -k- \.n 



r.r — l.c2 af-««?«+2» r.r — l.r — 2.c^ 

y ■ - X -^s^: + =r-= X 

q.q-k-l 9 + ^.n ^.^ + 1.^ + 2 

flu. x^ y +^» y = ^^ + JM^^£^ ^ 



9. 9 + 1. qT^. n q.q-\-l.q + % j + S. « 

&c. Where the law of continuation is manifest ; and 

where, by making a general multiplicator, we 

shall have the very series above exhibited. 

350. From the equality of the two foregoing ex- 
pressions, for the fluent of a — cy"X x y*"^y, (or 
*'y^* y) *^6 business of finding fluents, by infinite 
series, wUi, in many cases, be very much facilitated. 

For, in the first place, it follows (by dividing both by 

r+l 



— ^L or ^— I that the series 1 + 

qna qna / 

"^ + ■ ^ &c. and — X 

q^-\.a 9 + 1.9 + 2.a2 x 



- rci/" r. r — l.c'v'" r.r—l. r— 2. cV" '. 

1 + *^ + ^ ~*^ — + = r-^^^ + 

9 + 1. » 9 + 1.9 + 2.X2 9 + 1.9 + 2.9 + 3.X* 
&c. must also be equal to each other, let the several 
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quantities, therein ooacenwd^ be vbat tbej will (whidi 
may be otherwise proved, independent of fliudoiw). 
Ther^Mre, if in the room of q and 9 we write any other 
Quantities p and t^ the equation will, still, holdi 9^ 

will then bepome l+l^^+i^J^^ 



■f &c. = - X 1 + «=^==-- + ^^- Ac 

(e being c=jp-fr). 
Moreover, if as many terms of the first series 1 + 

q+l.a q+l.q+2.a^ g + l.jf+g.g+S.a' 

&c. be taken as are denoted by any given number, % 
and the last of them be xepresented l^ Q, it is evident, 
irom the law of the series, that the first of the re- 

maining terms will be expressed by Q x •— - x -^ ; 
the second, of thcin, by Q x t*>.*^ x > '^" > ' . ' u x 



,9«.Si« 



C'V" 

-4- &c. and therefore the sum of all 6f them (putting 
q+t>:szp atld S-k-f) (:ttr+f + V s:/))wiH besa Q X 

-X-^ +Qx-x — -^ X — f- + *& =? 
^ a p p + 1 a* 

s= M 'T X 1 + ■ " + : i, Ar. ^ Ac. 

(by writing the series found above in the room of its 
equal) and consequently the whole series (including 

the V first terms) at 1 + - ■ i - ■ *^ -f 
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I "^ (t>) + ' * X (1+ *^- 

9 + 1.9 + S.a^ 1^* P + 1.J? 






which dtelWn mto the general multiplicatdr ^— 



H I m 



ivMe Art S*"}) wiH give the fluent rfa--^'xy^'y 
(or af y*~*y) aeondiiig to a fiew finm, c ompoun ded 
out of the two preceding ernes ; where the second series 
( the Value of p being large in respect ef r ) will 
ihmfs oonverae much faster than the seaiAimng part 
of the first, mr which it is substituted : but this will, 
noore fiiHy, appear from what fc^ows hereafter. It wiH 
be proper to take notice here that the fluent of 

a + caTl* X s*^' i (the flusdon first piopesed, where 

the second term under the vinculum is positive) will 
also be bad firom hence (bjr writing z for ^, m for r, 

and-s.^ for c) and is tlierefore equal to 

^ * qncL 

damm ilito the sum of die two following series. 



q^l.a j+1.5+8.o« ^+T. j+2. f+8. a* ^^* 



tQcjg* -^ ^ meg* nt.fH-^l,^g^ 

!>» p + l.oc p hl.p+S/j?* 



- - ^ fc 4- 8cc.) 

p + l.j^'f 2.p + 8.ar^ 

Where, «= m + f, j» =s v+^, t = «+t?, x = a+<»", 
and Q = the last tenn of the first series continued 
to 9 terms, f> beinff any whole- number, at pleasure. 
A few exanqilies wiU show the use of what is above 
delivered. 
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351. Ex. 1. Ltt z , or l+aP i, be propounded. 

Which being compared with a~+"c?|" x 2*^* i, we 
have a=l, €=1, n=l, j^ssl+a, w= — l,^n— 1=0, 
or {jf == 1 ; whence also s (m + ^r) = 0, p (o + 9^) = b -h 1 , 
t (« + t?) = 1?, and consequently the fluent itself (by 
substituting these several values in the last general the- 

orera) = a: mto 1 — x + ^ — r W — 



2 S. 4 ;^^ t? + l.i 



xl + =^-' + 



&c. Where ( Q ) the last term of the first series 
being + — , the multiplicator \==^ — j to the 

second) will be = + •.== — ; and so the fluent itself 

V -f 1 . 0? ' 

;^2 jgJ 2^*^ jS*'*"' ' 

will be reduced to ar — "TT+'o "" T (^) + X 

z FTi* " 

1 4. : rt + '^ ■-^•= =g — ; + 8^- In which 

the signs — and -f , before z*"*"-, obtain alternately, 
according as v is an odd or even number. • But, to 
show the advantage of expressing the fluent in this 
manner,- by two • difiPerent series, let 2r= 1, and let 
V be taken=8; then the value of the first Series (cori- 
tinued to 8 terms) being = 0,6345238 &c. and that 

of the second series = -+^ + — + ^ + ^ 

5E 

+ gg &c. (where A^ 5, C, D &c. denote the terms 

preceding those where they stand) = 0^(^555555 + 
0,0027778 + 0,0002525 + 0,0000316 -|- 0,0000048 
-f 0,0000009 + 0,(k)00002 = 0,0586233 ; it is evident 
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z 



thiit the fluent of 



l+x 



■J when z beeomes =2 1, will 



l^ => 0,6845238 + 0,0586233 m; 0,6931471 : whick. 
is true to the very last decinjial place ; and would have 
required, at least, lOOOOO terms of the first, or common, 

series. 

• 

95%. Ex. 2. Let thefuent of (expresnng the 

Arch whose Radiuf 19 1 and Tangent z) be required* 
Th this case we have asl, e=l, n=2, xs 1 + s^, 

m=: — 1, fft-^-lssOyOr^sf, « = — I, |>=:t) + |. 



0^ 



Z' 



and the fluent itself ss;?— 3+-C ly- (v) ± 



^gSH-l 



x(l + 



2. 2« 



3 ' J 7 
2. 4. z^ 



«. 4. a ** 



2i>+3 ^v-vS.sF . 

- &c.) Where, if z be taken 
^-f-3. ^0+5. 2»+7»^* , 

111 

is 1, and r = 6, we shall have 1 "~ s + ? — 7 + 



i_l4.il 1-1-JL4.JL A4.I A i 

§5 11 : 26/^ :"!" 16^^45^17 16^ 17 ^ Ift 



&C. ^ 0,785898 c:: the fluent of 



jar 



l + a:« 



when SI 



:^ 1 (=e i of the periphery of the foresaid circle). 
Which nuniiber, brought out by taking geIj 8 terms 
of the second series, is more exact tnan if 100000 

1 11"' 
terms of the comniion series 1 — 3 4 ? — s &c, 

» o 7 



had been used. And, if s be taken 



- v/i (=, 



tangent of 30°) and v=: 6, as before, the same number 
of tems vriU be sufficient to give the answer, true to. 
^wice the decimal pkces above exhibited. 
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858. Ex. 8. Let the Fluxion proposed he c*+y]* xy. 
Here we have aseS c=l« jz:==y, n=4, «=:c*-fyS 

("«+«)' SB v+ 1 ; and therefore the fluent sought (by 
substitution) is =. £^ into 1 «:g + "^^ - 



5.9e» 



5. 9. ISe 






«iV 



2. 6. Sy" 



4o+6. 4t?+9. «« 4o+6.4t>+9.4w4l3.x' 

&C.) In which (as in all other cases) Q denotes the last 
term of the first series. This fluent approximates 
equally fint with those in the foregoing examples : and 
it may be observed farther, that the fluent will alwajrs 
converge, however great the value of jbt is taken, if 

both a and c, in the general fluxion a+cjafl* x z***"' ir 

are positive quantities. But, if the second term under 
the raiculum be n^ative, the case will be otherwise, 
when that term berames greater than half the first; 

since the powers of — , in the latter part of the 

fluent, win then form an increasing geometrical pro- 
gression. It may, therefore, be of use to show how the 
uieorem may be varied so as to answer in this case. 
In order thereto, if in the equations «ssr+ 9, and 1 + 






j + 1.5+2.a« 



&c. = - 

X 



l^^^^ -f !l!Lril!!-y'" *c. (given in Jrt. SBO) 

q+Lx J + l.jr + a.** 

X 

you write k fox r, and p ibr 9, and multiply by -!> 
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you wOl have ss^k+p, and 1 + . ,^ ' + 

# _ 

Jfc. A:— 1. c2y«" ^ * /I ^ *+l.cy* ^ 

y r-s^^ Ac) 

Moreover, if the t) first terms of the above series 1 -h 
. 4 — + "" '^? — &c. be taken, and the last 

of them be denoted by Q, it is plain the first of the 

.„ - ^ r— © + 1 c^ 

remaining terms will be =s Q x — r- — x -=^. 

the second = Q X ?:=l±lx-^^^ x^Scc. 
and the sum of them all (putting q + v ss p^ and 

r-.t, = ik; equal to HL«2Cx a+«^ + 
*^>^^><^3^\ c)- ^^"^'^^ x?x(l + ^'^ 
+ — = r^^ gee.) (by the equation above) and 

consequently the sum of the whole series (1 + — 



q+1* X 



rot T.T'—\.C'^^ 

^ j+l.iP j+l.j+2.jp« 

9+1. 5+2. 9+8.X' ^ ^ iw 

, . *+i.i»^ , «+i.«+a.cV ^ «T. . * 

1 + . ^ + ^ — ^ -V + &c. Which, 

jp+1. a ji+l.p + a.a« 
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multiplied by -^, gives the fluent nf a^grl' 

+5, 8 (ssk+pj =r+q[ and a:=a—e^. I shall put 
down one example of the use of this last genend ex« 

prcssion; where we will take y V^2y— y^, or 2— yj* x 

y^ (being .the fluxion of the area of the circle whose 
riidiua is unity and versed sine v>. In which case 
a = 2, c =: 1, n= 1) r=|, jn— Issf, or ^ s j, X:s 
r-o+iypsv+f, «s=S, »=:2— y ; and therefore tthe 

fluent sought , ^.J^ into 1 + £- -^ + 
6.7.9»» 7.9. llx* ^ 9.11.18*' '^ ^ 



2m3.« ^+6 2» + 6. 20 + 7 

*• A^y &c.^ Which, if y be takep 



S»+5. So+7. So+9 

= !,• and v = 5, will become = s + r — a +s 

-IT+«7r8+ 16 +17+T9 ^' = ^'^^^ 

(where Ay B, C &c. denote the several termsT, re- 
spectively, without their signs). In bringing out which 
condusipn, six terms of the second series are required.: 
but if y be taken s f the radius of the foresaid circle, 
then four terms of eadi series will be more than suffi- 
cient to cive the same number of decimal places. And 
it may l^ewise be observed, that, althougn no. general 
rule can be laid down for assigning the value of v, so 
as to imsw^ the best in all cases, yet the conclusion 
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wiH^ &r the general' part, require the fewest temui^ 
when the nutnher of those, taken in each series, is nearly 
the same. ^ • . 

a r 

354 But, after all, another theorem or series still 
seems wanting, to express the value of the whole fluent, 
'when the quantity under the vinculum becomes equal to 
nothing (which, in the resolution of problems, is com- 
iqonly what is required). For it is plain the last^ 
above given, answers no better here than that preceding 
it ; because (the divisor (xj being nothing) the fbrme^ 
part of it fails. 

In order, therefore, to determine a proper form, to 
obtain in this circumstance, it will be requisite to ob- 
serve, first of all, frtmi Article S86, that the whole 



fluent of a — 6a"|* x ^i^+'^'i, supposing that of 
'a— fc^l* X 2^' 5 to be denoted by J, will be truly 

expressed by ^ ^ JJ^ ^ f+2 ^^^ ^ "F ' *^ 

which t^m+p + 1 ; and where it is requisite that the 
values of m+l andp should be positive, otherwise, A 
bdng infinite, the fluent (or comparison) fails. Hence, 

because the whole fluent of, a— *«")" x i^"* i (when 

cbs^ SB 0) is fi)und = ■ ^, by, the common 

^ , ■ m-flxn6 '^ * 

way«* it fi)llows, by writing this value in the room of* ^f^. 77 
A, and expounding j) by 1, Jthat the whole fiuent of &78. 

___-, 1 

a — fo* p x s""*"*^' i is rightly expressed by — To x 

2 8 ' a*+^* . 1 



(^) X -,.... ^v^i^ ^^^l 



111+8 ^ 111+4 ^''^ " m+ijx «6-+" rm+i': 



184l THB MAKVKE OF MAXIHG VL1TBKT8 C019VBB«1U 



that of a — ft«*|* X 2*^* i, by substituting r instead of 

1 2 

o + I9 will consequently be equal to ^ x 



X 3 f r ) X — r- Let this quantity be denoted 

by JB; then, by the same Artide, the fluents of the 
several terms of the series 1, — , •^— 7-, — r- ^« 



drawn into the general multiplicator a — bs^\* x iS'*"' i» 
will be respectively expounded by those of the series 1, 

r. ' — g> , r^ :i &c. drawn into JB ; t being 

s=m+r+l. 
If now the diflferenoes of the quantities 1^ ^9 

'.. &c. be continually tdien;* and &r r — t its 

t.t + 1 

Sual — HI— 1 be substituted, the value of any term 
the series, whose distance firom the first, exclusive, 
is denoted by », or whose corresponding term, in the 

pncedihg series, is — p- , will be universally ex- 



pressed by 1 —j-^ + l.ft^t.tTl 

— : - ^ =^ — -f »c. Where, if 

1.2.3 X t.t + l.t+^ 

8 be interpreted by 0, 1, 2, 3 &c. successively, you 

will have the values 1, -r 9 ' &c. above exhi- 

bited : but, if « be taken as a fraction, then the value 
of such an intermediate term will be found as will give 

■ >_ 

* See my Mathematical Essays, p. 94, 
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the fluent of x a — J2" T x 2**"*^, in any pro- 

a' 

postod cixeimatanee of^; which fluent, it is evident, 
will therefore be expressed by BJ x (1 * ^ + 



*. *— 1. w + lrm+2 „ . . ,1 

— — &C.) or Its equal — tt 



X rrro CO X --s into 1 - 



w+2 m+3 ' ^ mir l.t 



«— 1. »t+2 „ «— 2.911+3 ^ #— 8. m+4 

-— ===— X JB - — - — - X F — ===r— X 

a. < + l 8. f+2 4, t+3 

6 &c. (wfaare E, Fj G &c. denote the terms inu 
mediatdy preceding those where thqr stand, under their 

proper signs). Whence, dividing hy -- , we have 



1 « ^ , '^'^' /t ^. m + 1 



m + 1 m+2 ' "^ mi*^' 



g-1. m+2 
2.1+1 



X -E &c.) fia the true fluent ofa— fta"]* x 



ST^'^^ i. 



From the kst fluent that of a — ia*|"* x ;2;^^' i 

(in ^hieh p denotes any positive fraction, proper 
or improper) is very readily obtained: for, if the 
same (when a^4j7"==0)-be denoted hy A ; then the 

fluent €£ a^ i?l* x 2;>"+"^'i will (according to the 

P 
article above quoted) be expressed by ^ x 

»+l p+2 ■ ■ arA 

^HS;ri:2 'Offers ^''>> ""t"' ™pp«™« * »-^ 



im 
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positive integer. Therefore, by makibg a— 6«"]"* x 

2'**''^' z =s a — fta"|* X 2^+*^* i, or T -f « = p + t), 
the ooTfetpondiiig fluents fnust, ako, be eq^iial ; tbatis^ 

p ^ J>+i rv) x^ -_L.- * 

p+jfi + l p-+«*+'-i ^ &• m+l ""m+ir 



consequently ^ (the whole fluent of a — iz*!"* x 

X into the series 1 — 



rr;x 



m+2 "m+3 ^ '^ '^ nr*^ 



«^ m+l 
l.t 



«— 1. mf2 «^ 
S.^+1 



S. f+2 



F - 



j»— 6. m + 4 



G &c. where *=r+m + 1 and e =p + 



4.I+3 

i9~r ; V and r being any whole positive numbers at 
pleasure^ 

^ 955« An Example or two of the uee nf this epnpiu«« 
fiion, may be proper. 

« 

V. Let the tvhok JUtent of 1 — x"\^ x (ei^rassing 
the len^h of | of the periphery of the circle whps^ 
radius is unity) be demanded. In which case, a being 

= 1, A =:r I, m =: - I, » 2= «, p = I, ^ = t-hi^ 

gr + 1 2o— 2r+l 

— 5 — , and * = « — r+-|5=: — ^ — ^x — — , the fluent 

flbuj^t will, tlierefinre (by substitutbg these vslties) be 

6 , . 2 4 6 



S 



bad = = 



1 ^3 "" 5<''^'^ i ""B >«6 <''•>' >< 



> 
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s— into 1 ' === — JL — 

2r r.. . 8.2r+l 4.8r+3 



/" .^- — g, — G &c. Which, 



.i I 



6.2I-+6 8.2r+7 

by expounding t) by 5 and r by 3, will become =. 

^16719 &^. into I - Iff -1:1;^ -rn^+i 



,( 



111 G + ^ ^ JBT-i-i^ / 4- &c. = 1,6708. In 
8- 18 ^ 10. IS ^I^.X% T > 

did bringing out of which' vftlue, all the tenns Aomi 
exhibited are requisite: but, of the common series, 14-* 

JL + JLL +JL?lL 4- 8ic. more than 10 times 
2.8^2.4.5^2.4.6.7 

ihat number of terms wofulfl.be necessariF to Atis^er 
with the same dqpree of exactness. . \ 

dx ^ ^ 
. Ex. 2*. Let the Fluxutn proposed be -7—7=^=**=] 

(whose whole fluent, when Jtsd, expresses the time of 
descent of a heavy body in half the arch 6f a^semi-circle^ 
whose radius is a).* * » ^1^^ ^^^ 

Here, by comparing d^ — op'j*^ x ar-*J& with 

tf-ijaffxa^^'i, wc have flssd% 4=1, »=2, pn— li 

ss — I, orp=}; also *^p4-t7 — r^ = t> — r + J, 

I ('r+w-i-l) = r+f : whence, by taking r and i?; 1 ^ L* 

each, equal ,to 4, the fluent, itself, comes out as ^ f^ / 

8 7 . 11 16 . , 2 4 6 8 ^- r- 



-^ . <* 



d» . , 1.1 , 8.3 „, 7;6 „. 11.7 V, ' - ' 

8 '?'» >- o + s-ni^ +iog^+igTig^ -Tit 

+ &c. = lll2^ ioto 1- 1 + ?^ +&C. 
• 13. & 86^ 88 
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2=8.6215(2^.: which is to StVlil, the time of descent 
along the vertical diameter of the foresaid circle, as 
5L6315 to 2.8^4, or as 100 to 108, nearly. 

After the same manner the fluent will be found in 
other cases : but, with regard to the assiCTin^^ of the 
values of r and v^ it may be obserred, that the 
answer will, eommonly, be brought out with the least 
trouble when v is taken greater by an unit or two thi6i 
r; which last quantity must lie greater or less, ac- 
cording as a greats or less degree of exactness is ne- 
cessary.^ From the foregoing expressions, by varying 
the v^ues of v and r, a great nuqaber of thedtems, for 
the summation of s^es, may be deduced. But ^ this 
being foreign to my present purpose, I am not at leisure 
to pursue it hexe. \ 

956. Hiflierto regard has been had to fluxions of 
the binomial-kind: out, from thence, the fluents oi 
trinomials may also be found ; when these last can be 
reduced to binomials (by Art. 307) without introducing 
new radical quantities. — Besides which method, I shall, 
here, give iUiother, which will answer where that fiiils, 
and is also applicable to muUinonUab, 



In order thereto, let the fluent of a + c«"^* x 
2^^'i« be denoted bv A ; and let it be required to 
find, from dience^ tne fluent of the radical 9iit£&iito- 

mial^ or infinite series, a+»cjc*+cLr^"+eic^+^*" &c.l* 

Make tsf = cjc" + dx^* + e*** + &c. andy = x^ ; 
then, j:* being =s ^, if this value be substituted for 
jr", in the first equation, it will become C2:* = c^ + 

9 3 

dy + cy^ &c. Whence, by reverting the series (by 
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Art* S75) y (a^) is fooad = «*• + JR«^+- + 



Moxeover, by taking the fluxion of die equation 
thus brought out, and oividing by /m, we have J?^^* x 



=:jB^«i. +£±1 XRS^-^^'Z +^^ X Sx^+*^'Z 



+£-i-? X Tz^:^'^-'z + &c. 
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Now let this value, with that of cr" + di^ 4* Mr** 
+ &C. (given above) be substituted in the proposed 

fluxion, and it will become a + c«")"* x (2f^'i + 

£ii xif^+--'i+ ^i^ X iSi^*-' i + &c.) 
P P 

Also, let t) dtoote the place, or distance, of any 
term of this series from the first, exclusive ; then the 
tarm itself, drawn into the general multiplicator, will 

be expressed by a + c«"]"* x '— 



A «^*^"**~*i (a. 



being the corresponding co-efficient £, S, T, &e.) and 

X 



the fluent thereof by ^ -^ a x a + cz*!*"'"' x «^ 

I' 



ar~* 



— r=i=: + i=i: == (v) ± 

s + l.nc * + l.«ic* « + l.«. 5— l.nc* 



£x?±l-x£±l(r)x^±fxAx?:^(Art.283) 

P ^ 



tfX <+2 
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Where, ^=sp-f-i?--l,^ssin+^,f=Bp+«4- If and the 
sign of tne last term is + or --, aoooVding as « is an 
even or odd number. Now, if in the fluent thus 
^ven, V be expounded by 1, S, 3. 4> &c. sucoessivelj, it 
IS erident the fluent of the whole expression wHl, in 
all circumstances of z, be obtained. But, if the co- 
jefficient c be segatiYe, 00 that a.^f a^ may (by increasing 
z) become equal to nothing; then, m that circum- 

rstaooCf >the fluent of the Ibresaid general term o+eF)* 

X P-±± ^ ^>.+«-.^ („ r^rr^r X -^^^ A 

p.' • , : ■•-'.•: I». 

^j^+wm~\ ^^ making _c = h) being, barely, = ^ x 
Art. S86.P+1 ^P±}m ^P±l^ ^, * it Mows that 

r 

the whole fluent Of the given expression, or its equal, 



< I ' H f 



i^ZWr X <-"i + ^^ «z^+-* i &c. will be truly 



represented by -4 x (I + - — ji +^^ Jl^ . 



p-n.^a^s.rat y j^ which, I? = $, 



O =3 ^ " ! ^ ' " ' X 5-5 "t" T" J J[ — • /» 



*+£4±ix-S+C &c' and ^ = the fluent 
6* - 1 o o - 

«— irr X ^"' », when a - 62" = 0. 

357. Hence, if the fluxion ^ven be, of the trino- 
mial kind (then, f,' /,.&c, vanishing) the u>hde fiuetU 
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BiO) will, by substituting for jB, >S^, T, tu. hezssA X 



p .p+i .p-j-2.p+3 .p+i . j>+5 a? 



+ &c:) 



1.8. 8 . t . t + 1. t+2 i' 

358. If m+1 and p are the halves of any odd affir- 
mative numbers, the fumt of a -* ftjiT]* x a'^**, 
whai a — - JjK" = 0, will b# equal to 

2.4.6.8.10.12(m+i>) ^^ «i^ \ ^2^' 

<3 being the penphery of the diele whose diameter is 

unity. Therefore the fluent of a— 5j?"+'d»*'4-c»*^&c.]* 

X *^"' ac, ,or its equal, a — bsr\ , x («^*^*i + - — 

p 

"x -Ra:^'*^^^ i &c.) is found, in this case, by multipiyipg 
the expression here given, into the foregoing series, I + 

to 

359. An exradple or two will help to show the use 
of what is above delivered. 

First, let the fiuent of — y . 

(when the divisor becomes equal to nothing) be re- 
quired. 



;. Then, by comparing a^ — x' ^j vrith 
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the general triiumiai a -^ bs^ + dt*!* x a**"'jp, it 
appears that a^ must be, heie, wrote in the room of a, 
and that n, m^ p, b and d, will be interpreted by % 

— -g, «> Ij and J respectively : whence we 

(jC^pG G G 

X ■■ j^ = -^ 9 and the fluent sought = -5- x 

1.8 1.8.5,7 1.8.6.7.9.11 . 1^ 
^ 2.2r "^ 8.a.4.4r«~'2.2.4b.4.6.6r' "*" 

860. The second example shall be, to find the fluent 
expressing the apstde^ngk in an orbit described by 
means of a centripetal mrbe Varying according to any 
power of the distance. 

In which case the given fluxion being 
, -^ (vide Art. S42, 

where A is supposed the higher apse, and C A and 
consequently Cb, equal to unity) we shall, by putting 

n4-8 

1 — p« = ft — — =s tj, and 1 r- X* = ^, reduce it to 

f^S"* i-'^r 



^ fjy •©.©— 2 - ©.© — 2.t>— 8 , , ^ 



2.8 -^ 2.8.4 



-f 



X J^ y + y y + y*y + y* y + &c. Where the quan- 
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titj under the radical sign (now answering td the 
form above prescribed) being compared with 



a 



bx* + dx^ ;t- eoF*" &c.]*, we have m «s — |, 



V 



n - 1, /> ^^, J - -g— , g - g-^j 

ftd Also the value of p with regard to the first 
term (jT^y) will be s= f (because |m -» 1 = — f ) 

likewise.its value in the second term (y y) is=s 3-; in 
the third =s -^ ftc. In the first of these cases we, 
therefore, have t(m+j)+l)=al, J? {px -^) = 



Whence it follows, that the fluent of the first term 



quantity under the radical sign becomes equal to 
nothing (or the body arrives at its lower apse) will be 

truly expressed by -7^= mto 1 -f — 5 . & + 

V ft? "» 

5,^1:2.4^5 T.'^'^^-lfe^-STp+gg 

+ &c. 

In the same manner it will appear, that the fluent 
of the second term, in that circumstance, is s 
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&C. that of the ihird = -7=- x (-Z^,,.0«+' 

^^12 T^'^^ ^'^ *^* ^^ *® fourth = A . /?* 

&c. &c, " ''■ 

Whence the flueni of this whole series,' by coU 
lepting these several vilueB together, will come* out rs 

^ X (1 + 1^ + 35:5 -^^^^ 



2 — Ys-z 0' + *c.) Wluch, drawn into 



I X 1 - i /3 - i ^ — T^ff ff - 8ic. (the vdue rf 
die general multiplicator f vil — ) gives -p^ x 



a* + 58 -^ +; 72 ■■ 

X ^ &C.) for the true measure of the angle required, 

in ^arts of the radius, or unity: from whence, by 
writmg 180 instead of 6, we shall have the same in 
degrees: which, last of aU, by restoring n, becomes 



jE^ X- g » + ^H:^: "~^ X -g "' 



/n+3 ^ 24 n + 8 



+ 



»— l.n+2.n+2 /S 



18 ^n+8 



3 



&c.) 



Where n is the exponent of the law of the force, 
whereby the orbit is described; and /3, the defect of 
*dle square of the measure of the celerity, at the higl^er 
tupsty below that which thie body oueht to have to re- 
volve in a circle, this last bemg denoted by unity. 
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The same oondusion may be otherwise derived, by 
bringing 1 —y^ in the transformed fluxion, under the 
i)vncuium ; but this way of going to work, though we 
have but one series to manage, will prove rather more 
troublesome than the foregoing. 

It will appear from the two preceding examples, 
especially the first of them, that this last method of 
finding fluents is, chiefly, useful when all the terms of 
the given expression, after the two first, in respect of 
these, are but smalL Which is a circumstance that 
^firequently occurs in the resolution of physical pro- 
blems; such as d^terimining the efiect.of the atmos- 
phere's resistance upon the vibration of pendulums ; 
and the ineqtuilities of the planets arising from their 
action on each other* — In short, wherever the fluent, 
or the quantity it expresses, would belong to the circle, 
or some other of the conic-sections, were it not ' for the 
interposition of some smaU pertflibating force (whereby 
new terms, small m comparison of the two nrst, are 
introduced) the said method will^be found of v^ great 
service. 



Its 
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SECTION VIIL 

The Use of Fiuaions in detejinining the Motttm 
of Bodies in resisting Mediums. 

PROBLEM I. 

, S61. Sum&sing thai a Bftdjf^ lei gojrmn a given Point 
A, tcith a given Celeti^, in a Right-line A Q, u 
resisted by a MeHim (^rasifffyree) uMing according 
to a given Power of the Velocity : fo detemune Me 
Vebcitj^ and also ^ S^foce run ovety at the End of 
a given Tim. 

XjET the given celerity at A (measured by the 
space which would be uniformly described In any 
proposed time rj be put = c, and that at any other 
point B, = t; ; moreover put A B =3 J7» and tne time 






Ci «D 

of its description =2:; and let the resistance, or force, 
acting upon the body at A , be such, that, if the same 
was to be uniformly continued, the body would have 
all its motion destroyed thereby, in the time wherein 
it might move, uniformly, over a given distance d 
(C D) with its first velocity c : which time, let be de- 
noted, by r. 

Then, since the whole celerity c would be destroyed in 
the time ^, that part of it which would be uniformly taken 
away in die time r, above proposed, will be truly re- 

presented by — xc; orby-r; which is equal to it, 
because the spaces (c and d) described with the same 



i 
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celerity are always fis the times (r and tj of their 
description; and therefore —=»--. .' 



Hence, the resistance, at B being to that at A (by 
kypothesta) as v* to c% it follows that the velocity 
which misht be destroyed in the given time f , by a 
force equal to the resistance at B, wiH be eiypressed by 



C*^ »" . , 1)" 



■-jX-3;^ ca its equal -^T^t''^ which expression is, 
therefore, the true measure of the force of the said 



I 

resistance. 



Now, it appears, from Art. 218, that, if the bttee^ 
with which the body is acted on (or the velocity it 
would generate in the given time r ) be represented by 
Fj the rdation of the measures of the velodty and ^ 
space gone over, will be expressed by the equation *+ vi 



v^ 



=s Fx: from whence, by writing ^=—5 instead of 



v*x 



Fy we have — ©v == — ^i^ (the sign oi vd being 

negative, because d decreases while x increases).** Art fi. 
From this equation, we get x =: — dd'^v^'^v^ 

whose fluent is jt = -»• 5 + cpr. ; which, 

eorreeled (by taking x stzO^ and t «±: c ) beoomes x =s 



^^mtrntm^^i^^'ma 



— dc"~^xi?^+d d 

i ^ I M = . . X 



i\ -1. 



Moreover, skice the time ( i ) is to the time r, as 
the distance x to the distance v, we also have i (= 

— ^ = — r d c"""' »■*" t; ; and consequently z = 

l2 
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„_lxc V n-l pi 

writing t for its e^u^ — ) : from which equation 



c ■ z 



-1 



we get - = 1 + n -- 1 X jl - lacewisei 

c 
from the preceding equatipn, we get — = 



: which two equal values being 
compared together, there, at length, results x = 



1 + n-2 X ^ 



into 1 4-"n^ x - i — 1j *» *b® required r&. 



««2 -^— -* ^ e 

lation of x and x. Q> E. L 

COROLLAAT. 

86S. If n=S, or, the resistance he in. the duplicate 
ratio of the velocity^ the equation exhihiting the r^ 

lation of z and t?, will be— = 1 + -", or© = 
; but the other equation (the fluent falling^ 






becomes impracticable. Here x^ the fluent of — 
Art. 126. —5 will be explicable by d x hyp. log. — ,♦ or by i X 



hyp. log. (1 + - ); because «?= 



1 + 1 



• ^ 
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In the like manner, when nasi, or the resistance is 
«8 the velocity, the relation of v, x and z^ will be 

^exhibited by the equations v =s c x —3- , and ^ar =s ^ x 

a 

hjrp. Iqg. - =t ^ X hyp. log. •= . Which case^ and 

that above, are the only two wherein the general solu- 
tion fiiils. 
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PROBLEM II. 

O 363. If a Body, kt go from a given Point 

A toith a given Celerity, in a vertical Line 
C A Q, is acted on by an uniform Gravity, 
and aho by a Medittm, resisting according to 
any given^Power of the Velocity ; it is prp^ 
posed to determine the Relation of the Times, 
At the Velocities, and the Spaces gone over. 

Let the notation in the preceding pro- 
3 , , blem be retained ; and let the force of gra- ' 

vity, in the given medium (measured by the 
velocity it might generate in the proposed 
time rj* be represented by i. Then, • Art 561. 
this value being added to, or subtracted 

---^— ) the measure of the re- 
^ dd^^ 

sistanoe,f according as the body is in its ascent, or x ^,^9^1 
descent, we thence get 



»' 



, ^ + & for the whole 
dcT-^ "• 

force (F) whereby the motion, at B, is effected: 

— t?t7\ •— dc*^v t? 
©• + ft d (T* ' 



whence (by Art. «8) x = -4^) = 



4md 



i(=?)t= 



— rdc"^^ 
c"4-ftifc*-*' 



whose fluents may t Art 361 
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be had, by the means of dreular arcs, and logariduns, 
from Art, 381. Q. E. I. 



Corollary I. 

--— ^ of the re- 
sistance is to (& ) that of gravity, in the given me-' 
dium, as ©" to bdd*~^: tnerefore, if this ratio be 
expounded by th^t oi t?" to a% or a" be put = 6 d c""*, 
it follows that a will express the celerity with which the 
resistance would be equal to the gravity (since, when 
2?=: a, the said ratio becomes that of equality). Hence, 



a" 



ako, hf substituting -j- for its equal de"~^, we get 



-^a"©v , '-rra'^v 



X =a : ■ -■ -= b, and z =s 



ixt?"+«" bxv'^-k-c^ 



Corollary II. 



365. If the resistance be in the duplicate raitio of 
the celerity, our two last equations will become x= 

-"''^ :, and i=-=^^ : from the i.nner 



ix«»±as bxv^ + a^ 

Art 126. whereof we get ^ = "" "sr ^ hyp. log. ^ ^ 

--5J- X hyp. log. -r^^-^ x hyp. log. ^^^^ 

(because, here, a-:=:bd). From whence, when t? s= 0, 
(supposing the body to ascend) there comes out x =: 

— X hyp. log. (1 + £1V for the height (A Q) of the 
whole ascenf. ButJ if c be taken = 0, or the body 
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b^ ^apposed to descend from rest, we shall then have 



d V- 

" o X ^TP' ^^e- ^ "" -^=»= 'h® distance J B descswded. 

Whence, if JV be put for the number whose hyper- 
faolical logarithms is --=^, it follows (because, log. (1 — 

-)=-- j = -lqg.JV)^that 1-- = ^,and 

consequently i?=:a V/ — =— -. From which, the disr 

timce AB being given, the velocity acquired in die fall 
wiU be determined. But, if the body, first, ascends 
from a given point A, with a given celerity c, and the 
ocleritj, acquired in falling, ^en it arrives, again, at 
that point, be required ; the same may be exhioited in 
a more conimodious form, independent of logarithms, 

c 
and will be equal to , — > , , ; be<»ase JV, in this 

• / 

case, i3 found above to be ^ 1 + — ^. Furthermore, 
with regard to the time ( 3 ), we have abraady found 



-^raH -^rorv 



that i is 5= - — , or = r ( r= 

6xtf«-fa^ 6x0^— a- 



ra^v 



) acoordini? as the motion a£ the body 

is from, or towards the center of force. Therefore 



ra 



the time it^elf^ in the former case, will be = ~ 
drawn into the difiS^rence of the two circular arcs, 

whose tangents are - and - , and whereof the com* 

a a 

mon radius is unity:* whence it follows that the* Art H^. 
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ra 



time of the whole ascent will be denoted by — multi' 



plied into the fonner of the said arcs. 

Buty in the other case, the fluent exiiibiting the 
time of descent, is not expUcable by the arcs of a 
prde, but by the difference of the nyperbolical lo- 

Art l^carithms of and drawn into —.* iChere- 

° a— t? a—c xo 

fore, when c = 0, or the body £dl8 from rest, the 
tune z will be barely = 5^ x hyp. log. = -r- 

X hyp. log. (N + S—v ) (by substituting the value 
of V found, above, and ordering the logarithm as in 
Art. dOS). This equation, in the forementioned cir- 

c^ c 

cumstanee, where JV = 1 + -^ > andt)=: — 7===, 



nAT?' 



becomes jer = y x hyp. log. y^ 1 + — + — . 

Scholium. 

366. If, according to Sir Isaac Newton^ we suppose 
the resistance of the air, to bodies , moving in it, to 
be in the duplicate ratio of the celerities :* and that 

* That the resistance is as the square of the celerity, the 
learner may, in some measure, conceive, by considering that 
the same body, with a double velocity, not only puts twice tiie 
number of resisting particles in motion, in the same time, but 
also acts upon each with a double force ; and therefore 
must suffer a four-fold resistance, or a resistance propor- 
tional to the square of the velocity. This would be strictly 
true, were it not that the particles so put in motion impel 
others lying before them, and thereby prevent, as it were, 
the action of the body. What deviation from the foregoing 
law may hence arise, is not eas^ to determine. This, 
however, seems plain, that the resistance at the beginning 
of any very swift motion (till the air in the way of the body 
comes duly to participate of that motion) will be greater 
tban that sustained by another equal lyody, moving with th^ 
same celerity, that has been in motion some time. 



\ 
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II bally In the time it might move uBifonnly oyer a 
Space (d) which is to 4 of its diameter as the density 
of the ball to that of the medium, would have all its 
motion taken away by a force equal to that of the re- 
sistance, uniformly continued : then, from these data, 
applied to the theorems in the preceding article, we 
snail be able to determine the velocities, and the times 
of the perpendicular ascent and descent of bodies near 
the earth^s surface ; allowing for the resistance of the 
atmosphere. 

Thus, for instance, let a cannon ball of four inches 
diameter (whereof the density or specific gravky^ is 
to that of air as 6000 to l, nearly) be supposed fb be 
projected, perpendicular to the horizon, with a velocity 
sufficient to cause it to ascend to the height of half a 
mile, or 2640 feet, in vacuo; which velocity (by Art. 
£08) wiU be found to answer to the rate of about 41£ 
feet per second : then, according to the proportion just 
now mentioned, it will be as 1 : 6000 : 14x4: 64000 
inches^ or 5333 feet ; which is thd value of cf in this 
case. Therefore, if the time r, in the preceding article 
(which may be assumed at pleasure) be here inter- 
preted by one secondf the corresponding values of if, c, 
and b will be expounded by 5833 f. 412 f. and S^rV 
f.* respectively. Which values being substituted in the 9 Art 20S. 
several equations in the last article, we shall get 

!*». a (= V^irf) = 414 f. the velocity, per second, 
wherewith the resistance would be equal to the gravity, 
or weight, of the ball. 

a». I" X hyp. log. (1 + 4")= ^^^ ^^^ ^^^ ^^^^^ 

height of the ascent. 

ra . c 

3°. Y* X arch, whose tang, is — = 10,08 seconds, 
a 

the whole time of "the ascent (which is less than the 

s 
time in vacuo, by 2,73). 



154 OF THS MOTIOV OF BODIES 



4^ » (= — y====: I = 292 f. the velocity, per 



o« 



VI + 

atcondf acquiiod in the. descent- 
s'. Lastly, !^ X hyp. hg. \/ I + t + i. =p 

I1,S0 seconds^ the tune of the descent* 

Note. In this example, the measure of the absolute 
gisnty of the body, tii vamo^ is taken, itutead of its 
fjOLviis in nr (the difference tkert being too inoon- 
cjderable to be regarded). But, in cases where the spe- 
eifie gvavity of the medium bears a sensible proportion 
to that of the body, the force of gravity (b) must 

be expounded by 32^ x ■ p . " (iwtead of 3aA) 

where £ is to ilf as the specific gravity of the body to 
that of the medium, 

PROBLEM III. 

367* To determine the Resistance, by means whereof a 
Body, gravitating uniform^ in tne Direction of pa- 
rallel Lines, may describe a given Curve* 

Let A B C be the given curve, and let B Q, parallel 
to the axis (or any given line) A H, be the du^ction 
of gravitation at any point B : make P B R perpendi- 
cular to AH and BQ ; and let AP=:x, PB=j(, AB=:z, 
BM (Ni) si, MN (B») =y, BN=:i, and the 
velocity of the body at B in the direction FBRsv. 
Th^, the decrease of velocity in the said direction, 
* Art. 209. which is wholly owing to the resistance,''^ being re- 
presented by •— V, it follows that the corresponding de- 
crease of motion in the direction B N, arising from the 



• • 



same cause, will be expressed by — X — ^ as ; 

y y 

and, that in the direction B M, by r* But, the 

•7 



celerity in this last direction being every where re- 
presented by e x — , its fluxion : will be the 
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wMe alteration of motion in th^ said direction, arising 
firom . the resistance and the force of grs^vity^ con- 
junctly : from which deducting the part owing to the 

• • •• 

resistance, found above to be — , the remainder — 
will be the eflFect of the gravity. Which being to 
( r) the eflfect of the absolute resistance in the 

direction BN, as 1 to :., the force of gravity, 

must therefore be to that of the required resistance, in 

the same ratio of 1 to . 

vx 

Moreover, the force of gravity, measured by the 
velocity it would generate in a given part of time (1), 
being denoted by unity, the velocity g^arated thereby, 

in the time ( ~y of describing Bft, with the celerity v, 
will likewise be truly expressed by ^, the measure of 



« 
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tKe said time : which being put = to (^•:?) the value 
of the sadie quantity, given above, we thence have 0^= 
4r ' fi^oo^ whence, not only the velocity, but the le- 

sistance will be found. But, if you would have the 
resistance expressed independent of o, then let the 

fluxion (Soa9=s — ^^ 1 of the last equation be divided 
by^ the fluent, which will give — = — ^ : and 



V X 

i>i 

VX 



then, by substituting this value in :., you will get 

rr-^ &x the true force of the resistance, that of gta- 

vity (or the weight of the body) being expounded by 
unity. 

The same otherwise. 

Let B O be the radius of curvature at B,- and let 
O Q be parallel to P B, meeting. B M, produced, in Q : 
then, if the absolute gravity, acting m the direction 
B Q, be denoted by unity, its force in the direction 
B O, whereby the tiody is retained in the curve, will 

B O 

be represented by ,^-~. Therefore, since the velocities 

in circles are known to be in the subduplicate ratio 
• Art. 812. of the radii and of the forces conjunctly,* the velo- 
city at B will be rightly expressed by \/ BO x" ^> 

or its equal V^BQ. (For the curve at, and indefi- 
nitely near B, may be taken as an arch of a circle 
whose radius is B O : and it is evident that the re- 
sistance has nothing to do in forcing the body from the 
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tangent, but only server to retard its motion, so that 
it may, every where, W a due proportion to the 
given force o£ gravity acting in the direction BOy, 
Hence, putting B Q = ^, the increase of this celerity 

in the time y / — / ^^ describing BN, wfll be ex- 

pressed by the fluxion of y *, or rj7=r Moreover, 
the celerity that might be generated by gravity in the 

jsaid time ^jyr= being measured thereby, the ineceasei 

in B N, arising from the same cause, will therefore be 

i X X 

as -7=- X -7=-r7=r.: which; being taken from 

v~ y the whole incresme, found above, the remain- 

der, — -y=-, will be flie effect of the resistance: 

z 
which is to the effect, ^— , of the absolute gi»vity as 



9.Z 



7- to 1. Therefore the resistance is to the gravity 



2i— s 



(or weight of the body) as to unity : where the 

signs are changed, because the two forces act in contrary 
directions. ' 

Bejcause B O = ttj* therefore « (B O x ^\ =s • j^^j^ ^ 

yx %/ 

—=^21-- — ( = the square of the celerity) whence 



% s= ^ , and consequently the resist- 
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sistance ~.^_=s^._j_ = ^, /ftc very same as 
before. 

Corollary. 

» 

368. ' If the resistance be supposed as any .given 
power of the velocity drawn into (D) the density of 
the medium; then, from hence, the density of the 
medium, at every point of the curve, may be deter- 
mined : for, the absolute^ celerity at B being repre- 

sented by — , the resistance at liiat point mH, tiecording 

to the said hypothesis, be as — x D ; and therefore 

.. . 3f\ . . \ '■ 

the velocity that would be destroyed thereby, in the 

time \^j of Aeserflbing BN^ as - | x ^ : wUdi 
hsmg put =: { -* T-^ the effect of the same re- 

•7 

aist«D«) found tdiovia, we tfamoe iiet 2^ s;? ■ "^l4 : 

. ® vzT; 

which, by substituting for v and ^, becomes D s 

In this corollary, and what elsewhere relates to un- 
equal densities, the ^avity i£ the body in the medium 
is supposed to continue every where the same, or^ that 
the attraction increases with the density, so that the 
difference between the specific gravities of the body and 
medium may, at every point, be a constant quantity. 
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EXAMPLE I. 

369. Let the proposed Curee A'BG be the ccmnum 

. Parabola. 

Then^ a: being here = "^^ we have x =t -2^, «= 

a a ' 

-asL oail dp a= 0; ii&d therefore ^r— * is also == 0:«Art.367. 
a 2*2 

whence it appears that a body, to describe this curve, 
must move in spaces entirely void of resistance. 



EXAMPLE IL 



S7(K Let the Curve /^ 
A B C &6 taken aa a Qua- 
drttM of a Cirde^ iehose 
Radhis B O t«=(t. 




tArt367. 



In this case we have 5 
(BQ)t=tt-a:(:= AO 
— AP) whence « is — », 

— scap^.J From which it is evident, that thejArt.i4^. 

velocity is, every where, as 1/6 Q, and the tesistaoce 
to the gravity (or weight of the body) as 3 P B to 
2 OB. 

PROBLEM ly. 

371 . The Centripetal Force (F) being given ; to find 
the JtcMtance Wkd VkliBtit^ wkereiy n B^ moffdsscnbe 
d givM S^ital {tfr any other ^ pomife, Om^) idxmt 
tke Cemet (tf Fifrce. 

Let P be the center of force, and B O the radius 
rf curvature at tiny |>gint B in the proptjsed curve, 



m 



•Alts. 
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to and let O Q be per- 

pendicular to B P Q ; 
also let B P=y, B Q 
= *, A B = z, B M 
= — y,* and BN 
= z. Then« it is 
evident from Art. 367, 
that the velocity at B 
will he expressed by ' 

VbOx|§xF.- 

or, its equal, ^sF: and therefore its increase in the 

time' ( -:;= ) of describme B N will be ;;=• : 

^^/7f"' 9.V8F 

from which, deducting fF x -7= x -f^j the ef? 

feet of the centripetal force, in the same time and 

sF^Fs-^^Fy 

direction, the remainder, — -;==• — -\ is the ef- 

2)/7F 

feet of the resistance. Therefor^ the resistance is to 

, . . ^ sF-^Fi+&Fy Fz 
the centripetal force as ;== — ^ to 



«\/lF 



V^^' 



or 



"^ — ^Fi — '^'"'''^y- 



Q. E, L 



EXAMPLE. 



91%^ Let the measure (F) of the centripet^ force 

be expounded by any power y of the distance ; and 

let the curve be the logarithmic spiral ; putting the 

t Art 61. co-sine of the given angle PBNf (to the radius r) 

X Art. 74. = c. Then, s being here = j^ J, and F = «y y? 
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Hence it Appears that the veloeily must be, every 
xvbeiey as^ - ; and the resistance to the centripetal 
fi)roe, as — ^ — x — to unity. But, when n = — 3y 

— 5— X — tewmes as= € ; therefore the bodjTy in this 

case, most moVe in spaees entil'ely void of resistance ; - 
agreeable to Art. SS8. And if 9t+3 be negative, an 
aooel«rating, instead of a ic^isting force, will be required. 

8TS. If tke density oJT k medium, wh^n a body 
move^ be either umfuib i, w varieB- acootding to a 

E'ven law, the nature of the curve, or trajectory, may 
\ determined from what is delivered in the preceding 
pagea. 

Thus, for example, let the density be supposed every 
where the same, and the resistance as the square of the 

celerity ; then, fiwn Art. 868, we have tt = Dj 

which, in order to exterminate i, may tto tnmtfiNtned 

«o i^ SB ^ + «« X D^^ : ^rhere, Z) being a ooiistant 
quantity (depending upon the nven density of the 
medium) the value of x will be rounds as is taught in 

Sect. 2, Art. ^168, 271, and vomes out is — + -3^ 
+ IgT" ^- ^^ which p is put to denote the para^ 

VOL. II. M 



KM' 



OF THE MOTIOX OF BODISS 

.meter of the curve at the vertex, or highest point A, 
(to be determined from the force of gravity trnd the 
^iven velocity of the body at that point). This solu- 
tion answers near enough \i'hen the resistance is but 
small in proportion to the gravity:, in other circum- 
stances, tne series tiot converging, it becomes useless : 
for which reason, and because the case above specified is 
that supposed to obtain, in respect to the air near the 
earth'^s surface, and its resistance to bodies moving 
therein, I sh^l show, by a different miethod, how the 
nature of the curve may be investigated. 

In order thereto, let the celerity at the highest point 
A,' above the plane of the horizon E C, be denoted by 
c ; and let a be the celerity with which the resistance 
is -equal to the gravity (tiie Art. d65 and 866). 




Moreover, let d be put for the distance over which the 
,ball might uniformly move in the time that the medium 
would destroy all its motion, was the resistance to con- 
tinue the same, all along, as at the first instant. (Which 
Stance, -according to Sir Isaac Newton, is always in 
proportion to i of the .balTs diameter^ as the density of 
the ball is to tiiat of the medium). 

Then it will be^ as il : i (BN) : : -r*, theabsolute 

celerity at B, to ^-npy the *part thereof that would 

be uniformly destroyed by the resistance in die time 
of describing B N, with the velocity at B : which 

« • 

value being also escpressed by — : — (vide Art. 367)* we 
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therefore have -rr = r- » whence -y = , and 

dy y d V 

QOQse^uently, by taking the fluent .— =? ^ hyp« 
log. v; whidi corrected (by putting 2;s=0» and t^sscj 
gives — (=hyp. log. c — hyp. log. v) sshyp. log. — * 

ft V 

Fuldiennore, sidoe (by hypothesis) the resisttoee 
widi the cderity *-r (ftt B) is to the fiirce o£ gravity, 

«Hr the tefflstanoe with the celerity a, as -v— to a^ ; 
«nd it appears, from the aforesaid artide, that the same 
ratio is also universally es^essed by that o{ —^ to 
1, it fdUiows, from the equality of th^se ratios, that 
•-r is s r-. But, in order to ' the resolution of 

p the equation thus given, let the tangent of the angle 

PBA (or N) wnich the mrdiiiate PB makes with 
the curve (supposing .radius unity) be, every where, 

represented by w : then, because cf astm^, i (^j^ + i*) 

:sy \/l4-f»S and X =si tby (y being constant) we 
shall, by substituting these values in the afereteid equa- 
tion, get • sa w t/] + jo» \ whereof the 

fluent wiD be given, ^ ss | ir y 1 -f* w* + | hyp. 

log. w 4- V 1 + tp^ :^ * which corrected (by • taking* Art 186 
9SSC and tpasO) becomes ^.^ — i- j^ | to t/1 + tc^ 

T C 

4- T^^jp. log. «r 4- V^l + W. But, to shorten th* 

m2 
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remaitking part of the procM, let tlie latter part of 
the equation, or the fluent of ib t/1 + vf- be de- 
noted by Q; then-^-^being =s ~ — |- Q, we have e=3' 

^p===; and consequently -j (=hyp. log. -) 

^ hyp leg. ~-^ =. I hyp. lag, 1 + ^ 

Fhom wlich two eiqttationIS) the velodly of tUt Ulk 
and the distance it has moved. When its direction 
maluv any Aven apgle with the facsizcn&y may, be eomr 
puted, let tne medium be as dense as it will: also, 
WMa faende, if the celerity answering to any one. gives 
an^ of direction be known, the cdbrity corresponding 
to any other given direction may be feuncl^ il6^h^, 
wkb the distance described between the two positioni. 
For/O (in the descent of tlbe body) being uniiserifaUyy 

equal to ^ — ^ , the value of r, express!^ 

the oelerirf itt the veirtez j#, inH h^ had froria .ibat 
isquatiiMi, and ^Nnea mu =3 ^ ^. ■ -^j-jg ; whence 

alio f ( s i2 X hyp* kg* •- ^ s d x hjp* lijg. 

Frem whidi, the eelerity at A hemg knowti^ the rest is 
obvious. 

3ttt, in the ascending part of the curv%^ E A, hoth 
z and Q must be considered as negative, or wrote with 
oontraty signs : and the% fiom the foregoing equatioiu^ 

ye saail also gft t?ai ■ > ■?■ — '•^ ^C's T: J ^A ^^ 
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and — z =z id X hjrp. log. 1 j- =a — | rf x 



hyp. log. 1 4- -^ ; >i9<l, copsequen^ly, z = — | rf 
X hyp. log. 1 - — p =s i <; X hyp: l«?g. I + -^ 

= d X hyp. log. — : answering in this case. 

c 

It 8t3) remains to take some notice of the values of 
X and y (in order to have the form, as weU as the 
length of the curve). These, indeed, are not^ m 
«fisy to bring out as that of z^ given above ; nor 
can they be exhibited in a general manner, either by 
circular arcs, or logarithms (that I have been aUe to 
discover) but may, however, be aimroximated to any 
reouired degree of exactness, as wilr appear from wIm . 
follows. 

Syioe f ( = A B) Jls found = | il x hyp. log. 
' "y > hf ^l^g ^ flu3(ifl|i thereof, we gef i = 

- — ~7^=s , ^ ,^ — (because Q = ip v^l'+ w ) 

therefore y ( = /^ ) = ^ ' ■ ; and i ) 

(= «y>> = ■ ^/^'^oQ • ^h»ch equations, by. taking 

r to 1, IB a^ td c^ (or as the square of the force of 
gravity to the square of the resistance at A) are re- 

duced toy =5 — -^tt-, and x = — t-htt : whence 
^ r+2Q r -^ 2Q 



we get y = a mto rrr; + -f — — J 1 + 



ll» 
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4wxl + 4t9« + iw^ — 4Q 



T25 



11 



ito» 



&c. And x=d into 



i 



r + SQ 



+ ^^>o + 



&c These expressions 



(brought out by assuming ^ ^ ^^ + "^^ + &c. 

for the fluent sought, and proceeding as in Art. 840) 
converge very fast when r is large in comparison to Q ; 
but in other cases the required values will be had, with ' 
less trouble, from the following method. ' 




LetPKTK and A M T M be two curves, wlwreof 
the ordinates S K and S M, to the common abscissa w 



(=5 AS) are expressed liy 



and 



w 



r + m—rTm"'^ 



tively : then it is plain, from the foregoing equations, 
that the measures of the areas of the said cur\«s, mul- 
tiplied by 4» y^^ truly exhibit the values of ^ and x ;, 
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answering to any given value of tc (or A S) the tangent 
of the angle of direction ; or; to spedc more geoitietri- 
eally, a square upon AC (supposing AC = radius 
= unity) will be to either of the said areas A S K P^ 
or A 6 M as the given distance d, to the value of y or, 
.1' required. But now, as to a way for computing these 
areas (without which what has oeen said about them 
would be to very little puVpose) the; method of equudis- 
tant ordmaies may here be applied to very good advan- 
tage (when the foregoing series do not converge). By 
means whereof the required quantities may, with a little, 
trouble, be brought out to a sufficient degree of exact- 
ness, let the resistance be as great as it wuL 

A.ccordtng to the same way of proceeding, the., values 
of X and y, in the ascent of the ball, will also be 
found, if the ordinates «A:'and tm, generating the re- 
quired areas, be taken, every where, equal to — ^. . 

and -—^ instead of ^>^~ and 



r--2a r+2Q r-j-ZQ^ 

From what has been thus far delivered, it will not 
be very difficult to calculate (according to the forcing: 
hypothesis) all the principal requisites concerning the 
motion and track of a ball in the air, projected with a 
given velocity^ at a given elevation ; as will be more 
clearly seen by the example subjoined. 

Suppose a cannon ball of 4 inches diameter (whereof 
the weight is nearly 9 pounds) to be discharged at an 
elevaition of 45 degrees, with a velocity sufficient to' . 
carry it to the distance of one mile^ on the plane erf* the 
horizon, were it not for the' resistance of the air. 
Then that velocity, being the saine as might bo fredy 
acquired in a perpendicular descent of half a mile,* ♦ Art 366. 
will be found to answer to the rate of 412 feet per 
seeandy according to Art. W2 and 366. From whence 
it is also plain, that the distance d (so often mentioned 
above) will here be expounded by 5333 feet ; and that 
the celerity (aj with which the resistance would be 
equal to the gravity (or weight of the ball) answers to 
the rate of about 414 feet per ^ccond.. 



199 OF Tll^ IfPTlQK OF WQH^IMU 

Mofeov^, tince tlie tangenl of tlw> angle of ^e^ 
Titioo, or the fim value of tv, ia gtveu eqmd h unity^ 

(or radius) we have Q {{w ^vb^ -^ 1 + \ hyp, kg. 
tf 4- V^w*^+ir=trl,1478: firom whidi, and o (=s 

412 \/|), we get z («|i x hyp. log. 1 + -^"^Z 

^ fl095 fi»t s the areh dioBcribed in the whole aaoent. 

V v 

Alao c ( =3 / 2J2Q* I =* -1^^ ^'^ ** *^ 






rate of the vdoeity, per HCtmdj at the 

point: whence r ( ss •— ss 4814 ; hy numna 

whereof the greatest dtitnde of the ball, and the ho^ 
rizontal distance corresponding thereto will likewise be 
finmd : fiir let A F, tit the preeeikig Jigure, be taken 
=1 (the given value of to J and let the same be di- 
vided into three parts by equi-distaiit ordtnates {which 
number will answer sufficiently exact) then the success 
sive values of Wy for the ordinates A P, ks^ k9, and IW, 
being 0, j^, 4, and 1, Otm of Q will be 0, 0. 3394, 0. 713^ 
and 1. 1478, and the ordinates diemselves (or the cor- 

1 
responding values of s;= to 0. 2318, 0. &75h 

0. 3463 and 0. 4953, respectivdy. Fron(i wh^nc?, by 
adding the two extremes to three times the sum of 
the two middle terms, and dividing the whole by 8p 
we get 0.3239 for the value of a mean ordinate:* 
whi^y as A F is here equal to unity, is also tl^e mea- 
sure of the required area A F T P : which, therefore, 
being multiplied by 5333 (d) gives 1727 feet for the 
horizontal distance made good in the whole ascent. In 
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the same wa^ the area A F m ig found =s 0, 1888. 

Wh^ioe the greatest height of the hall appeals to be 

(0. 1828 X 6833) =975 feet. 

* By taking AC s 1, and ^^qteatiag the operation (onlr 

changing f— 2Q to r+2Q^ the area ACTP will 

coine out s 0. 188@« and A T C a 0. 0876; which 

multiplied by 63S& (as abQve) ^tve 100^ F. and 467 

F* Iw the amj^litudey and the diataiu^ deaoi^nded, firou 

the highest point, when the direction of the ball nudcea 

an angle with the horizon equal to that; in which it 

was projected. 

But, to have the direction when the ball strikes the 

gimnd, and the whole amplitude of the projection, 

we must find the value <^ the- tangent A B, when the 

area ABL is ^ual to (0. 1928) Sie area AFm (so that 

the descent, from the highest point, may become equal ^ 

to the whole ascent). In order thereto, let 0.0875 

(ATC) be deducted from 0* 1828 (A F m) and the re- - 

mainder 0. 0958 wSf. be=sC T B L ; this, divided by 

T C (0. 151S) quotes 0. 63 ; which would be the value 

of CB, if all the ordinates C T, S M , &c. were equal : 

bi«U 9S it is obvious fym the nature of- tl|^ problem, 

and mm the law of the ordinates already computed^ 

thi^t B L will be sornethingjnreat^ tl^n CT, and con- 

sequentW C B lass than 0. 6S — I therefore suppose the. 

value of C B may be about 0. 56 ; and, accordiij^l;)^^ 

proceed to compute the area of CBLT answering to tni^ 

number ; by means of CT (0, 1519) and BL (0. 1852) ' 

and one intermediate ordinate S M (0. 1715) and fin4 

. ,£• • t . . CT + BL+4SM' '. 
It (from the approxmiation g x CB) 

to come' out =s 0. 0955 : which is so near the reqmred 
value 0. 0953, that it will be altogether needless to re- 
peat the operation. It is evident from hence, that the 
tangent (A B) of the angle of direction, when the 
ball strikes the ground, is 1. 56 ; answering to 57^ I f^' : 
Snm whence, C B K T being hymd = 0. 0752, the 
whole area A B E P will bp had =: 0. 2635, a^d c^»)#e- 
quently 0. 2635 x5330 s= 1405 F.^th^ amplitude in 
the whdb descent. 



IW ' OF -THE MOTIOK OK fiODlETS 

Furthermore, from the said value of w and that of 
c (=1990 given above, we get z { ss frf x hyp. 

log. 1 + zrl^f) = 1788 fcct, for the arch described 

in th^ descent ; and also t? =5 14S f F. which multi- 
p£ed by 1.^27, the secant of 57*> : m , ^ves 264 F. 
tor the celerity o£ the ball, per seeondj at the end of 
its flight. 

Now, by collecting the principal of the foregoing' 
conclusions, it appears, . 




1^. That the velocity at the highest point A of the 
trajectory will be at the rate of I99y feet, per se- 
cond : which is to the velocity at the highest point a 
of the parabola (E a c) that would be described, were it 
not for the resistance, as S to 3, nearly. 

«». E A = 2025 and Ea = 8030 

S^ E F = 1727 and E/= 2640 

4^ AF = 975 and af = 1320V Feet. 

5^ A C = 1788 and a c = 8030 

6°. F C = 1405 and/c = 2640 

7*. Angle C=67" : 20' and c (=:E)=45\ 

8*. Velocity at C to that at E, as 264 
to 412, or as 2 to 8, nearly. 

These proportions, between the distances, in 
air and in vacuo, hold at an elevation of 45**, when 
the resistance, at going cff, is nearly equal to the gra- 
vity, or weight, of the ball. If the velocity be greater 
than that above specified, or the body,, projected, be, 



dtbtt, leBSy.or less dense, the corve wiU iiSer, 9tilli 
more from a parabola. 

Hence it evidently appears, diat tlie eflfeet 6t the 
air's reststanoe upon very swift motions, is too con- 
siderable to be entirely disregarded in the art of gun- 
nery.*— It is true the method given abdve is, by much,"^ 
too intricate for common practice ; but when the law 
of the resistance to vi^ swift motions is once sufficiently 
estaUished (which, according to soioe late np^ments^ 
seems to be in a ratio greater than that of tne square 
of the celerity) it will be no very difficult matter to find 
out proper approidmations to correct the proportions in 
common use. 
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SECTION IX. 

Tke Use of Flusions in determining the At- 
traction of Bodies under different Forms. 

PROBLEM I. 

874. Supposing AC perpendicular to AB, and 
that a Curpuach at C is attracted towards every Point 
or Particle of the Line A B, Jy Forces in the reciprocal 
duplicate Ratio of the distances ; to determine the Ratio 
or the whole Force whereby the Corpuscle is urged in the 
irecti&n C A. 

Put AC =s a, .and 
let AD (considered 
as variable by the 
motion of D to- 
wards B) be de- 
noted by x: then, 
the force of a par- 
ticle at D being as 

sis) its ^cacy in 




n« 



lUM vat OF FSMXIOH9 

th^ propofiod diieouaa A C (wiU bj the r^utum of 






a8+ JP<| 



T 



Uiere- 



fiw^ 



ai 






i^ ih^ fliuiaii pf the irbplfi foioe; 



whose fluent, which (bj Ar^. S5) is ss .■ ^ > . ■ » — « 



AD 



CAxCD 

itself. 



, win, nhen A D = A B, he as the force 

PROBI.EM IL 

675.. Sig^ponng BDC^Jo rq^cfimt a'eircular Plmtf 
and that a Corpuscle H, in the Axis thereof A H, is at- 
tracted by every Point or Particle of the Platifi by Forces 
in the reciprocal dt^licate Ratio tfthe Distances ; tofnd 
the whole Force by which the Corpuscle is urged towards 
the Plane. 

Let AH = a, and 
Hft=x; then Ai' 
= x^ — a^ ; which 
multiplied byp C== 
S. 14159 &c.) the 
area c£ the circle 
whose radius is unir 



.••••F»' 



^ist *•* •*** 



D 




in the direction H A, is as sn> or — (see^ Ae hi* 



AH 
H& 



ty, gives ox jr*—«^ 
for the area of the 
circle Acdbe: whose 
fluxion \sjez2pxx. 
But th^ fcrce of a 
single particle at b. 



Problem) therefore the fluxion of the . whole force is 



^\ 



IN DETERMimitU TkE ATTilACTlOlJf OF BODIES. • VfB' 

tfuly defined by ipxot x^ tijf its equi! ^5?, aiid the 
force itself by the fluent of -^ ; ' Which (properly 

St 



corrected) is -^ ^+^. t 2^ x 1 - - = 2p x 



X , a ' X 



^^, when x=H B. Q: E. L 



BH' 

» 

S76. Inthe preceding pibblexns, w^hvre supposed 
the attraction of each pamde, to be ^ the square of 
the distance inversdy ; that being the law which is 
found to obtain in nature : But If the forc^, according 
to any other law 'of attraction, be requir^, the pro- 
cess will be very little differjent. 

Thus, let the attraction be as any power ("n) of the 
dists^ice: then (in the last Prob.) the foroe of a 
particle at .ft (upon H) being as «", its fordB m the 

diredion H A will kb as •£ x i* ir oxT** ; which 

inuHipBM by ftp^ix (as befoi-e) gives Spooc^i f '#heriB6f 

the i^ent' *^^l^^pn ( = _«^ x 

n + 1 "^ n + \ 

AH X BH"+'-AH*+*) wfll be as the force required. 



*koBLEM ra. 

377. To determine the Attraction of a Cone DHF at 
its Vertex; the Attractibk if each Particle being as the 
jSquBtre mfihe Distance inverseh^; 

Put the axis E lEE ^ a, the length of the slant-side 
H]>(or H.¥)z=:b) and AH (considered as variable) 
= or ; then (by sinu triangles J a (H E) : b (HTF) 






m 



TH£ a» OF FLUXIOKS 
kr 

: : X (HA) : H B =8 — But, by the last problem. 




tbe attraction of all the particles in the circle 

AH 

B C will be measured by 2 p x 1 — <5^ == ,8jp x 



1—^ (because HBs—^ : which therefore .'being 
multiplied by x, and the fluent taken, we thenoehave 



ax 



X — ~ lor the attraction of A C H B : and thia, when 
. b 

x^a^ will be 2px£H — :^77', the force of the 

whole cone D E H F : which, if H K be mades H £, 
and KG perpendicular to HE, will likewise be truly de- 

fined by 2p X E G (because H G=^ ). Q. E. L 

COSOLLAKY. 

S78. Seeing the attraction of ACHB is, every 

where, as j:— •=-, or — r — x x^ it follows that the 

h b 

fotces of similar cones, at. their vertexes, are directly as 

their altitudes. 



IN 9ETERMINIK0 THIS ATTSAC^ION OF 9O0XES. « 
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PROBLEM IV. 

379. To find the Farce of a Cylinder CBFR^ai any 
Poim A in the Produced Axis ; the Law of Attraction 
being still as in the preceding Problems. - 



Put B G ( = C G = 

RH) =b; aad let AS 
( taken as variable ) = x: 

therefore AT=\/fc«+jt«, 



AS 



AT 



1 - 



which 



(by Prob. S) expresses the 
forc€^ of all the pacticles in 
the circular surface 1ST. 







T 



Therefore Sp x i— . = is the fluxion of the 

required force: whose fluent (2p x a: — i^i* + a?*) 

when ^=s AG, will be = 2^ x AG — AB ; but when 

9 = AH, it will be =r 2p x AH — AF : hence, by 
taking the former of these values from the latter, we 

have 8|^xAB-fBF— AF for the measure of the true 
force by which a corpuscle at A is urged towards the 
cylinder. 



m 



THS OkB OF rtujctOM* 



PROBIiEM V. 

880. TVie Law of ttc F&tce being still supposed the 
same ; to determinie the Attraction of a Sphere OABGS, 
at any given Point H dbobe its Suiface. 




Let B S be perpendicular to £t G, and let H<B te 
drawn ; also put th^ radius AO =^a, OH = b, AH (b — a) 
=c, Hn=^, and Hfi— c+j?» then An=sy— c, G« 



rsSa— y+c, and coiMequently j^— cx2a— j^+c (= 
A n X G n=B n^^iB H2-t H n*)=rc+a:l* — j/^ : from 

tfhidi equtoon we get 5^ = ■ ^^^ * 

^^^±^^±^' (because a-hc=6;. Whttite flta^ «ii)« 



• Art. 3T5. 



1 Hn^ ^ , Sic ~|^ Scar + ^« SgxSflJ-^ \ 
1— *==%> X 1— "^ 



HB 



2i X c + X 



2ixc+x 



which multiplied by — r — = y gives ^^ ^ 

for the fluxion of the required force ; whereof the fluent 



IN DETEKMINING THE ATTRACTION OF BODIES^ 
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EJLSf^ Zfl will be the attraction of the s^m«it 

AB S^: which therefore, when B coincides with G and 

4pa* 



» is = 2a, becomes -^^- , 
attraction of the whole sphere. 



for the measure of the 

Q.E.I. 



COEOLLAKY I. 

881. Hence the attraction ^-^r} ^^ ^^® sur&oe 

of. the sphere, where A is = a, will be -^ ; and 

. o ■ ■ ' 

therefore is directly as the radius of the sphere. 

. COEOLLAET II. 

' 88S. Since -^— is known to express the content of 

a sphere whose radius is a ''^^ it is evident that the o^-* Art.l4& 

(4pa'x 
""ajLi) ^f ^^y sphere is, umver sally , as its 

I qiujundiUi of matter directly , and the square of the dis* 
tanice from its center inverHfy ; and £9, moreover, the 
very same as it would ie, was^l the matter in the sphere 
to be united in a point at the center^ 

COEOLLAET IIL 

883. If instead of a corpuscle, or a single particle ^ 
of matter, at H, we suppo^ another sphere, having its 
center at H : then, since the two spheres, at O and 
H, act upon each other, with the very same forces as 
. if e^ch mass was contracted into its center,- it follows 
that the absolute force with which two spherical holies 
tend towards <ach other ^ is as the product of Aeir 
masses directly y and4he square of the distance of their 

VOL. ii.*^ ■ N 



ils 



THE &5E OF FLUXIOKS 



t I 



efiiUrs invmd^ : and therefore^ if the masses are^niv^^ 
will be barely as the square of the distance. 



PROBLEM VI. 

S84. To dttermint the same as in the last Problem^ the 
Fwru of each PartUk being as any Power (h) of the 
Distance. 



Let H B = ^9 and let every thing else remain as 
a£ove ; then we shall have y = ^-= — ^•- — =■ dt + 

g (by putting d= — ^^^ and consequently y = -j • 
Now the attraction of all the particles in the circular 
surface BS, is as ^ x H n x H B"+' -^H ff^^ (by 
_ 2p 



Art. 376) = — f= X w-+' - tr+« : which, multi- 

plied'by #, gives -^ x a?""*"'j<y— jT+'y for the fliixi«si 

ixf the required force: which, because yy is i^ 

m . ' X XX axx X X ,-. 1*1 . 1 1 

^^y"^^"*" iP' likewise be expressed 



by --^ X — r — I- -^rr- — y'^'^y •* whcrcof the fluent 



n+1 



2&« 



X r: 



dar^' 



ai^+s 



y 



^ 



n +S ' 



n+8xfr n+5xS6^ 

which, when B coincides with A, or x:=y:=zc, wiIH)9= 



dc^^ 



^5+r 



+ : 






« +1 iTpS x i n-F6 x«6^ » + 8 



but, vhen 



IN DETEEMIlfWif^ WW AjTWACIffW OF l^ODIES. (!^7^ 

n+1 »+3 X h n-^'5x2b^ **+'^ 
therefore the difference of these two, which is =s 

w + 5}<2&d^- gftg — n + 3 xc^ _ 
n + 8 X n+5 x 26' "" 



,«+3 

X 



1 + » X aft — c« X 2p/"+^ 4- 5+» x dfe+c«x2pc*+* 



*-— +, 



n + lxn+8xii + 5x6* 

(hecause/=a+ft, mi Mb = c« + Sac) will be the at- 
traction of the whole sphere. Q. E. L 

COBOLLABY. 

385. Hence^ the attraction at the surface of 

2p 



the sphere (where c = 0) will be 



» + 1 



. . * 

jppsitive) will he = — ^ ' "" ^ ' "^^^ otherwise, in- 



PJIABLSM Vrll. 

dense Matter, comprized bv two equal tmd similar elliptic 



'}etigil»»tJlSS»EA0nd^ikMeA, mcKmiI to. adh tiJur.at 
the etfj^mcurVeftex A, of either their first or second Axesy 

lin^onindi^imJtdif snim e^ng^ :B Ab:; 1^9 detemii^ai^ 
AHrueHum 4hfireof aPthe Point A, supposing the Force of 

AmtdttPatHok^lMatkriohii^ of t^;jDp- 

n2 



m 



■tM u«Mfr or whvxwau- ■ ' 

887. To deUrmme the 4^traawn (» (Ujii I^iU <Xw ih 
Surface of a given Spheroid A P E S. * 
' . . ... • ' • 

!Cet Q R £ be perpendicular to da axiB P S of tfib 
spheroid, and Q 1* perpendicular to the tangtot F/*of the 

EneraitiHg^ ellipsis at.Qr meeting P S in T : moreover, 
; Q'a H ^ be a section of the spheroid hy a plane per- 
pendicular ^ith|it of the ellipsis APES, aiid through any 
point r,>, in the axis thereof, draw CBc and rL parallel 
to A E and PS': and mttke the absdissa Qrzssx, its cor- 
responding semi-ordinate ra (or rb) =s y^ Q^R sz a, 

P F_ 




and R T = &; also let the sine (N 6) of the angle 
HQD (to ther«diu8 NQ=1) =z p^ its^co-sine QG 
»{, and the ratio of O A- to 0P% as any given 
quantity h to unity. Now,, by reason of the simSsur 
triaftgl^ QrL s^d QN G, we have rL (B,R) =./*> 
and QL = qx^ and therefore Br- (RL). 5*; gjr,-r «• 
also, from the nature of the* eflipsis', AO^';PO* 

(A:l) :: RT (6):0R= j: likewise a O^ : P0« 



] 



IN DETERMINING THE ATTRACTION OF BODIES. 

(A : 1) : : QB' : op'-or* ; and P0« : ao« (i : A) 
::o p«^- OB* : bc = h xop^- pp* = a x 

OP*-OB-hRB7=Ax C>i^-0ll»-2Ollk ttB-ftB^ 
=$il»+4x-20RxRB— EB^ because (hyOie&aier 

proportion) QR^sA x OP^-OJl*: whence, by the pro- 
perty of the circle. Cad/, we get^ (= BC«-Br»)= QR*- 

Br« - A X 20K x RB -f RB« = a»-jl?r;jT« — A x 
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j^ X px + fx^ =^ aq - bp X 2x ^ q" + hp^ X x«:, 
which equation, by mating 1 + S = A, becomes^ £= 

ay ■^ipxar--g«4-ji2 + 5^?XJ?«==a^---^j»xav--x* — 
i^i^«* (because f+p^=zl=zQ N^ : which being only 
of twodimensions, the curve QaHiy whereto it b^ongs, 
h an dlipsis. 

The equation of the curve QaUb behig now ob-- 
tained, let its axis Q H be supposed to revolve abput Q„ 
is a center ((he plane of the curve being always perpen- 
dicular to that of the ellipsis APES) and let the fluxion 
of the arch MN (expressing the angle described from 
the time the said axis -begins its motion at the position 

A L D) be denoted by A : then, it is evident from 
the preceding problem, that ^ _ ^p x 2 J x 

» ^.4^Bp* g^u6^^p4 .,, , , ^ . 

8 STB 3 5 7 fluxion 

of the attraction of the corresponding part D Q H of 
the solid, upon a corpuscle at Q, considered as acting 
m the durection H Q (which expression k found, by 

barely writing 2aa-%, i, and Bp\ in the said pro- 
Wem, for/, d, arid g, respectivay). 
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THE USE OF FLVXIOXS 



fienoe, by the resolution of forces, the fluxion of 
the attraction^ in the directions QB and Qtv (per- 
pendicular to Q R) will be truly exhibited by iaq — S6p 



X ftJq X g — 






^^f^^^^^P^ S^-rf-^ 8.5,7 ^ 

Let now another riaoe Q A be supposed to revolve 
about .the point Q, the contrary way to the former, from 
Q D towards Qf; a^d let (ng) the sine of the ande 
R Q A be denoted by P, and its co-sine (Q g) by Q ; 
then the fluxion pf the attraction of the part D Q A, 
in the foresaid directions Q R and Q to (by writing — P 
instead of p, and Q instead of q). will appear to be 



2 



and 2aQ + ftbP x — 2iPx(|- - I ^ + 

Ac.) Which being added to those of 



3.5-7 



the former part, in the same directions, and ~ and 

• ■ 

P . 

Art 149.^ respectively substituted instead ot Ay* we have 

2.4B 



S 



4aiiito-g- X8P + QP— -^-^ x«p!p + QP«P 



&c. 



4 46 into -5 x PP—pp^ -^ x P^P^ffiu. 



8 



And 



8.5 



2.4iB 



4omto - X pp^PP- -^-g- X p^p- P*P &c 

jr. 2 P*P.P'P ^'*S P*P P*J* t. 
-« "*« 3 '^ 7+-Q - "875 ^ 7 +-Q- **^ 



IN DETEBMIinMG THE ATTRACTIOH qF BODIEfll \8S 

tot the fluxion of the attraction of both parts together 
in the foresaid directions: whereof the fluents, when 
N coincides with F, and n with f, will be the attrac- 
tion of the whole spheroid in those directions. But 
now in order to determine these fluents with as little 
trouble as possible, let m be assumed to denote any' 

.^.u p«.» .-„ , ^ .i» W or 4- „ 



Jf~t * '^ ** universaUy = ^ ^ (P 



,9m— 1 






H — 'o'a'^' q " — X the arch (MN) whose sine 
* X.4. a. • .SSm . 

• * 

is »':* and that of ^ ^ or , (in the* Art. 996. 

9ame manner) = -^ x^ P^' + feTTg ^ ^*^ 

V 

&c. + ' / a*'\ — ^^ X arch (Mn J whose sine 

%• 4. D. • • % 111 

is P. But when N coincides with F, and n with /, 
the sines p and P, of the arches M F and Mfi be- 
coming equal, and (the co-sine) Q s= — (co-sine) q. 



*9* 



it is evident that the sum of the fluents ,of ^^ and 

9 



— •, will, in that case, be trtily exhibited by 

1.8.5. . . .2m — 1 ^ p 1. 3. S. ... 2 m — 1 
ie.4.6... 8m '*"" ■*" 2.4.6... 2m '^ 

M/, or its equ.1 ^-f-^ ' ' ••^"" ^ x FM/; be- 



cause, then all the rest of the tennsr (^j reason p£ the 
^ual quantitiea P, f and Q, —q). destroy one anothexi 
AiTter the iianoe manner the sum of the fluents of 

qp^p and QP^P, in the foresaid' circumstance, will 



• Art. «97. appear tobe=: ^ ^ ^, ^ x FM/!* 

NoWj to apply this to the matter in hand^ let the 
exponent of jd, in any term of either of the above 
found fluxions, be, universally, expressed by n ; tlien 
the iiumerd oo-efficient (aniieoted tb Kj will, be defined 



•■ • 



by ' ' " * ■ ^ , md thp variable euantities 

multiplied therebj^, in the first line 'of the former 

fluxion, will be qp^'p 4- Q P^P. : therefore 

. 2*4.6.. ."Sn+T 



' I ' * 



nend term (from whence, if n be ejsipojxniied by 1^ 
2, 3f &c. flueeessively, that whole line will be prp- 

-dueed). But tfee fJi^ent of qp^p + QP^P, in thp 
circumstance above specified (putting mzszn^ and F M/ 

,• ^ t 1.3*6.T. .*2n— i , 

= « ), appears to be = — -— — ■ — ^ x k: 



which therefore muUipKed* by '\ S' ^ ' ^ 



•^•^■■*«M*> 



-X JB", gives — =d== X ' — •- 

' ^. 2.4.6.8.. .2« + 2 8.5...2« + 3 

JB" Jfe 
X i?"A:=t ====^~==== , for the true fluent, of the 
2n+lx2n+3' 

said general teiin : . which, if. » be expdunded. by 



IN SE^ERMINXirO tUM} JUtPSmACTiOH: OF BODIES. Ififft 

0, 1, S, 9 &c.. successively, will beoome equal to ^-^ ;* 

Bk B^k B^k 

O" fT' 7^ ^' '^^^^^"^'^b^ » ^ therefoM the 

r 

fluent..^ the whole line (drawn into the general 

(1 B B^ 

1.3 8.5 6. 7 

fr-^ &c.) But now, for the .fluettt of the second 

.•'■•... . . ■ 2 '- 

liha: tUs^, it is plain, will he'== 46 into -3-- x 

fl^^^^flTI^&c. W«ich, in tiie for^ 

said circumstance, when P.= p, entirely .vanishes. 
Therefore it appears, that the attraction of the whoU 
Spheroid, in the direction Q R, is truly expressed by 

A 7 .1 B , B* B^ . I 

4aAr X -^-^ >» + — — ' • or its equal 

J. 3 8.6 5.7 7.9 "^ *^ *^ 

"i — 5 — 'W 

After the same maimer the fluent of the first line, 
in the* latter of our two fluxions, will be found to 

vanish: aod * ■ " "•*• . , x jB" x (- — ^ + 

1.9.5. ..2n + 3 V q 

— jr — J will be .a general term to the second line. 
Whereof the fluent, (by expounding ^m by 2n + 2) 

- , ... 2.4.6 2n+2 

appears, from above, to be = x 

^*^ 3.5.7.. ..2«+3 

ji..--.l,^3.5..,;f2i?^4^1 B^c ^' . 

3^« X ■ ■ ■ — ' ' ' Tfc A • ' vU : whSch, when 
».4v6... 31I4-.8 *^^+.f 
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n is interpreted by 0, 1, 2, 8, &c. successively, comes 

k Bk B^k 
out equal to •3-, — r-, -i=— &c. respectively : there- 
fere the attraction of the spheroid^ in the diiection 

1 5 B* ^ 

Q tr, is exhibited by— 4ftfc x -^ r+"7^"*'rQ" 

&c. and consequently, that in the. opposite direction 
Qr,l,y.4iAxi-|+^--|^&c=4fcx(i._ 



d 



9 



jB B 



3 
1 £ 



|+^&c)xRT = 4fcxl + 5x(i-3+ 



B 



:^ &c.) X O ^ (because 1 + B x OR = RT). 

7 

Fima which and the force in the direction QR 
(Jbund above) not only the directiiim of the absolute 




attraction, but that attraction, itself will be known : 
Ibr, let R I be taken to Q R, as the fosrce in the dk 
rection Q c to that in the diiiectioB Q R; and Ihen, by 



J 



IN DETE&MIKXHG THS ATT»ikCTION OF BODIES. 1^ 

the composition, of forces, QT mSX be die direction of 
the attraction, or the line in which a^ corpusde at- Q 
tends to descend : and the attraction itself, in that di- 
rection (bemg to diat in Q R, as Q I to Q R) will (le 



defined by 4i x .r-x — ^-^ + T-i, &c. x Q I ; 
•^ l.S S.6 6.7 

which, since 4 A: is constant, will aho be as y^^ ^— 



COBOLLAET. 



888. ^inoe, by construction, R I : Q R : : 1+Bx 

fTfT^ri^ &C. X OR: (1, _ ^ 

8 6 T 9 \1.8 8.5 

+ ^ &c.) X Q R, it follows that ^ _ ^+ 



^ &c: 1 + J? X ^ -f+^ &C- :: RO:Ri; 

whence (by Divisian) jL _ ^ + ^^ &, ; || 

- IPJ + 7:9&c.::OR(:-g-):OI; and 

1 B B« ^ o / 1 

Hence it appears that the direction QI, of the 
absolute Attraction^ dimde» the part of the axit 
OT, intercepted' by the center and normal^ in a 
given ratio : and that the attraction iUdf (being de- 



V9fs n»B mf 9t,vysimn 



1 H^ — rp " : \ 

• « ■ • ■ . 

,,^ tl^ 8fLii linfi of d^rfioHoff Q L 



SOHOLIXTM. • 

' l^r' ifltIioit|^ the fmiegofng' tohchi^tms' ar^ ex- 
hibited by infinite series, yet the sums of those se- 
ri^ ^ ^licaUe by means of the orchcc^ it circle.. 

Thus, let the series q "" "F "*" "7" *^* (which is 

one of the two original ones above found) be ip>\xt=iS, 
mIkSl ,let "B^iAt^A then' bjr tiiibrtHuAi^i^ attdimHUiiitying 

I? i? 
flie whole equation by t\^ we shall <have -» — -^f^r 

f ^ t^ t^ i' 

B ^. = je' S, and consequently * — § 4^ — » 

&c. == t -^ t^ S: where, the former part of the equa- 
tion is known to espress the arch of a circle, woose 

* Art 149. tangent is t (B )' and radius unity:* wherefore, 
ipiitting. that arch «= A^ w^ haTe.il = t — t^Sy and 

consequently *y ;s5 — j- = ^ — ^ +-=- &c. 

Moreover, stnee it appear^ that . 

JB B« B' , / '* " Srs" 6.7 "^ 7.9 

(wh^e the sum of "o^— T "^ ^ *^^ ^ idready 
i^nd 35 \ ■ '^4^ X B = -^^^ , and . where that 
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B B^ 

of.-T- -rT+'r=r &c. by the same method will come 



» • ' 



outs r; — - — ) It IS evident tha^ ^-~ —_ 



) 



+ 7. 9 ~ ^"-i^ - 



3.5 



6.7 



< 



3 









';\^n4 conseque^tl]^ =-g — 



o+o *^ <H.* - T ^^ ) 



^ 



Ax\+P—t 
2<» 



wlli^ 'is the 'value of the other 



:oai|^aljd. anJM foimd ikbove : . . Jfijoia. idiiwiQe -that of 
8 



+ .=r<; will .also he had « 



5;.7 ', •7.'9 



^1 — — • 

Henee, if 
t '^ A , 1 B JB^ JB^v , 






i\^d 



•v. 



— W" ^^515^5?^ +^^^>=''^ 

it is evident ,that 6 T wiU be to I, in the constant 
ntox^p(,g,U}hii aud that the i^c^ in the directions 
Q I, QK, and Qc, will be asg'xQIy ^xQAy and/^ 



«di 



let 
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PROBLEM IX. 

890. To determine the Attraction at am Point D within 
a given Spheroid O A P E S. 




Let Oape^ be aonotker spheroid, oonoeDtric with, and 
similar to, the given one ; whose surfiioe D e M &e. 
passes through the given point D ; also let F "Df asoi 
iIDA be taken as two opposite, indefinitelj slender, Cones 
(or Pyramids) conoeiyed to be formed bj drawiiig inne- 
memble lines H D F, A t)/* &c. through dlie comiiioQ 
vertex D which Cones (or Pyramid), having the 
same angle, may be considered as similar ; and so their 
Art.37aforoes, atD, willbeas ihe altitudes DFandDH.** 
and, therefore, the excess of the former, above the 
latter, or the force whereby a corpuscle at D, tends 
. towards F, through the contra^ action of the two ep- 
posite cones,. will be as DF— DH, or as DM ; h&xase 
{by the property of the Ellipsis) MF is, in all positions^ 
equal to DH. 

Hence it appears that the parts of matter F M n^f 
and HDA, without the Spheroid apes (acting equally^ 
in contrary directi(ms) can have no effdct at D: 
and this, being every where the case, the whole, effi- 
cacious, force at D must therefore be that of the 
Spheroid O a De«. 

Hence, if the ratio of Oa« to Op* (or of 0A« to pP*> 
be denoted by that of 1 + J3 to 1 , as in the last ProUem)^ 



1 



in iyET£jaiciia»a ths atteactioh of bodies. 

H Mkm$^ tmfi t(hence, ihat the iMttnielaDD ai D, ki the 
dire^Dtaotts X>M and DN (p^qNipdiettUr to-PS mi. A£i 

see the nextfg.) will be expounded by =— ^ — o-^+T^ 



IM 



ftcxDSf, aadl + J9x 



i — F 



3 



-75"^ 



.7 



1! 

9 



ftc X DN re^eetively, or by their eg[uals|;' x DM 

and jf X r+lBf X DN : where the values o( f and g are 
iSb» some aa gii^«ii in the preceding artid& 

COEOLLAUY. 

891* Hence the force wherewith a corpuscle, any 
where within a given sphesoid, is attracted, eith^, 
towards the axis, or the plane of its equator, i$ direetly 
99 4ie dktaMe therefinnn, 

PROBLEM. X. 

39S* Supposing every Particle of Matter in a Spheroid 
40^Jmea Tenden^ t0 reeedet bothy from the jtotist P S, 
mifrmm the Pirns of tUgreatsst Cmlq, fy Means «jf 
Forces thoJ^ oxe as the Distances from the scM Axisy and 
Phne respe<;fwely ; tojind the Direction D I wherdn a 
CorpusdCy at any Pomt D, tends to move through the 
AtAm of ike %M Fontses mti the^ Attraction^ tw^mtly ^ 
ni Vkemmt lie wiok wmfmmi Fmtse ' ^ 

Let DM iand DN 
be perpendicnkr to 
PSand AB, and let 
the fftven ^rees^ in 
the £reetioir ei tiiese 
lines \^ inocpeBCKirt or 
the attraction) be ex- 
pessedbjfm x DM and 
» X D N respectively. 
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Therefore, since (by the hist Problem) the force 
of attraction in the said directions is defined hygx DM 



and / X 1 + ^ X D N, the whole resulting forces 



will be truly denoted by g—m x DM, andjf x i +-B—n 
X D N : whence (by the composition of forces) it 

willbe,ff-in: / x T+B^n : : DN(OM):MI; 

whence toe point I is given. 

AlsoDM : DI : : g^m X D M (the force in the 
direction DM) : g—m x DI, the force in DI. Q,E.L 



PROBLEM XL 

393. Every thing being supposed as in the preceding 
Problems^ it is required to determine the Force of all the 
Particles in the Line (or Column) Q D O tending to the 
Center O of the Spheroid. 

Let I H be perpendicular to QO produced Csee the 
last Fig') then tile absolute force, in the direction D I, 

being g:— m x D I, that in the direction D H, ^hereby 
a corpuscle at D is urged towards the center, will be 

E-^m X DH. Let how O D (considered ai^ variable) 
denoted by x ; then because the ratio of OM to MI 

is given (being every where as g-^m to jTx 1 + B^n^ 
by the precedent) and the triangles ODM and lOH are 
similar, it follows that the ratio of O D to H will be 

S'ven, or constant; and consequently that of D H to 
H, likewise : let therefore this ratio of, D H to O H 
be expressed by that of r tosy and we shall Imve DH=: 



rx 



— , and consequently (g- — m x D H) .the force at D, 



rx 



equal to g* — m x — : which therefore being multi- 

9 
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. t 

plied by Xy and the fluent taken, there comes out 
jjr-mxrr^g->m ^ jj q x D H, for the whole 

force of the line or column O D at the center. 

Q- E. L 

CoROLIiA&Y. 

394. If the given forces m and n be such that the 
ratio of' O M to M I (which is found to be uniyersally 



as g—m to fx 1 + B— w> may become as 1 : 1-l-B 
(ot„aspO^ : aO^) it' is evident (from the property of 
the ellipsis) that the line of direction D I will be al- 
ways perpendicular to the surface of the spheroid Oapes. 
In wnicn case O D x D H is also ( by the nature of 



the ellipsis ) = O a^ : and therefore the force ^ 



g -m 



9, 



xOD.x DH) of OD is = ^^x OaV: which, 

' 

when D coincides with Q, will become ^-^— x AO* ;^ 

and is, therefore, a constant quantity. 



Moreover, since in this case, g—fn\fx 1 + B— » 

: : 1 : l + jB (by hypothesis) we have m — ~ = g 

"— f: which equation^ if w be taken = 0, , gives 

but, if m be itaken =s 0, it will then give «s= r-1 + B 

4 2B 4^2 6B^ 



x«r ~/=-l + 5xg7g.-^+^ &c. Where, 

^=£ , and ,A = the arch whose tangent is f, itnd 
radius unity. 

' o2 



106. 
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PROP. XII. 

895. Ifamoblaic SphenndOA^l^^viiera^ 
Square i^tkt EquatorecU Diameter AE, is to that of 
Axis PS, in ai^ gioen Ratio ofl -^ B tot, 
about UeAxisj insucha Time, thai the centrifiigal Force, 
at the Equator A, is to the Attraction at the Surface of 

a Sphere whose Radius is O A, tit the Ratio of -^-^ — 



ParOcte^of I&ft4%iieirai4 triil^ iii,BquiIib|ip } tt> lA^ 
tA<mi rtfi Cohesumqfihs^ JfartA mas to^oegs^, Ih Figmf^ 
i$$el^wmdd remam ^mehsuis^ 



1 *f 


o 


//} ]a\ 


Vr 


H< 


(yj 


X 




_-«< 



For, the a^tr^ctwyn qT ^f^qplM^i^^ ^ Ax ^uiflf *- 

TP 2 — W 

AO 
& k evidc^ (bjr ooneeudqf^ B: s^t 0) ihf^ -s^ njlL n- 

preBenl tlie attraction at the suriaea oC the sfbfit^ 
TadiuB isr A Q : wb^o^ (by hypothen) the 



ooitnfttgal ftfoa at^ A (putting *^ = 4re'^57'^ 
— g &e.) will be truly defined by m x AQ ; aip^c^ 
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ae^nendy lliat^ at «iqr ^^thot foint D)^ %j fa k DM (br, 
t&qfee the eentnfiigal forMS 6i bodies tkfCii&M^ une^uil 
eitdes, in equal trades, are kaewn to^ be ^leetlj as 
the radii).* Hence,' and from the Corollair to the last*, ah. 91% 
t^tbblem, it appears that the direction of gravitation 
D I is always perpendicular to the surface apes ; and 
that the force of all the particles in the line (or ean^) . 
OD or Oiis towttdfi ^ eaiter O^ will tMiniinue iih 
variable, take the point Q in what part of the atch 
A I^,£ ylhi will : ft^A Whidh kst eohsidehttl^n^ it i()t 
lows that the foree^ vr f^^sure of every canal QO, 
at the oefrter O (considefing Ae body in a fluid state) 
will be the same : whence (by the principles of hy- 
drostatics) a corpuscle at D has no tendency to move, 
either tray, in the linfe OQ: and therefore, as it 
hath no tendency to move in the direction at the sur- 
fiMRi Dpe {the giiavitatiRin bsifi^ ^rpendiouiar \kme^) 
it IB evKlcQt, from ^^ahaniosy that bo n^otioa at atl OiA 
tenie, in any direction. Q. E. IX* 

COEOLLAHV \. 

A^i. r,' 2-B 4iB« 6* ^ 

896. Smce m is = ^-= — •=-=- + 1^-7? «c. the 

0*0 «♦ 7 ?• y 

gravitiition (^ — 9»i X D I ) at aiiy poitit D in the 

^ — W — 2^ — ^ 

spheroid will there&re be as ^-^'*-+*v&c. 
xD I = ?^xDI (see Art. 389). 

If 

COEOLLABY II. 

S97« If the time of revolution be given =^7, si)aA 
q be put to denote the tiihe wherein a (solid) sphere, 
ii the satne density with the s^eimd, must reVeke ; 
so that the centrifugal force, at the m^uator thereof, 
may be eqtial t6 the gravity : ihei^ al this last time 
S8 KBotm to 4oiitinue flie sand, f^atevtr the magftitude . . ^ 
of that sphere is ;f and the centrifugal fbrees^ m •qual'^'^jgi 
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cirdes, are also known to be inversely as the squares 
of the periodic times — it follows, that p^ : ^ * : :^ A O 
(the attraction, or oentriiiigal force, respecting the 

sphere O A> revolving m the time q) . / ^—z — ^ - ■ 

1^ &c.) X A O, the centrifugal force of the 

spheroid at A, revolving in the time p. From which 

o« 2B 4J9« 6B' p 

proportion wc get ^^=_-_^^g- &c. = 



+ t« x^ J? (Art. 394). Whence, by help of the 



trigonometrical-canon, the value of f ( = £ ) and, 
consequently, the' ratio of the two principal diameters, 
will be found ; so that all the parts of the spheroid 

may remain in equiltbrto. But, when ^^ is small, 
the solution by an infinite series is preferable : for, then 
the series ^-^- -^ &,c. (=^^^ converging suf- 
ficiently swift, we shall, by the reversion thereof, find 
^^1^ 25_x 6g.^l25x3g2 Ac. In wHich 

case the ratio of the equatoreal diameter to the axis, 
if we take only the first term of the series, will be, as 

Which, if ^ = 289, or the centrifugal force at 



v/ 



q' 



the equator be to the gravity as 1 to 289 (that being 
Art. 21 7. the proportion at the equator of the earth)* will come 
out as 231 to 230. 






IN BETEEMININa T^S ATtKACTlON OF BODIES. 199 



COEOLLAEY III. 



398. Because, §2 — — — , the Jatter part of 

our foregoing equation will be equal to nothing, both 
when t is nothing and infinite, it is evident tnat the 
value thereof cannot, in any intermediate ctreumstasiee 
of f, exceed a certain assi^able quantity. 

Wherefore, to determine this limit of the value of 

~ (beyond which the problem becomes impossibly) 
let the fluxion of -^ , or its double 



+ 4* X -^ 3 

-J "" ^T ''^ taken and put = 0, and you wiU 



have - 9 -h f« x -4< + 3^ + <^ x ^ + 6« = 0: 

t 
whidi, because A = = -* will be reduced to 9** Art. 142. 

+ 7/* — 1 + «2 X 9 -h <^ X -4 = ; where t is found 
= 2,5^93, from whence the corresponding values of 

l/r+F, and ^ come out = 2,7198, and 0,5805 

P 
^. respectively. Hence it appears that it is impos- 
sible for the parts of the spheroid, in a fluid state, to 
continue at rest among themselves, when the time of 

revolution is so great that ^ exceeds 0,580S &c. 

And that, of all the sjdieroids which can be assumed by 
a fluid revolving about an axis, that whose equatoteal 
diame;ter is to its axis as 2,7(98. to unity, will per- 
form its revolutions in the shortest time. 

Thus, for example, if a (solid) sphere of the same 
common density with the earth was to revolve about 
its axis in the time of 84 | minutes, the centrifugal 



finoe at the equator thereof veuld, it is known, he 
• Art. «T.e,„J to the gravity- therefore, by taking^ (= i) 

s 0,6805 &c. The time p will come out = 

M fl M 

146 or 2 86. Which time is the least, possible^ 
wherdn a fluid* «f the same comnxm drasitjr with the 
ei|rth, can revolve, so as to preserve its spheroidal figun. 
And this holds universally, let the magnitude or the 
bodj, or fluid, be what it will. 

CoaoLLART IV. 

S99. Hence also may be determined the spheroid, 
which a spherical body (of ice or any oiiixes nkatter) 
wvolving in a ^ven time #^ will cMve^ to, when re- 
duced to a fluid state. 

For, since the momenta of rotation, in equal spheres 
* and .roheroids, are to one another, in a ratio com- 
pounded of . the direct ratio of their equatoreal dia- 
metccs, and the inrane ratio of the mms of their 
rotation, it fellows, if il be put s= the diameter of 
the given sphere, and E %: the equatoreal diameter of 

d J? 
die required spheroid, that — ss ~ (because the quan- 

tity of motion about the axis is not affected by the 
Mtoitm qI the pnrtidai one upon another, whak ^ 
figure of the flnid is changing). Moreover, sinoe 
the maases of the sphefe and spheroid are also eqosl te 
each other (by hypothesis) we have (P (= AE* x FS)=s 

t: from which two equations, exterminating 

fTF)* 

d, there arises |>=l+e*i xs^ fat the time of icvoltt- 
tion of the required spheroid: whence^ by sub- 

stitutbg this Value of p in the general equation ^^ 



J 



2N BSTXBMiimift TfltH A¥TEA«Tt<KII OF BODIES* Wl 



^t.f^^""?^ i fiiom the fdtttkm of which the ynlw^ ^ 

li «iid the spheroid iitdf will be given. 

But, siiiee the talise ef the ktter part ef the equ*» 
tion can sever ejoeeod a certain aangnable quantity^ the 
matter proposed can therefore be only possible under 
certain limitations : in order to determme these limi- 
tations^ let the fluxion of TTl^^.x ilfiidLzi? 

be taken and jfut = 0^ and it will be found that 

i* + M«e 4- S7 X j< — 16l' - «7e =» 0: whenee * 
eomcfi Mt sBs Tfi, nad the cotvespondiiig vtdue of 

2 sr 0,927, nearly. 

Henoe the parts of the fluid cannot possibly come 
l# m ofoilihrium ttoong theoMelvet,^ mui the time 



« is less than ^r^Ly but will continue to seeede from 
the axis, m iK^mJtum. 

If o be tilea t± 84^T (as in the exMople to tlie 
preceding^ corollary, s will be equal 91* = 1* : SI?. 
From wmch it appears, that if the earth (or a sphericsl 
body of dlie same S^isity) was to revolve about its 
axis in less than 1^ : 81% and in the me&n, time be 
redueed to a state of fluidity, ilie parts thereof towatds 
the ejositor would aseisod, and continue to leoofe from 
Ae axis, in tt^nnitwni* 



COBOLLAET V. 

400. Sering the values of t and A are given when 
the spheroid is given, ' it follows that the gravitation 
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( — #i — ^ ^ ') ** ^y point in the surface of a 

spheroid, whereof the parts are kept in equilibriOf hf 
tneir rotation about the axis, will be accurately as a 
perpendicular to the surface at that point, continued 
to the axis of the figure. Therefore the gravitation 
at the equator is to that at either of the poles, -as the 
equatoreal diameter to the axis inversely* 

COROLLABY VI; 

401. But if the spheroid differs but little from a 
sphere, the excess of Q I above A O will (by the pro- 
perty of the iellipis) be nearly as O R^. Whence it 
am^ears that the increase of gravitation, in going from 
the equator to the pole, is as the square of the sine of 
latitude, nearly. 

CoBOLLAAir VII. 

402. Morieover, since the ratio of the equatoreal 
diameter to the axis is £)und, in this case, to be that^ 

* Art. 397. of 1 + 7^ to 1,* the excess of that diameter above the 

4p' 

axis will be to the axis as ~C to unity ; that is, as ^ 

4p' • .4 

of the centrifugal force at the equator to the mean 
force of gravity. Whence, as the centriftigal forces, 
in unequal cirdes, are universally as the radii directly, 
and the squares of the periodic times inversely, it fol- 
lows that the foresaid excess (in figures nearly spherical) 
will be as the radii directly, and as the density and the 
square of the time of rotation inversely : firom which 
proportions, the ratios of the greatest and least diameters 
of the planets may be inferred from each other ; sup- 
posing the times of their rotation about their axes to 
be known. 
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PROBLEM XIII. 

403. To determineahe Figure which a Fluid unll ac- 
quire when^ besides the mutual Gravitation of the Parts 
thereof it is attracted by another Body, so remote^ that 
all Lines drawn from it to the Surface of the Fluids may 
be taken as Parallels. 

Let OAPES be the 
proposed fluid, and let 
MPS and MQ7 be right- 
lines, drawn from the re- 
mote body M; whereof 
the former MPS passes 
through the center of gra- 
vity O : moreover, let 
the plane AE be perpen- 
dicular to the axis MOS ; 
and put NQ=a and OM 
(the distance of the re- 
mote body) sz d; also 
put the semi-diameter of 
the body (at M) = r, 
and let its density be to 
jthatofthefluidAPES, 
aa any quantity v to 
tmity. Then smce, according to the foregoing cal- 
culaticms, the attraction at the surface of a sphere (of 
a given density) is expressed by i of the radius, it fol- 
lows that the attraction of the body M, at its surface, 

Will be explicable hy ^ : and therefore, the force 
varying according to the square of the distance in- 
versely,* it will be d* (MN«) : r^ :: 




vr vr^ 



5 ' §52' ^«*^^^-382- 



attraction of JIf , at the distance M N : also 5^ * 
(M Q2) • r«- • ^ : ^' 



its attraction at the 



distaooe M Q. Whence the diflReraioe of these two, 

&a) w3l be as the foiee whereby a corpcuM^le at Q 
enoeavouri to recede from the ]plane A E : whidb he- 
eause (by hypothesis) d is very great in respect of a, 
will (by rejecting all the terms after the first) be ex- 

pressed by ^^ « a, or its equal --g^ X N Q. 

In the very same manner, die flMft whmiby a eor- 
pusde (at j, below the plan^ A% tdttds to rettsde 

therefintai, will be deBned by -5^ x Nf. 

Noi^ therefore, ^aang these forces are, ^vefy where, 
as lihe distances NQ, N^i from the phme A£, it appears 
Qpf Art. 893 and ^4) that the figote OAt'ES wUl b6 
a iEl|^hetoid^ whereof th^ equation, for the telatiob ctf 

its two principal diameters (putting n s= i^J UHsi 

flB 40" S? 



Che ratb of P S« to A^ is denoted by dut of 1 «• 
I^BJ* Henoe^ by xevekdig tiK seriea, wt hife B ss 

--^-^^ ftcandcoweqiieiitlyPS: AE::l: 



/ 



which, by restoring the value of n, beppmes P S ; A E 



IK OXVI^HtKIKG 9HE ATTBAeTMK 09 84M01ES. 



COBO&LABY. 



404. Beqau^ ^ expresses th^ sine of the apparent 

aenupdiameter af the bodj if (to. the radiua 1) aeao at 
thi! dislAPQ^ O Mx iti fw9W8) if the wd ^iaa he de- 

noted by c, that PS :.AE::l:l-^xc- and 

consequently, by division, PS : PS— AE: 1 1 : ^ x c*. 

Hence it appears^ that the Ibrpeni of the phinets, to 
prodace tides at the earth'^s sni&ce, are to one another 
«s theb d^mdjties, and the cuh^ of thoir appaxcsnt diame- 
ters oonjuBctiy. ^''or the dkies of small arcs are nearly 
a» like ares th<9msi^v««r) 



EXAMPLE. 

4QS. If c be takenssthe st^e of ICT (expressing the 
ttMn apfaraat tmni-diameter of the moon), and 9 » 

2 (the ratio oC hor dttuntji vith xisapect tg dmt af 

dM eardk) ciit last |n9f»r|iM will howoft P8 : PS— 
A£::l : 0,000000315 : whence if PS be taken m 
4S000000 feet, (the measure of the earth^s diameter) 
P S- AE will come out ^. 13:^^. 



SOS or PEOBI.BMS OB If AXIKIS. ET MIHUitt 



SECTION X. 

Of the Application of Fluxions to the Re- 
solution of such Kinds of Problems De 
Maximis £t Minimis, us depend upon 
a particular Curve^ whose Nature is to be 
determined. 

1 SHALL heffn this section with premising the fol- 
lowing useful 

THEOREM. 

406. If the relation of two JUnving quantities y and 
u be required ; so that, when the punt of jf'fk becomes 

equal to a given value^ that of l—L^=JLi may be a 
maximum or a minimum ; / say^ their relation rnust 

J- j[n « • g I • o 1 •■■• 

be such that -3? — !L__--— lJL.L may be^every where 
the samey or equal to a constant quantity. 

The demonstration hereof depends upon the subse- 
quent 

Lemma. 

407. If a« + ijS = Q, wherein « and & are inde- 
terminate, the value of -4 x «« ± |>«p + fi x ^ + P^^ 

A* 

will be a maximum or minimum^ when t ^ 

' a 

afi ± p»p* Bnd -7^ X ff' ± |?«|"^ are e^ual to each 






SE^I^NmNG U^OK A PARTICULAR ClfRVK. 5MF7 

bthar. For, by taking the ifluxions of both expres- 
sioiis we. have a« + ft^ = 0, and ^Aaa x «« + ;?«]""' 

+2nBe0 X ff' ± p^ p' = 0: from whence, « and 
e being extenninated, there results — x a^±p'^\ ""* 

Hence, if a« + i/5 + cy + di &c. =s Q (where 
«»Ay, 5, &c, are indeterminate) it follows that 

' ^ X «* ± p2^" + fi X i82±7^" + c X ■^;^T^ 

+ X> X ^ ± I?*]" Ac. will be a maximum or mi- 
nimumy when all the quantities — x «* ± P^1*~V 

-Y X e* ± !>«]""' , — X V±^^' &c. arev equal 

to each other. For that expression is a maximum (or 
minimum) when it cannot Be increased, or decreased 
by altering the values of the indeterminate quantities 
involved therein ; but it may be increased, or decreased 
by altering only two of them (as a and g) whilst the 

rest remain unchanged; unless — '■• x ^*±~p^"~* and 



-^ X S^±p'^ are equal to each other. (This is 

proved above). Therefore, when A x »^±p^* -f jB x 
^^Tp1"+ C X y«±l>«p' + &c. is a maximum or 

Waitnttim, the quantities — x «^"±p^"^* and — 

X 52±p2]""* cannot be unequal: and, by the very 
same argument, no other two of the quiyitities above 
specified can be unequal. 



or nosLBMs m maximh b> mvucM 
If, in tbe lig^Jme F R, dioe 1m n 
NN E >, i4n 3b |9, Ac and upon t>M», m hun, 

L / H 



Rctani^Iw ^ K, 1*^ & be wppoeed^ vhose altitudn N E, 

NK tot ore denoted by a, &, c, d, ft& it is vndeDttbit 
ai+fi^+cy+tfS ftc. ( = Q) wiU be expressed br die 
smn of all the ssid lectangles, or the wbde •patjgpa 

MoreoTer, l^ in the nght-Uoe PL ^teipendicuhr 

to PR) tbmbetabuMliliTiil^&a. eaoh eaptX to 

pi and, UfKUk these equal bases, rectangles M V, M V 
Ac. fte eonstitutedf whose al titudes aro Seuatii I7 



&c it is likewise 



£ffi,i,x?li|V. 



phin 1S.I Ihe vJue of ** "'1^ ''J + ijL^±£± 
+ iJsSa mU b. troly repremilrf V *• 



I 4 



^iMit pdygQli M A» Whkk polyg^m (as ]p ill Ml- 

-** ±JP*| + -B X /S^ ± y^ + &tt. is a iiuuniitian or 
ihintmum ; that is, trben all the quantities — x 

•Z:^ll\ ^ K SBn Ae. «« equal to ' 
eadi other (a9 has been prored above), . 

Let iww, Ay jB, C^ l)f &el be expounded. l)y any 

Sowers (MP'j Ml?', ]ViP^, &d) <^ tile ^etpeoiire 
istances from a given point P ; and let^ at the same 
lime, the oorresponding values of a> ^, c, d, &c be 

interpreted by any other proposed powers M P*, lif P*j 

M P" &e. of th6 same given distatioes : then the 
area of the polygon N / will be eicpressed by M P*" x • 

•f JfP*Xi^+lfrP* X y &fc. (=e>,- and that of the 
polygon MA, by M P x'^gl -f JiP-x^lJ^" 

^HLF- X 5^3" + 4c. And thelbr^d eqiial 

4tt«itiiied^K?:sii:, ^,,zzBr'&c. 



will become MP— x JtJLZEELl, jip 



^-L — _=Jl_L^, &c. respectively. 

N^QW let the number of the rectat^& be ^pposad 
indefinitely great, and tbehr breadths indefinitely small^ 
VOL, n. i» 



no OF nOHSVS DX MMXtmiB ET MJimfl* 

ao that the area of eacb of the two pofygons N / «td 
M A may be taken for that.of its cbcumscribiiDg curve ; 
moreover, let u and y be put to represent the distances 
of anj two oorresponainc ordinates E F and G I from 
the given point P ; and let y be every where expressed 

hyp (=MM=sMM=&c). Then, u being a general 

value for any of Che quantities «, $, y, l^ &c. (or N ^, 

"N M &c.^ it follows ; first, that the fluxion of the 
area of the curve N EF K (the ordinate being, every 
where, =: y") will be truly defined by y"w ; secondly > 
that the fluxion of the area M G I V (by substi- 
tttting yy Uf and y instead of their equals) will be 

yj<_^_±JM_. auj^ lastly, that the value of each 



of the equal quantities, M P"^ ,x 



P 



Bi P"^ X 5 ^ ^ — ^ — ^, &c. above specified, wiB 



be exiHfcssed by -^^ ^ "^ .^ ^' ^ ^^^ . WhenceOc 



Theorem is mantfest. 



ye-i 



408. If IF and S be assumed to denote any functions 
of ^ (that is, any two quantities expressed* in terms of 
y and given co-CTcients) ; then, in order to have the 



fluent ct S X — ttj. ' ■ a maximum or mmnmisi, 
when that of SUf becomes equal to a given value, it is 

* requisite that -p- x ^ ^^l should be a constant 



Juantity: this, also,^is evident from the preqeding^^ 
emonstration ; and mar be of use when tne^ abovo 
premised theorem is not sufficiently generak 
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PROBLEM I. 

409. To deter mint the Nature of the Curve A C E ; ^e 
that the JLmgthof the Arch A £ being given, the Area 
ABE shall be a maximuip. . ^ . 



Calling (as usdal) the ab- 
scissa A I), jt; the ordinate 
DC, y; and the ar^ch ACi, 

z^ we hate^jp ^-\^i^ — y^;* 
and therefore yi •{• = ^ x 
i? — y^l* = the fluxion of 
th^ area .ADC. Now* 



since, b^.. the question, the A 



fluj^t of ^,x:iV— y*l* is to be. a ntojcmiim^ whe^ 
that of z becomes equal to a given' quantity (ACE) let 
these two fluxions be, respectively, compared with 

^ — ^ ^^^ and y"» (as given in the foregoing 

theorem)4 . By which means^ n =..|, r 5? 1, u = i, t Art. 406. 

<..i». .,.— ^, _uu wusGuucuur » X tt — y I . 

= yi X z^^y*^ I""* : which (according to the said 
theorem) being, every whwe, equal to a constant 
quantity^ we shall, by putting that quantity = a, 

and (Mrdtr&ig' the equation^ get i 



.N '. 



Wp ii ^) \=, 



v/iii ._ j^ 



■"; and cdnsequently (by- 



p 2 



Stt 49 t«OBI.Bil« VB XAUMIS BV VmzailS 



tdaogAefliieiit) Jr=tf— l/a* — 3^, or 9«x— j?»-s=y; 
wiiiia n Ine ponunon ^qti^tioii of a tsfdid, 

Q. £. f . 

Corollary. 

410. It fellows from henoe, that the greatest area that 
can pottibly be oontained by a tiAt line (A E) joining 
two given iwints, and any ounre-unf A C E of a given 
leMUi, tenninatuig in the fiame poittts, wiU be when the 
saiacurveJine is an aidi of a oirae. 

PHOBXEM It 

411. The Itngth of the Arth A E (sa thefrtoeMi^ 
Fipart) idi^ gu>^ to determme lAe N^/twfc of me 
CtfTvCy so tifit the Solid gmatnUi Ig i^t MoM0t^ineape^ 
may k a Maximnnv 

^Axtl45. ginoe the flnent of j^« x z* ^ ^^f ( =:y»*) 
is fequiied tf be a maximum^ when that of It has a 
ffiirjOiiTafaie A^E* every diing will remain aa in Ae 
usi Problem; only, r maet hece he :^Stz and tliefo- 

tmilytkeTkeomn) we hsLvey^z xi^^y^ wi€. 

Vi«^-^) = -7=^==- : whidi values, if i« be 
put s: a (in order to have the powers hen^hgtms) 

will become i s TTfJ^'T' *^ * "* i/SU X* 
whenee s and x will be known. Q. 2J. L 

FHOBLEM m. 

412. Tht Superficies generutedly iJie Arch of a Cwrvty 
«l it$ Batatien abmU ds (uU^ hemg given; to deb^mam 
the Curve, so that the Solid itsdfinay le a maximum. 

t Artlis. 3ec$ttae the fluent of y x i«-y«j*t ^^^ ^ * 
maximimy when that of yi beeomes e^ual to a given 



^pnntitf ; kt the flunms here exhibited he therefore 
compared vidt -^ — ^p- ^ ' and y i^ (given in the 

thewanX Bjr mews vheiecif (r being = 2, « ;:p i^^ 

fi =s I, and i» s=r 1) we hav^ j^i x i«— j^*l^ ^ <f (a 
constenl; qwuiiity ;*) which is the very equation found!* j^^ ^^ 
In Prob. 1, belonging to a cinde.^ 

If the solid be supposed given, and the superScies a 
imiitimirffi, we shatt come at the verjr same coudasiou : 

ioac^j^wady x «« +#*|* (which are respeccm^ as 
their fluxions) beingQomparodwithy*«and ^ — : — ^^ * 
we have'fis?:^ & =? i, r ts 1, aiid ft = f ; and theie- 



fore — y equal to a constant quantity : which 

1 

beingdenoted by - (so that the terms may be homo- 

fogoasy there comes out ax^y^l^x^ -hj^*; whence 
Zax—s^s^^y* (as before). 

PROBLEM IV. 

413. To determine the Curve HPB, from whose 
MevdiMoh « SoUd B K shall be genertUed; i/AMt, 
moving forward, in a Medtum, in the IHrectam of its 
Axis DA, witl he kss resisted than anyi other Solid of 
the. aamcgivew Length D A and Base B C. 

If AEssd?, E F=^» Fp^Xj &c. it is evident, hem 
the principles of Mechanics, that the resisting force of 
a particle of the medium at F (being as the square of 
the sine of the angle of indination p^J wiK be truijir 

represented by ^\. :, \Wy/' Moreover, since the 



fM 



OF PBOBCEMS BE MAXlinS :£T UfKIMIS 

whole number of ^^artU 
clcs acting upon F H E 6 
is proportioiud to the 
area of the circle F G, 
or as y'^}'iike fluxioii 
hereof {^yy) drawn into 




il 



*2 



gjve 



+ r' 



will thercuirc 



for the 



fluxion. of the renstanoe 
upon F H K G. 

Now, since it is required (by the question) to have 
the fluent of .tj^-^j (or tJL^XC) a 

fnaximum^ when that of i becomes equal to a given 
quantity (AD), let these two fluxions be therefor? 



♦ Art 4oe.i»mpBred with ^ .^ ^^, ^ and y u, f Whence 
(r being = 1, « = «, n =f — 1, and m = 0) we get 



jf Art. 406.*?; -_^^z = (a constant quantity f) ; and con 

sequently vy'i = a x jFT^^ : whereof the fluent 
will be found, by Art. 264. That the curve does not 
meet its axis in the extreme point A, but has an ordi- 
nate A H at that point (as represented in the figure) i^ 

evident firom the foregoing equation. For i*+y'l" 

(F^t*) being "always greats than y^x (pq\^ x Vp)^ 
y must therefore be greater than a, in the same propor- 
.tion ; and so, can never be equal to nothing. 

Now, as it is demonstrable that the angle AHF must 
.,bc 4 of ^ right angle, A H (the least value of y) viU 
.therefore be = 4a (since x and y are, in this circuni- 



> J 



» 



stanof, equal to each other). But, what a itself 
ought to be/ must be detenumed from the given values 
of A D and B D, and the resolution of the foresaid 

equation. ■"".■. 

- • 

PROBLEM V, - 

414» To ^termine the Solid of the least Resistance^ 
supposing the Area of the generating Plane A H B D, 
and its greatest Ordinate D B to &e gioen (see the ^ ' 

preceding Figure J. 

Since (bj the last article) the fluxion' of the re- 
sistance is expressed by ^^^ J^ ' , apd that of the 

IT 
area A E F H by yx, it is plain (from the premised 

theorem*) that / ^ ^: is a constant quantity^* Art. 406. 

' v^x Da) X F u 

Whence ':^^=^, or its equal "-=|rj4 — y ^^^ 

every where the same, the angle pjP^must also be in* 
variable; and consequently HFB a right-line. There- 
fore the solid of the least resistance is fin this case) 
either a whole cone, . or the frustrum of a grei^r 
one. But it is easy to show, that, when the area of 
tie generating plane A B is given so small, that the ^ 
angle B may be taken equal to the half of a right- 
angle ; I say, it is demonstrable in this case, that the 
frustrum, SO" arising will be less resisted than a whole 
cone, or any other frustrum, whereof the base and the , ^ 
area of the generating plane are the same. 

In like manner the solid of least resistance, when its 
bulk and greatest diameter are given, may be deter- 
mined: the ; equation of the generating curve being 

Clii^g+ZT! = i , or oiy' =y ■A-¥W\': 
wherec^ the solution is given in Art. 264. 



fM 
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PROBLEM VI. 

415. To determine the Line along which a Body, by 
its own Gravity y wUl descend^ fivm one given Point A 
to another B, in the shortest Tme poasibk. 




Let A D be pamDel, and B C perp«iidicular» to the 
hofriaon, inteKsee$mg ea#h other in C ; ofni kt Q P bo 
/my ordiiAate to the curve parallel to B C : then (calling 
AF,xi P Q, jf, fte.) the oderity at Q ivili be esprefNm 

bjr j^; also th0 fluxiop oF the time of descent thfcm^ 



9 



'Axt-mrAQ wiU be truly defined by -|-,« or its equal ^T* 



X 5m^*. Here, therefcre, the fluent of jT* X 

<^+^]* is to be a mmmimt, when that of at amvtt to 

t Art. 405. to a given valine (AC). Whence, by the theorefh'f 

jT^i X »* + y*)"^ must be ;fc a constant ffBifisnitj'^ 

which (to have t)ie term bonudogous) let be demoted 

1 



jjy ar^ (or ""T?^)- T*^** «** =* 3^ 



i 



X «2 4. 



^*, 



vhence x ss' 



v'a-r-v'" • 



oy^J' 



r^; ^^( 




fixncvDiK^ uroir a ^asticvjcax <may|i. 



and ccmsequently s = 2a — %rVa^. 



Thcrefoie ^en ^=0, Ji^ is c: 2a ; which two ^oc- 
Tesponding values let be denoted by DV and AV ; and 
let QE, parallel to AD, meet D V in E; then VE 
(YD-ED) beiDg=a-jr, and VQ (AV--AQ) 

=2oVa— j^, it follows that 

VDraJ : VEfa-3(i::VA«(4a«) : VQ^ (fexcT^^ 
Which is one of the most remarkable properties of the 
^sycloid ; the curve whicb, therefora, answers the eon 
ditions of the probleiro. 

If. the celerily be supposed as any functioo. (S) of 
the quantity y^ the problem will be resolved in the 
/same manner: the eqniitiDii of the curve being 



s 
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• Art 406. 



a 



PROBLEM VII. 



416. To find the Nature of the Curve AQE, along 
which a heavy Body mutt desccndjrom a» hondzonUd Line 
RC to a vertical LineCDj so that the Arem CAl&may 
be given, and the Time of the Descent a Minimum. , 



If the ordinate P Q 
(ptfalld to CD) be 
^led y, and the velo- 
jcity at Q be denoted by 
y ; it is evident that 
the fluent of y^ x 

*M^* ( = pt 

must be a mndmuni 
'when th^t of ^x amounts 
^ a giyen v^e. 
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Therefore (by the theorem already mentioned so 
often) we have y"*~* x x «« + y^T* = a"*"" ; and 

consequently * =x j—^ — 



,*+« 



y 



r«H-2 



; which, by writ- 



i. 



ing I instead rf n, becomes sc = ■ . ~- \ whence 

X will be known. But, if the celerity was to be every- 
where uniform^ then (n being = 0) we should have 

yy 

and therefore x = a — V^a' — y* : 



X=: 



which answers to a circle. ' 

Lkmma. 

417. jy, ufon a Tangent E P, jrwn, any Point C in 
the Circumference of a Circle F E C, a Perpendicular 
CP be let fall, the Chord (CE) joining that Point and 
the Point of Contact, voUl be a Mean-Proportional be- 
tween the said Perpendicular C P and the Diameter C F 
of the Circle. 



For, the angles P and 
C £ F being U)th right ; 
and also C E P 5= F, the 
triangles CPE and CEF 
are similar : and therefore 

CP:CE::CE:CF. 

Q. E. D. 



PROBLEM VIII. 

418. In the mixt4ined Triangle A€ B, the Lengths of 
all the sides (whereof C A and C B are Right-lines) are 
supposed given ; it is required to fold the Nature of the 
Curve-side AEB, so that the Area maybe a Maximum. 




BfiPfiH^lNO UFOK A\PARTJCULAK CURVE' 

F 



ei9 



Kr -w^ B 



Put the arch, A'E = z, 
and the ordinate C £ 3= y ; 
then, the fluxion of the area 

ACE being ^ /F^"^,* 

the fluent of .y x i^-y«ft 
generated in the time where- 
Ui V, from C A, increases to 
'^ C By must be a maximum : 
therefore, 6y tlie Theorem^f 

we have yz x i^ — y^^"*' 

=• a,f or -7 =r — . But, if C P be sup- 

posed perpendicular to the tangent EP, then will 

and 




•Art 113. 



f Art. 406. 



CE_ j^ 



conse- 



q««ntlv ^=-|L; or, c P ! pE o; : : CE Cy^ : « : 

which proportion, £y the Lemmay answers to a circle ,. 
whereof the quantity a is the diameter. 

Now, that A E B must be an arch of a circle is also 
evident from Prob. 1 ; but, that the same arch, con- 
tinued out, will pkss through the angle C, does not ap- 
pear from thence. This is Known from above; and is 
requisite in finding the particular cirde answering to any 
proposed da^. 



PROBLEM IX. 

419. 7*o/nd the Path AEB which a Body must de- 
scribe in moving uniformly from one given Point A to 
another B ; so that^ being every where acted on by a 
ForcCy or Virtue^ which varies according to the Inverse' 
DuplicatC'Ratio of the Distances from a given Center C, 
ihejwhoU Action upon the Body shall be a Minimum. 



or ftoBiEVs m uaxiuib st nmtms^ 



•Art 134. 



y iQ. JR 



Putuag AE tt 2r^ 
CE s V, de (indefinke. 

and Ed (•i«-.y2) 
s= i« ; we have —- 

for the measure of the 
fbree which acts upon 
the body in describmg- 
the particle E e (zj : 
moreover^ if from the 
center C» with any 

|riven radius (r) an arch ETiS of a eirde bt described, 
niersectiiig C £ ia T, we shaU haye Tt (die measase 

of the a&ffle E C e ) s — . Thcrefixe, ainee the 
flveni of y^ X «« +y*l is required to be a 




ntmtcm, and the contemporary fluent of V"* ^ (between 
C A and CB) a gtren quantity; it fetfows^ fiem the 
theorem premised at the begmning of the section, 

that y^*+' a X u^ + 3f^ must be equal to a con- 
stant quantity (~) sjoi consequently ^^ ■ / . 

(s — ^ ""^ "^ =s i^ : which Is the very equation 
z / a 

found in the preceding problem. Therefore, if through 
the three given points A, B, and C, the circumference 
of a circle be described, the arch thereof terminated 
by A and B will be the path of the body. Q. £ /. 

CofiOLLAKT. 

4^. If P B be a tangent to tt^ eiide, at the ex*- 
treuuty of the diameter C F, and C A and C £ be pco»^ 



smnrnwiNa ufok a PAimceLAK aawLrm tStt 

d«ee4«D meet ii in B ind Qi ii foUows %hM tike l^faol? 
attm mon the body, in desmbrng th^ trek AS!» 
inU be proportional to the corresponding part R Q of 
llie said isdgept F^, if C e be aLsp p^ippea t^ 
meet F R in ^r, and EF be drawn; it is plain that the 
taian^ C E F and CEQ^ bs sl$o C£ e and C7Q, am 
6tni]fBrt wdieaee it nffibfi, CEY» ; CF ra>): :€F (a) 

o^z X 5r X 

• Q« *^ T • '^^^ ^^ *^^ conjjtant) is as ( — ,^ 

the force that siict§ upon the body in describing £ e (z). 
And, as this every where holds, the whole action in 
describing A £ miust therefoi^ be poportional to R Q. 
Which force (it is easy to prove) will be to that everted 
on the body in JsoviDg throiigh^thQ chord A £9 us the 
choid to theaxch* 



PROBLEM X. 

4&1, To determine the Path in which a BoA^ majf 

move from one given Point A to another B, in the shortest 

Time pos$iblep sugg^wing the Vdocity to be^ every 

ufhere, proportional to any Power (y/^) of the Distance 

from agi^eu Co4^r C. (See ijs^ la»^ Fjgune). 

Here evcary. thiiiig wiU f^qwn m in th^ pr^ce^ng 
problem p oily y"^ must be wroto insteaa of y^. 

Therefore we have y^^* x & x # + p]^ = a 
CQO&tant ^uimtity : which quantity (tp have the terms 

iiomologons) let be denoted by ■;t ; then, by reduction, 

* V ** + y« Ee/ C±! y 

9aad consequently C P = —. Henoe, if p^O, or th^ 



StS or PftOBLSM 8 ]>S Maxims ST MIKIBCn^' 

Tdocky ie eonstant ; tken'C I* b^g evetf wYukenAi'^ 
the body must, in this case, describe » right-line;: 

But, if p s: 1, then C P bekig ^^ ; the curve wiill 

• Art. 74. be' a logantfamic spiral, whose center.is C : * exeept in 
that particular case, where C A=:C B, when itrd^ene^ 

rates to a circle. . 

• « 

Lastly, if p =: 2, the curve will be a circle (by the 



a^ 



preceding Lemma) whose mameter is ~-^ and whose 
periphery passes through the given point C. 

After the same manner, the value of C P (upori 
which the nature of the curve depends) may he de- 
termined, when the velocity is expounded ' by any giveti 
fimction /'Sj of the distance (yj from the center of 
''''• force: and (by writing S in tne room, of yf &c.) 

will come out C P= — ; where b and c represent con- 

c 

stant quantities. 

When the velocity is that which the body may ac- 
quire, in descending through BE, by a centripetal force 
expressed byy,* then the value of S (the measure of 



J ^,.^291 that velocity) being interpreted by v'#+*— y^' + 

(ifhere CB=d) we therefore have C P=llf ^ 

c 

for the equation of the curve of the swiftest descent, 
acpording tothis l^st hypothens of a- centripetal fcnrce 
varying as any power p of the distance. 

4^2. Besides the Problems ahready re8c4|&bda in this 
section, there are others of the same nature which are 
confined to more particular restrictions, and requires 
different method of solution. 



N. 




Thus, if Q, i? and S b6 supposed to dfiifote any 
given powo^s, or functions, of. the ordinate (y) o£ 

a curve* ANM, and the J^ r JM 

nature of the curve be 
required, so that, when 
the fluent of Qx be- 
comes equal to a given 
quantity, the fluent 
of Rij may also be- 
come equal to another -^ 

given quantity, and that of Sz^ a maximum or mi- 
nimum: then, because there is, in this Case, a second 
equation, or new condition, beyond what is to be met 
with in any of the foregoing problems, the method of so- 
lution hitherto explained, will, therefore, be insufficient. 
But, by a process similar to that whereby the said method 
was demonstrated (assuming, here, three expressions, and 
three indeterminate quantities, instead of two)* a ge-»Art407. 
neral answer to this problem (under all its restrictions) 
will be obtained : and is exhibited by the equation, 

'T= ■ 7^ ' ■ ; wherein p and a denote constant 

quantities. 

4^. Though it seems unnecessary to put down the 
invention of this equation, after what has been hinted 
above, vet it may not be improper to observe, by way 
of corollary, that if Q = 1, i2 = 1, and aS =y*, the 



equation. will then become -r=P±9y*5 expressing 

the nature of the curve, when, the whole abscissa (AM) 
andcorresponding arch (AN) being bothgiven quantities, 
the fluent of yi is a maximum or mtnmtifit,. according 
as the value of n is positive or negative : in both which 
cases, it is very easy to perceive, that the curve must 

be concave to A M, and that the value of -r , or its 



4M or tBOBisMs ss MAKinn ET Mnmci0 

eainlj>4:9"9 must, Ametotrey itextim 9$ y ixmniae&: 
menoe we may infer that the aign of f y muat be ne* 
gative in the fonner case, anil positiTe in the latter. 

Ex. Let the curve AJ9DE, be the cai^naria; 
formed hj a slender chain, or perfectly flexible eoid, 




B 

suspended by its two extreme! in the horizontal line 

A M : then, since ita center of gravity must be the 

lowest possiUcf the fluent otyit when ACsp A£, must 

*ArtlT3.therefareheaffi«rtjfiiaii;* wh^ice (n bding here;:cl) 

our equation (^ ^ p ± q^T} beeoHwa ^ & p 

But, in order to reduce it to a more convenient 
form, let the distance (D F) of the lowest point of tbo 
curve from the horizontal-line A E be put = & ; then^ 
when y ( B C ) becomes = &, i will be » i / and 
therefore the equation* in that circumstance, is I = jr 

— qh; whence /? ss 1 + y 6, and eon$equently ^ 5= 

1 + 9^ — yy 5= 1 + jf X i — ^.* whidi, by patting 

1 z 

h-^y (DH):;?Aand a=» — is reduced to -- ssl 



8 



+ - ! from whence a« i« ( ss a^-sf x aJ^V ss o-h?* 



X i* — ** ; and consequently B D=s V^23^+7^ 

For another example (iilieiein the expanent a will 
be negative) let the , required curve be that along 



whieh a bcN^jr may descend, by its omci gnvity/ 
fimm one given pomt-A to another B, in less time 
than thxough any other line of the same length. In 
whio^ eas^ the fliieiit 6£ zy^ being a ikhMiim^ 
whetr 4^ and z bedsme equid to given qaantities, our 
equation (by writing ^ | for »^ will here ~ 



-^^p-^rqy^' ftmn whaioe ext^ftninating i, or i, by 

means of the equation i^+^s:^9 the fluent may alsa 
be detennined. 



SECTION XI. 
The Ruokttion of Problems qf various Kinds. 

PROBt^l^ I. 

4Ai. XM. NY hyperbolical LagarAhm (y) tdng given, it 
18 proposed 4o find the wUural Number answemg thereto. 

If the^ nambef sought be' denoted by 1 +dfs we slifall 
(by Art 186> have f = _ , ox ^ ^ jgjr-rf = 0. 

L^t Ay + J3^ + Cy fta SB » ; then Ay + 9,Byy 
+ ^Cj^ &a. s= », and our equation wjU beoome 

Whence, by comparmg the homolc^us terms, we 

f-Srii*^- thertf,^ 1 + J. + ^^^^ 
sought. 

VOL. If. . ^ 



TBB Baun.imoN os nu»UBM» 



PROBLEM », 

* * 

ABJ> kif^ gitm; to Jnd il^ Sm H^C^ mi^CorwH^ 




Bbszij Bn^sjc, and &n =5^: b^use pf th^ siin|laT 
triangles OBC and Bfift^ it will be 

OB (r) : BC CyJ : : BJ (i) : Bn (^ 
And 09 (r) : OC (r-Txy. ; B* (^) :>i (y). 

From whicE we have 

And ry;=ri— ;ri. 

And V = a? + iar* + c«* + cfe* -f ^^* &c. 

Theo^ hm ^hsdivtidtiimna tmosj^don^ our tvaequa^ 

tions will become 

^r4z—%rBzz'^1h'Czfz'^^Wz''5TEz^z &c. ) "" 
And 

■r- ri+ ^zi+ ^^4t e«**-*r D;2;*i te. S ^ 
From which, by equating the homologous terms, we get 
4^0, a^%rBy bz^SrC^ cs=4rD> d^5rM Ac 

Alsoa = l, i = -^, c = -^, d = - -..4c, 



J 



w VAKioir$ xilrD9. !^ 

C 1 ' 

BrE as — — j &c. and' consequently B = ^, C=iflj 

^ = - JTi;? = - ITST?? » ^ = ^^ ^""* 



5.6r« "" 2.8. 4. 6. 6. r5 

Whence, ako 6 ( = 8rC) = 0, c ( = 4rl?) =-h* 
1 

^ ' 'gj^ Ac- &c. 

Hence it is evident that ^ (=:a;2; + ia:^+<fz* &c.) 
+ &c. And that dt (=il;2;+-B«« + Cy* &c) = ^ ~ 



2r 



+ oof. ^^ — &C* 



8.S,4r' ^ 2.8.4.5.6r* 



IfttOBtfiM lit 

4^. Tajmd the Value ofx, U^hen oT is a MiYiittstMi 

The logatithm oi af ia=: x x I • x; vihcM fluxicm 
4 X I .X 'hx iigiiig ttft 0^ we have i • « r:^ •««- L JBiit 
(by Prob, 1) the number wruM hyp. lag. is j/ will 

be 1 4- V + — +-^^^- — i — ^ — &e. Therefore, by 
^''^^2^2.8^2.8.4 ' ^ 

writing — 1 instead of ^, we have a? =i 1 — 1 + 

* The 8ubi»taneie orf this solution (being tiie most neat 
(nd artfal X have seen to that useftil Problem) I had front 
cXett^f ^\ftnt6 — ■ — iVccrffer; which was |P*it 4itt6 toy 
iNlndtf by ^JritfMf Whdrftlseived It-fiblmtthe leAt J>t.Mki^f 
to whom it was wrote. 

Q 2 



228( THE RKaOtUTION Of PMBLCM8 

PROBLEM nr. 

487. To divide a given Number (ay 90 that ike emf- 
tinual Product of all its Parts mcy be a Maximum. 

It is evident (from Art. ,93) that all the parts must 
be equal: if, therefore, any one of -diem be denoted 

hj Xf their number will be -, and we shall ha?e 

X 

x\ a maximum: and therefiwe its logarithm -^ x 
L.x a maximum also : and its fluxion "^ ^ x L^x 
• ^^ + ^ =s 0:» whence U-L.x = 1, and consequendf 

t Arfc«4v.T = 1 -f 1 + ^ + 278 ■'"gTO* *«=*''^®*8t 

&c. Therefore the next inferior^ or superior, num- 
ber to S.718S8 &c. that will exactly measure the 
given number a, is the required value of each 



thus, let a s 10 ; then because o 71ftMAc ^ * 
nearly, tfae^numberof parte in this case, will be 4^ and 

the value of eachs -T- =:S • 5. 

4i 



PROBLEM V. 

428. 7'o divide a given Angle A O B into two Parts 
A O C oMd fiO C, $0 that the Product af any gi^ 
Powers^ AP% x B Q^ o/ their Sines A P and *Q 
may be a Maximum.. 






OF YAEIOUS KINDS. 

Let A P, produced) out the radius OB in D, and 
the arch AB m F ; likewise let FE and AL be p^rpeh- 
dicular to OB, and join O, P : putting AO=r, AP==ar 
and BQ=5^. Then, because J*y is to be a maximum^ 
we have nx*"*i x y* + «* X w»y""*;^ =* ; and con- 
sequently njfjtss -^mxjf. 

Moreover, since the fluxion 

of the arch AC is=s . -r-r 

Vr^ — *« 

ry 



289 



and that of BC =5 -, 

(-Art. 14S) we also have 
rj rx 



0, 




or 



which multiplied by the 



wx 



former equation, &c. myes . "^ = . '"^ 

or n X y- ■ . = nup; whence, because OQ 

•■ ^ ■ ■ r-, we have n x P D (=iiijpJ qc m x AP ; 

and therefore P D ! A P : I m : n ; whence (by com- 
position a^d division) AD *. DF : :.m+n I m^n: but 
(by sm, Tfian.^ AD : DF: : AL : FE ; consequently 
191+^ \ tn— n : : A.L t FE ; that is, as the supi o^ the 
indices of the two proposed powers is to their dif" 
ferencey so the sine of the whole given angle to the 
sine 6f the difference of its two required' parts. 
This proportion is given m words, at length, because 
it will be found of n-equent use in the solution of Me- 
chanical Problems^ 



PRPBLEM VI. 

4S9* To «ftoto lial tAe .faz«l Truz^^Zs iluA am ie ik«> 
matOxii about f 4$nd the grcfgUeBt FaraUelcgram in^ a gA^tm 
Curve ABC, cmumve to its Aads^ wUl ie tekm. the Sukf 
tangent FT is equal to the Base BF of the ParMJ^gfWKk» 
fir half the fiase BT (if the Triangk. 




It appears bom Art. ^, and is dsnoGfistrable bf 
AX>minon geometry, that the greatest paralldogram that 
jcaKn ho inscribed in the triangle BTR (supposing th« 
position of T R to remain the same) will be that whose 
base BF is half the base BT of the triangle : there- 
fore, as a greater figure cannot possibly be mseribed 14 
the curve BAC than in the triangle BTR circum- 
scribing it, the greatest parallelogram that can be in- 
jorflbe^ either in the triangle or the curve, must, be that 
above specified. 

But ni6w3 to make it also appear that the triangle 
BTR is a minimum when FT = BF ; let B tr be any 
plb^ eirauBa^icribtnjg triaa^le, and let the tfm. tstigants 
.TEB and ter intersect each otiber in P.. Iwn, 
Eii briii^ssi^T, it is plain that R P is kss tluai f T, 
imd Pr (less than PR less than PT) less dian Pi 4 thmret 
Awe, lihe sides P R and P r of the triangle R P r be^ 
less thao^ the 4cbes» FT and Pi of the triangle T PA 
^«g4 the opposilie aisles R P r and T P ^ equal to e«di 
«dier, it follows tbat the triangle RPr is less dnai TPt ^ 
^d consequently, by adding the trapezium B T P r *9 
|;»th, it appears that B T R is less than B ^ r. 



/ 



^w vitftiow Munmi* - SKI 

CoitottiAitV. 

4^0. Hence the greatest inscribed pdrattelogrdm is 
hilfihe hast cvrcvfmcribing trtdngte.^ 

In the same way it may be proved, that the greatest 
mscrtbed qylinier, and the least circumseribit^ cone, 
in^ and dkaut^ the solid generdted liy revolution €f<f,giveH 
ofhiCy will he when the sub-tansent is equdt to twice the 
mtitude ^ tht cylinder ^ or 7 of , the altitude of the 
cone : and that the two Jigures will be to each other in 
tktrttioo/ito^. 

PROBLEM Vtl. 

. 481; Three Po^ts Af Bf C being given^ to^ndthe 
Position of a fourth Point P, so thaty if Lines be drawn 
from thence to the three formeff the Sum o/* the Products 
a X APy h X Bt^, and cxCP (where d, b and c denote - 
given Numbers J shall be a Minimumi. 




If CI* and BP be produced to E and F^ tkiiiH aMiear 
^rom Art. S5 and 36, that the sine of BPE tmist >l jib 
£hat of APE, as a to J ; and the sine of CPF (OTE) 
to that of A t^ F, as a to c. Therefore, the sinclk of 
the three angles BPE, APE, and APF (w&ich aiigles, 
taken all together, make two right-ones) b&i^ in the 
given ratio of a, 6 and c, it follows, tbM, if a tri- 
«rdle AST be cdnstrueted, wfcose siflesr RS, ST and 
AT are m the said iati^ of < b, stAi c, tb/k ai^^ 
-T, R aAd' S opposi^ fheitto^ witt be teof^i^^f equal 






9t9 v«£ BBMiiniON ot mbmhzuB 

40 Ihe fare-Bientbned angles BP^, APE and APF, 
From whence, all the angjies at the pgi^t P faepng 
given, the poaiticni of that point is given by fiopmim 
Geonetiy,* 

But it is obsenraUe, lihat^ when one of die dure;? 
given quantities a, ft, c (suppose aj is equal to^ or 
greater th|m, the sum oiF tne othor two, a triangle 
cannot diei^ be forpaed whose siijes are proportional to 
the said quantities : hi that /case the point P wiH && 
in the point (A) corresponding to the grieatest quaiy- 
,tity (a). For, it is phsin that b x AB is 1^ thanft x BP 
+% X AP; andtbatc x ACisless tbaii c x CP -f c x AP; 
whence, by adding the less to the less, and the greater 
to the greater, it u^ appears that j|^ x AB +c x AC niust 

he less tha^n ,b x BP +fix CP +;&Tc x AP less than 
ftxBP-f-cxCP+axAP; becauise a (bv h^othesis^ 
)s equal to, or greater than, b+c^f 

PEOBLEM VIJL 

43S. To determine in what Latitude a S^Mine perv 
ptnOcular to the Surface of the Earthy and Amthef 
^Iromy from the Mone Pointy to the Center ^ make the 
greatest An^;, possible^ with each jothier ; the rfltu) of the 
Axu andihfi Itgmtoreal piamefer being mppoued given. 

Let AE represent the Equa? 
toreal diameter, and SP tha 
axis ipf the earth (taken as 
an oUate spheroid) also let 
B O ^d R M represent Jthe 
two lines ^specinea in the 
problem; wheredT let the lattec 
(perpendicular to ARS) meet 
SP m H ; and let RB be per^ 
jpendicukr to S P. 

It is evident, from the prop^ty of the ellipsis, diat 

eP« : AE«: : BO : BM. And (by Trwonometry) BO 

: BM : : tang. BRp: taog. BRM ; wtaio^ by equa^ 




' 09 VAmicnrs icikda. S8S 

Utjy SPs : A'E*: :taiig. BRO : tang. B RM ; tben^ 
fine, by oompontimi anid division, A E^ + S J?* : At2^ 
-^SP'^IItang. BRM+tang. BRO ;tttig. BRM-^ 
tang. BRO. But, the 9uvi of the tangents of any two 
angks is to their difference^ as the sine of the sum of 
those angles to the sinte of their difference;* whence it 

foDows that AE«+SP« : AE«--SP«: Isine (BR M + 

BRO) : sine BRM-BRO (ORM). 

Now, sinee' the ratio of the two first terms is 
oonstant, or ifx every part of the ellipsis the same, it is 
obvious that the angle ORM^ or its sine, >will be 
the greatest possible^ when its antecedent (the sine of 

BRM + BRO) is the |preatest possible, that is when 
BRMH-BROsa ngnt-angle and its sinesradius. 
therefore, in the proposed eircunastsmoe, when ORM 
is a maxtmuMy our hut proportion will become A E^ -|- 
. S P» -. AE«-S P«: Iradius : sine of O R M : imd half 
the angle, so ibund, added 46% will give (B R M) the 
coooplement of the required latitude ; be(»use B K M 
+ BRO(or2BRM-ORM) being = 90", it is 
evident* that 2B RM=r90*+O R M^ and consequently 
3RM=46*+|ORM. 

PROBLEM IX. 

43S. Of all the Sem-eubieal Parabolas^ to determine 
jthaJt whereof the Length of the Curve being given^ the 
Area shall be <i Maxipiuip. 

The general equation is ax^ssy^: moreover, the 



5 



jBxesL is universdly = -^, and the length of the curve 

^ gy'i 27 (®^ -^^^ lS^)• Let the last of these 

fie put s= c, and, by ordering the equation, you will 

^ yide p. 66 of my Trigonometry. 
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ikm^equenfly ^^ ) beitig t Ma^nfentn, It is evident that 



.■■ > ■>■ 



, orits equaled X «7c+&il^ 



4>» 4a^ s&uit I&eme bk a InaoEUiMn : whiBk^ pvt into 

ii • J «^ ^^ • 5+3 V^^ 

llaxians, and nduoeq^ gives • as c x ' '" qA "^'" ^ 

whence x Budy will also be found. 

PBOBLiSM X. 

464l To ^tenKme tAc £alto rf the Perifkery of mijf 
: given EUipM to that ^iU ^ircumerAitig Circk, 

■ • - « 

Call the semi-transverse asis C B, a; the semi-^on- 
ji^prte C M,c; any ordinate D R, jr ; SDcl its distiiiee 

G 




C P B 

CD from the- center, a:: then (by the nature of the 

/* . 

eurVe) y being = - t/a« — x% we have y = 



— cxac 






^p===-; and consequently i (v **+i^V == 



^ V^a4 ^•^J? J^2 X jr« ... - ^i- J 

aasEss : whiCB^ by making a = 



i/o*-" 



a« — c« . ' X ^a^—dx^ 

will lla cedueed to i = 



a« t/a*— a 



« 



•4 ^ , -1^, ^ . fc 



V'o«-x» ^ 2as ^ "S*4^ 2.4.60* **• 

(by throwing the IlumeratM^ into a i^ti^) whereof the 
whole flueo^ when sbeccnnte = a, wilh oa z (ERB) 

-A n ^ ^ $.S.Si' 

"■ '^ • 8.2 St. 2. 4. 4 2.2.4.4.6.6 

«8* O. D« St* id^ • V rfl A JIL-TLJIL » ■ « 

2.2.4.4.6.6.^.8 «^> ^y ^"- *^ ''^^^ ^ 

denotes the length of the arch G nB, or | of the peri- 
phery of the eircumseribing circle. 

iMncft it fiaUoMi thai & pei^hery of the dyy^^ is 

to that of its eircumseribing circle, as 1 5-5- 

8d* 8. 8. 5dP . - 

"" g. 2.4,4 '^ 52.2.4.4.6.6 ^' °' ^ ^ - 

X A + ■ , . X 5+ -TTTT X C + - „ X Z> 



2.2 ■ 4.4 6.fi ' &8 

i&c. to unity : where A, B, C, D Sec. denote the pre- 
peding teoM, under thai proper signs. 

PROBLEM XI. 

435. To determine Ae IXfferenee between the Lengik 
jcf ike Arch of a Semi-hyperbola infinitely produced^ and 
its A^fmptate, 

Call the semi-transverse . axis (A C) a ; the semi- 
conjugate (or i-te equal A F) bf the distance (CF) rf 
any ordinate from the center, xi the ordinate itself, 
y; aud the arch ccMresponding, z: then, from the 

b y^jp^ ^ ^ 

ns^'ure of the turve we have^=s ; whence 



t86 
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O N 



bx£ 



^5= — J ; and consequently z (= i/jc« -f y') == 



a«j:« + *««* 



— d« 



-77^—^ . which, making d> e ^—^ 



€A« 



(sa TT^z/ ^^ ?* ^ " ^^^ "^ transfijnned to i = 

ad 1 #«*]* 

— -- X - J. ; whereof the upper surd, cx- 

panded, is = 1 ^ ^^ &c. And therefore ^= 



^ into 



—6 



S 8 



'.+ 



dHiH 



»«V^l-«« 2V^l-te« 8V^l-i«» 



3d^tt4» 



8. 6d«tt^» 



y + 



8.6|/1 — tt« 8.6.8 t/l—tf« 



&c. Now the 



fluent of the first term hereof, -y into /- 7 

.(= , > "^ is universally escpressed by 



l/j;« — a« 



, or its equal 



BFxCE 



: which, if BN 



d ' \ ^ " 4E 

be parallel to the asymptote EC, wiU (because A £ I 



OV TAKIO08 XIHO«. 887 

CE.:; BF : BN) be also truly represented hy BN : ttid 
this Une BN, when x at z bedomes inffinite, will coin- 
cide with the asymptote. Therefore the fluent 
of the remaining terms is the difference sought; 
wBich fluent, when ic s 1, or ^ = (putting A for 
i of the periphery of the circle whose radius is unity) 

wiUbe = a^ X (g ^._-j+_^^j^^^ + 

S. S. S. Si"' t. 8. 6:6. 7. 7<P a. \ nw 

«.«.4.4.6.6.8 "^^ «. 8. 4. 4. 6. 6. 8. 8. 10 ^ ^^ 
Art. S86) but s when « = (or j^ is infinite^. 
Therefore the excess of the ai^mptote above the curve ia 
truly exhibited by the preceding series. Q. E. L 

If a be taken s 1, and &ssO/ then d will become 
'asl: and therefi)ie» the curve in this case falling 

intp its axis A G, we have ^ x (3 + o a a. + 

8. S , 8. 8. 5* 5 A* \ — . PA 

S.2. 4. 4.6 ^ 2.2.4.4.6.6.8 ^^'^ ~ ^^ 

or unity. Whence it appears that the sum of the seriea 

I of the periphery of the circle whose radius is 
unity. And, m>m the Problem preceding the last, it 
will likewise appear,, that the sum of the series 1 ••- 

1 8 8. 8. 5 CL •!! L J 

noted by the same quantity; and consequently that 
these two series are equal to eadi ether. From the 
addition and subtraction of which and their multiples,. 
Taiious other series may be produced, whose sum»are 
cxplieaUe by mam efthe peripheiy^ of a dide.- 
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PROBLEM XU. 

436. To determine the Nature of tht Curve CDH, 
which will intersect any Nwmbir ojsimUar and conecniric 
JEUipsis A M B amb ^c. at ^ght-Jngki. 

m 

Let the taprait 
DT, lAich i? ft 
nonnal to t)ie ellip- 
sis AMB» meet 
theoxk AB hi T} 
aiMl, supposing AC^ 
_ , CM) «C, Cm fee. 
/ rj^i^ to bi the prinoipsl 
sent ^ dUmstflrs of 
dwir vespeetive ellipsis^ let Ae ^bm nlob of A O to 
C M» (or 9t aC^ to Cm^ &c.) be that of 1 to n : put- 
ting C l&mxs, £ Ds^, Dp^(Ek^:9^, 4ad dp^my^ 

It is a known property of the ellipsis, that A C^ I 
CM^llCE'.ET; A6rcferoET=w; moreover ET 
fiw^ : B^ |^i^::EDrj»; :iJir#Jby sinlBa^ tnaqglei^ 

Vhence — =s^,or — = -2; whereof the flaelit 
nx y X y 

•Art. I26.is L : X— Z : a= nL : y^nL : a* (wh«e a dentotil 
my CKmaHaal. qmndlgr at pleasur^X Hence we ^iao 

a a 




A^E 



hawB L ; * srn X L :^ » L : j,, and woss^pkeafly 






or 



rf^» x^jf. 



FBOBLX.M XIIX. 



4a7. 7*>M t&a Sfffmiim ^€ Qmn: M BB M 
will cut am Number f^£Uip969, or Muff^idatti im^ 
the same Center O and Vertex A, dtWight^Angles, 

Let R T be a tangent to any one of the proposied 
conic sections ARF, at the intersection B 9 meeting 



4» -yABimoB xnmB. 




O T 



the axis AO in T ; and put A(^<|, 0$=a7, BR=zy, 
nrsiXy Rn = — y: thg^()icrtfoniqj>B T = ^ 



in the eDipttI, and = 



ae*^ ^ tt^ 



X 



, ib tli^ hyperbola: 



^^no% bj mson at ^ ain^Btr t^a^j^, T B Bfi 
andRm, itwfflbe^l^Lf! (BT>:y (BH):: -y 

A^X"'^ JC^X O^X 

(JlnX \ + * ^^>) = therefore ^y^ =. ^-,^-_^=— 

-«aMt, and oaKU^q|3ieat^ -^'^ H--^ i^/«^ ¥ L:.^^ 

^ ^« WheW' 4r 49nM^ 4 «W»tAAt q^wMitJ^ 4^7Pldii«^ 
4)n the giy^ v^li^e of A £• 

PROBLEM XIV. 

499; f^ twQ^foifAa n wd vi numef of tie same timcj 
Jrom two given Positions B ancf C, toith equal Celerities^ 
along two Right-Lines BA and BC perpendicular to each 
t i k e r : it is m^osed to determine the Curve A S Gj lb 
which a Rigid-Line joining the said Points shall always 
ke^TangtkU 

liOt D S apdlai W]MraBcl' to BA, and firft pcipeB- 
=si, and rv:sy. Therefore (by sim* Triangles) y \ x 



tHE KlaOLUTUM.Or ttL9BLS.ua 

::3/: ^=D»,«Kii;y::fl-«(S6) :^^ = 



An .■ whence C m (CD— Dm; = » - ^, and Bfi (K 

+ btt) =y + ""f ^^ = which two last values, l»- 
rause the valoaities of the bodies aie eqiul, must also 
be equal to euii ether, that is, x — ^=y+ ^~' - ^ l 
boioe, by making j£ eonitailt, and taking the' flu^on 
of the whde eqnation, we get f — 3- — 7^^ = J— 
^^^^xjr -^^xTxy^j^ ^^^^^ ^j^ ^ 

. , , # * \ 

anses a— j1 x v^ss y**, and -7=- = - y — := ■ : waae, 
vy Va—x 

the fluent on both sides b^ng taken, we have S Vy 

=S •"— S V'a^x, and consequenay « = « V^ 
—y,' i*hi«h equation pertaias to thecommiHi pa»W* 
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Otherwise more universally y thus, 

439. Put Cm=t? and B »=«£?, and let these quatJl 
^ties (instead of being ^ual) have any given relation 
to each other. Then, since the absolute celerity of m 
19 expressed by v, its angular cderity, in a direction per- 
j[ieQdicular to S m^ by wnich the line S m tends jto re^ 
volve about the point of contact S as a center, will 

6e ' truly defined by f^^/ ?i?L? x v (Art. 35). 
' '' radius ^ ' 

In the same manner the angular Celerity of n, ahout 

the poiot S, will be dinned by ^ — x w. Now, 

as these celerities must be to each other as the dis- 
tances S m and S n from the center S (or directly as 
the radii) we have Sw *. S« (: :DS : hn)yMn. Bmn x 
V : sin. Bnm x w ; whence, .because sin. Bmn \ 
sin. Bnm: '.Bn (,w) \Bm fa— v^Ve also have DS \hn\ I 

w X V I a-'vxw : therefor^, by composition, D S : 

(DS + bn) w II w^ '. wv + a -^ V x w, and eonse- 

^^ 

quently DS = .. : whence bn (w -^ 

w^ + a — c X w 



SD)= -l^Z-y , andBD ( = SJ = ^^) 
1— wxii? xin '^ 



a-^vxtDw 
tDv-^a-^vxw 



12 

a—v\ xu 



w 



from whence the curve itself 



: i«? + a — c X 40 
will be given. 

If V and w be taken equal to- each other (as above) 

a 



then SD (y) will become = !?!, and B D= 



w'' 



a — 2w + — ; in which last, if for w its equsA 

TOL. II. ' R 



i/^ be substituted, we shall have B D s a— Sv^ 

+y ; and consequently C D (^a— B D) = 2 V^^— y, 
the veqr same as befoit. 

PROBLEM XV. 

44D. Supposing a Body T /o proceed^ untjbrmfyy 
ahng a Right-line B C, andanother Body S, m pursuit 
of the same J cdwags directly towards it^ unth a Celerity 
which is ta that of T,' in any. given Ratioy (^ 1 to n; it 
is proposed to fikd the Equation of the Curve A S D 
described by the latter. 

Let the tangent AB, which makes ri^ht-aogles 
with B C, be put aea, B R:sap, R S =: ^, and A ^t=sz : 




* • 

then the sub-tangent R T being = ^., we have BT 



-.^ i^ 



= « + 



-y 



7 : moreover, since the distances B T and 



A S ffone over in the same time, are as the celerities fi 
and I, we also have BT (=nxAS) = n2=:j? + 

^—:. : whence^ in fluxions (making y oonstabi) -^^^ 

• to " 

'=%i; and ooDMquentfy ^ ^ = - =? ,-. »rr 

y «. Y y + * 
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the fluent of which (by Art. 126) is — » x log. ^r 

/ tap toff. , -^ , , : but wbea ^ ^ a, a^issU; 

' anS then the equatfen becomes — w x log. a = ; 
tiberefoie the flueut, duly corrected, is. nx log,,. a — » 

> X ft«. \y ss kg. li — r "^ ■ ^\ or log. ^ .*= / 
log. _! -Z — 1 , Whence it is evident that — 

. = -^^ — I — , and -^ — Jc = ' VJ/^ + v- ; 

y y 

from which, by sq^uaring both sides, 2x is found ss 

"^ — -SIZ. whose fluent is 20? = — -^r^^^^ — + 
y a" 1— n 

— -~r. But when y = a^ a: is = 0, and then, 

=5 — 1- = — ; therefore the 

1^11 » + l 1 — «^ 

fluent corrected is 2 « = — -=-^^ — + — ^;i— + 

. 1— « w+1 

Otherwise (without second Fluxions). 

441. Put ST=:P^ndRT=Q. TPhen since the 
aibsolute vekxnty of the body S i& denoted by unity, 
that with which the ordinate S R is carried towards the 

Q Q 

hoiy T will be denoted by -p x 1 or -p (by Art. S5) 

which subtracted from n the velocity of T, leaves n— 

-p for the relative celerity with which T recedes fiwa 

K 2 



144 



THE H^BSOXiUTION OF PROBLEMS 

R : after the saxike manner, if from -^ x n the celerity 

0f T m the direction S T produced, there be taken (1) 
the celerity of jS' in the same direction, the remainder, 

-=■ — 1, wilt be the celerity with which T recedes 

from S: therefore, the fluxions of quantities being as 

the celerities of their increase, we have 9i -*- ^ '. ~p 



— 1 : Q : P; and consequently iiQ-i^x Q=iiP- QxP- 
But, since- the quantities P and Q are concerned exactly 
alike, the equation thus derived will, in all pobability, 
become more simple, by substituting ^r their sum and 
difference: let therefore P + Q=«, and P— Q^f* 

or, which is the same, let P= — ^, and Q=-^ : 

then, by substitution, we shall have 5 ■ 

X -g— = • ^ X — g— ; which con- 



tracted, &c. becomes 1 +n x t>« = 1— « x «?, or 1 +fi x 



— = I— n X —; whose fluent (corrected) is l-f« 
a V 



xlog. «s=l— nxlogi -f 2^ X log. flf, or log. «'^" 
= log., a" i>*-*. Whence «'+" = a** »*— , and 

consequently *'■*•* x 1?*+" =n «*• «^ : but «? ( = ST + RT 

xST-RT=IlS2) =:y ; therefore «'+« x »^+" = 

y+« = a*cS and © = -^^ ; whence « ( = '^) 
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::y\x; whence ^i = 1^ ~ ^, and 2« = — 

— fl — J- , — iL — f, the very sam^ as before. 

1— » « + ■■ 1 — »• 



Corollary. 

449. If the velodty of a? be greater than that of T 
(or n be less than unity) the two bodies will concur 
when the latter has moved over a distance expressed by 

T-*-— -; because^ wn^i v becomes s;.0, ^x is barely =s 

9m/f 

But if the velocity of aS' be less than that of 



Ty it is plain that S can never come up with T : but its 



1 



X a: for, 



nearest approach will be when y = 

rt a" 1/"'*'* 

since S T is universally = —^ + g".' '®* the fluxion 

of this expressicm be taken and put equal to nothing ; 
and y will be found as above exhibited. 

If the celerities of S and Ty instead of being uni. 
form, vary according to a given law ; then, denoting 
the former by A and the latter by B^ the equation of 

the curve will be ■ . — ; =j — -jn : and if the 

Vy* + »3 Ay 

By 

fluent of — -^ be explicable by a logarithm, as L N; 

then, the fluent of -7.=== being L. i±2!X±£, ♦♦Art. 196. 



tM 



THE ES8OLUTC0K OF PROBLEMS 



' y -f Vii^ + *2 ' 



; which ordered, 



we shall have JNT a? ^!L 
^ givfs * ss -^^ ^'QN' ^'^o^ ^ ^^1* be ftfUni 

PROBLEM XVI. 

44<S: To determine the Frustum CDEF o/* a Trtdn-^ 
gular-Prismj of a given Base C F and Altitude B A ; 
wkich^ moving in a Medium^ in the Direction of its 
Length B A, shall be resisted the least possible. 

Draw C H parallel to B A xneet% 
ing EDy moduced, in H; morer 
over, let H r, P Q and P R be pqr- 
pendmdar to € I), C H «tid D H 
respectively. 

^ince the' number of resisUtig 
particles acting upon DC is as 
D H, and the force of each as 

(ivpi) the square p£ the sine of 

the angle of incidence D P R^ 
the whole resistance sustained by DC will therefore be 

expressed by 1^ ^^ , or DB, which is equal to it (by 

• > 

the similarity of thfe triangles DHP and DPR). Whence 
the resistance upon ADC is truly expressed by AR {A D 
+ D R) and is a minimum when its defect ^P Q) 
below the given quantity AH (or BC) is a maxvtmm : 
but PQ is a maximum when CQ and and HQ are equal'; 
because^ the angle CPH being right, a semi-circle de- 
scribed upon CH will always pass through the point Pi 
and it is well known that the greatest ordinate in a 
semi-oircle is that which divides the diameter into twe 
equal parts. 

Hence the angle D C H, when the resistance upon 
ADC is a nuuimum^ will be just the half of a rkht*i 
angle, provided BC be given greater than BA ; otncr- 




•V 







wise, the' wkole prism C AF will %eless xcsistod diian 
sBoj frustum € D E F of a greats prism. 

PROBLEM XVn. 

4%4. Thdetemum tkeJiigkllBE tthMa Pbmi 
B6 F mwri make ^th the WM M^wmg ina givm 
Dirtctmn R B^ ao that the iPlane itsdf may ^nirffei ik 
another^ven Direction B A with the greatest Force pebble, 

j^ -p i^ 5^ krio\^, from the rfcl 

solution of forces, that the 
force whereby the plane EF 
is urged in the given direc- 
tion B A hy a particle of 
dr, acting in the direc- 
tion R B, is directly as the 
rectangle of the sines of 
the angles (A BE, R B E) 
which the two giten directions, make with the plane : 
therefore, since th« number of particles acting on E F 
is as the sme of R B Ej^ it follows that the whole force, 
or effect, ot the wind, in the direction B A, will be 
as *?. ABE X f A?. RBE)« ; which being a fHaxMuniy 
We htm (by Prob. S) 8 : 1 * : sitie of tfre whole given 

an^e RB A : sine of RBE — ABE. Whence the angles 
RBE aniH A.BE are both given. ^. E. L ' 

; CoROIrLAllY. 

445. If the angle RB A be ^ right one (which i« 
the case with regard to the sails of a windmill) then 

the sine of RBE-^ABE being = ^ = ,333 &c. we 
Bhdyi^ave BBE--ABE^19'' : ^'; aud eonsequ^titly 

oTJi? /RBA+AB£\ ^ .„ . ., 
BBE ^-— — ^ y =54° : 44'. 

PAOBtEM XVm. 

446. Ififtn Sodie$ A and B, jmned fey a Strings be 
wrged in opposite Directions^ tovoatds P and Q, h^ any 
given Forces ¥ tmi fi mifimUy liontinned ;^ it tV pre^ 
posed to Jind the Tension of the Strings or the Force 
whereby ilie Bodies endewDourto recede from each other, \ 



m 



1 1 
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Since F— / is the absolute force by which the two 
bodies are, constantly, urged towards P, the wh»lt 
« motion, generated in both, in any time T, will there- 
fore be expressed by F-^fx T: whence, because both 
bodies (by reason of the strmg) acquire the same ve» 
locity, the motion generated in J^ alone, will be 

-J — rr= X F'^fx Tf or that part of the whok defined by 

J t ' ji • But the motion of A, had it not been 

retarded by the string (or B) would have been F 
X T; therefore the loss gf motion, by the action 



F 



P^ ^ 

A B 







upon the string, is J' x T— ^ ^ jg ^^— /^ ^» 
z=A-j — g- X T: which, divided by the time T 

A + 15 

fJ^FB 
(wherein that loss or effect is produced) gives j^ p -.» 

for the tension of the thread, or the force sufficient to 
cause the said loss of motion. 

The same otherwue, 

447. Because the force F^ was it to act alone, would 
communicate, by ' means of the string, the same ve- 
locity to jB as to Ay the part therefore of the force F 
employed upon £, by which the string is stretched, will 

B BF 

^ A 4- J^ ^^^ ^^ A 4-' B * ^^^ ^"* the yery same 

argument, if the force f was to act alone^ the tensicm 

fA 

of the thread would be ^ p : therefore, when both 
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the forces act together, the tension will be * ^ d\n • 

. For it is very plain that their acting both at the same 
time, no way mfluenoes their respective eS*ects on the 
thread. Q. E. I. 

COEOLLABY. 

448. If the forces F andf be respectively expounded 
hj the masses, or weights, of the bodies A and B ; the 

tension of the thread will then become — ^ — g-. 

Whence it appears that the tension of a thread sliding. 
over a pin or pulley, by means of two unequal weights 
ji and B, suspended ^at the ends thereof, is equal to 

-T — ; — = : the double whereof, or -^ 55, is the weight 

^ + -o ' ' A -{- Ja 

which the pin or pulley sustains, while the bodies are in 
motion ; because the thread hangs double, or on both 
sides the pulley. 

If several bodies ^, B, (7, 2), &c. communicating by 
means of a string or wire AF, be urged towards a 
point P, in the mrection of the string or wire, by any 
given forces, p, ^ , r, «, &c. respectively, the tension of 
the part A B will be 



"" /j-^B+C + D&c 

of the part BC 

_ p+gx'C+D+E &c. — J + Byr-^-s-^-t ftc. 
^ J+5 + C + J3&C ' 



a*M»M»«ataa»tttii 



P 

ofCD 




_ p-hq-i-r X D + E-^F — A + B'{'C x s + t+v 
" J + B + C'i'D &c. 

&c. &c. 



^ 
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All ^ich easily follows from above ; and ^iXi an- 
swer also in those cases where some of tlte feroes are^ 
supposed to aet in the contrary direction^ if every fiuob 
Ibpoe be ooasidered as a negative quantity. 



PROBLEM XIX. 

449- Let it be rehired t6 raise n given Weight N, to 
a givm ff eight B C, ahmg an indified Fiane AC, Ay 
means cf anUher ^ve». Wemkt M, ednnecCed to thefor^ 
mer by a flexible ^ope N r M, moving over a PuUty at 
C ; tojind the tennoH of the Rope ; also (Ae Inclination 
and Length of the Ptane^ so that the Time of the ^ksit 
Ascent may be the least possible. 

It is well kno^ that 
the fiiroe by which H 
tfenda to, descend along 
the plane A C, or acts 
in opposition to M (sup- 
posing BCsxa, and AC 

IP jp ) will be — - 9 

x • 

theref<nre M — — 9 

a: 

or is the efficacious force, by which the 




xM-^aN 



X 



bodies are vopeterated : but it is likewise demonstrable 
that the time of describing any line by means of a Ve- 
locity uniformly a(^eleratea, is in the snbduplicate ratio 
of tne length thereof, directly, and the subduplicate 
•Art 203.^**^0 of Hie accelerating force, inversely :* whence 
it fUlows that the time of describing A C will be 

represented by -7===^ ; whose fluxion (or that 

VxM'-aN .^ 

of its squ^e) being made equal to nothing, x will 

be found =s -^ i or M \ ^N y.n'.x. Hence the 

M ■ > 



time of the ascent will be the least possible, when, the 

sine of the ptane'^s incliBartion is to the radius, Us the 

power (M) is to tviee the weight (N) to be raised. 

The tension of the rope will be jdetermined from 

aN 
the lajrt Pr<*!em, (hf writing N ht A, — for F, ilf 

ftr £^ mid M &>rf) aad comes put 3= -sj — «.x - — . 

PBOBLEM XX, 

' 4S0. Zc* A C represeM & pkoe ^ Timber^ mo^eabk 
eieut a Center C, making any An^e A C G with the 
Plane of the Horizon CG ; to determine the Position of a 
Prfjp or Snpmrter O S, of m. given Length, which emll 
sustain it with the greatest Facility^ in amy given Posi^ 
iion ; and also what Inclination AC will have to the ffch- 
.riatm wiksn the feast JForcethat ean-sttstain it^ ; is gf^tar 
than the least Force in any other Position, 

Jjet R be ^he center of gra* ' 
vity of the b^am A C, and let 
iRn,.fi*t, attd QD^ be perpendij^ 
cular ,to A C, C G, and O S re- 
i^^ectivelir : putting SO = a, CR 
=:r, Cm=£r^ and the weight of 
th^ beam =510. 

Then, by the Prine^les of \^ S ^^ 
Mechanics, we shall have, first, * 

as Rm :'R», or as r : ;r :; t» ; ( — j th^ force, 
which acting at R, in the direction nR, is sufficient to^ 
t^ustain the beam AC ; secondly, as C O I C R (r) : : -^ 



ssa 




^t^e quantity last found) 



xw 
€0 



-, the fi)roe able to 



mpport it . at <5, iii^ a. perpendicoliMr direction ; aitd 
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lasdy, as C D : C O: :^ I i^, the force or weight 

actually sustained by the given pop S O. Which ferce 
will therefore be the least possible when the perpendi- 
cular C D is the greatest possible^ let the an^e of in- 
clination 6 C A be. what it will : but of all triangles, 
having the same base (O S) and vertical angle (S C 0) 
the isosceles one is known to have the greatest perpen- 
dicular : therefore the triangle C S O j?ill be isosceles, 
and the angles S and O equal to each other, when the 
weight sustained by the prop O S is a mintmum. 

But now, to give a solution to the latter part of 
the Prohleai, or to find (supposing the angles S and 

O to be equal) when -^ x cp is a maximum^ let C D 

I>roduced meet mR in F; and then, because of the simi- 
ar triangles CDS and CmF, we shall have CD : « 

(Cm) :; SD(fa) : mP, or 7:7=^ = P- ; and conse- 

X fnF 

qucntly ^g x w = — - x w : but, since C F bisecte 

the angle mCR, we also have r+«r (CR+Cm) :«r 



(Cm) :; V^r* — ;i* (Rm) : Fm =: 



^ /r — X 

▼ r + « 



r+x 



whence the force ^- — x u^^ aqting 

J. n 



X^ 



upon the supporter, is likewise truly expressed by 
wx /y «« X J 

■J— \/ : whereof the fluxion being taken and 



put equal to nothing &c. we get a: =s ^ 



tV ^-'^ . 



therefore C R : C m (: : 1 : ^^^^) : : radius : co- 
sitfe of R C G (=51'' : 60), the inclination required. 
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PROBLEM XXI. 

451. To determine the Position of a Beam CD, move* 
able about tme End C as a Center, and sustained at the 
other End D fty a given Weight Q, appended to a Cord 
Q AD passing over a Ptdky at a given Point A. 

TT jD Let G be the 



IM •■••■* 




center of gra- 
vity of the heam ; 
also let DF, GK 
and CH be per- 
pendicular to the 
plane of the ho- 
rizon, and C L 
and AH parallel 
to the same: put- 
ting AH=sa, CH=A, CP=c, CG=J, DL=:a?, CL 
s=yy and the weight, of the beam = t£7; then AF 

=«»— y, DF^b+x, and AD (i/AFHDF»)=: 

i/a« — 2ay +y^ + &« + 2Ajk? + x^ ; which (because y^ + 

»«=c«) will also be = t/a« + b^ + c« + 2*a?~2ay = 

♦Z/^+aftx—afly (by putting /«=a«+i«+c«) whose 

bx'-^ay 
^'^'''' '^^+m^' multipKed by Q, is the 

momentum of the weight Q, supposing the beam to 
be in motion. Moreover, because D C : D L ; : C G : 

G I9 ive have G I ^ — ; whose fluxion* — , multi- 

c c 

plied by w, is the momentum of the beam itself in a 
vertical direction* 

Wherefore making these momenta equal to each other 
(according to the Principles of Mechanics) we get 



bxr-ay 



V7'« + 25x— 2fly 



xC = 



dx 



X «&, and consequently 
bx^ay X cQ = dw£ y/f^ -\-9Jbx -^^y : but, since 



v'4M THs ut^fiirrioii of n#BX.£V9 

^« + X- ac c\ we have 2^ +2a»p ss 0, or — ^ = 

- : and therefore (by suhiliiulieii) ioi 4» --^ x cO 

^ Arx vy«+»je--%, or fcy + ci x eft » iy»iA 

Vf'^ + 2ix— Soy; from whence, and the fbreffoiirg 
equslioB j&*4'y^=c% both x and jf may be determiii^. 

The same oiberwiae. 

45S. It U evident, from Mechanics, that the frproe 
which, acting in the Erection D F, wjould sustain the 
end D, is to the whole weight w, as C 6 to CD; 

.CD 

and therefore is s g-g x ff ." it ^s fikewisQ known 

thftt two forees acting in the different directions DF 
and DA, so aa to fiavethe sane efeet in sustaining 
' DC, or caUBia^ it to mofe aheul the ]^iat C^ mwtt lis 
toeaiA other, lavei^^y aa die sines of the angl^ of 
incidence FDC and ADC. Therefore we hav^ S: FDC 

CD 

: S. ADC : : Q : -^^ x <«•• from wUck given ratio 

of the ^nes, the angles themselves wiU he founds hf m 
algebraic process^ independent of fhixions. 

COROLLAET. 

4&9. If the position of C D be supposed given» and 
the tension of AD (or the weight Q) be required: 
then, from the fiuregoing proporticm^ we shaft Ime Q=* 

'" ^V AD r^rn ^ *^* Which will .also. tKpsess tte 

tensioD of A D wh^n the end i& sustained hy a eord 
BC insl^ead of a pin at C . whence it follows that th^ 
tensions of two cords A D and B C, sustaining a beafn 
or rod C D, at its extremes D a«d C are eSLpressed hy 

iS^FDC CG ,^. HCD ©6 \^ 

AADC^CD ^ ^^^Snc»^e!5 ^ ^' - 



CG DG 

therefore are to each other as y AT>r *^ "vTf?^' ^^ 

as'^. BCD X e© to *y. ADC x DG respectively ; be- 
cause the nixie of F P C9 andl that of its supplemeijtt 
H C D are equal to each other. 

PROBLEM XXIL 

494. To determine the PostHon of a Beam SC^ su9^ 
pended at its Extremes ty two Coras A D and B C of 
given Lengths, from tioo given Points A and Win the 
same horizontal jLine A B. 

Let 6 be the oeoter of gravU}^ of the beam, and let 
jy F and C H be perpendicular to A B. 



•SS5 



F 



Q H B 



l^a a««***9*i f ftkVtA****** *• * «!««•• ki • t . 




It appears, from the Cord, to the last Problem, that 

C G 

the tension of A D is to that of B C, as o ADC *^ 

D r* 

ly BCD * ^^^"^^ O^y ^^ Resolution of Forces) the 

feree of AD, in. a direction parallel to the horizon, 
in to the force of BC, in the opposite direction, as 

CG -y.ADF^ DG i'.BCH ^, . , 

rxDis ^ -Tssr ^".ocD ^ -^^id—\ 

forces, that the beam i^ay remain in iquililrioy must 
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conseqfoently be equal to each other; and therefore' 
^.BCD ^^.BCH DG ^ 
iS7ADC""5rA DP ^ CG- ^"^^ ^^^' *^ determine 
the angles themselves, froth this equation and the given 
lengths of A B, B C, &c let A U and B C be produced 
to meet each other in P» and let P Q, perpenaicular to 
AB, be drawn; putting AB=a, A£)=&, 'BC=C) 
DC=d, DG=./, C G=g, AP=:*, and BP=y. 
Then,becauseAB : AP + BP : : AP ^ BP^ AQ— BQ 

AP«-BP* , .^ . .-, , AP'-BP' 

AB*H-AP*— BP* 
5= ' oAp 5 ft*^ consequently the co-sine of 

A (=sine ADF) to the radius 1 = — qk-u — "Fp • 

whence, from the same argument, it is evident that 
the co-sine of B (=: sine B C H) will be expressed bj 

AB« + BP'-AP' , , ^ r A T>ti u AP^ + BP«-AF 
2ABxBP ' ^^^ *^* ^^^^^ ^y ^APxBP - 

, , ^ PD«4-PC'-BC« __ 
and also by gPD x PC — ' wnicn two last quan- 
tities being equal to each other, we have P D x P C x 
AP^+BP-AB*=AP X BP X PD*+PC«-DC«; that 



is »— ixy— c X «*+y*— a*=xy x ac— 61^ +^— ^f*— ^'' 

Mowover,smcePC : PD::*y.ADC(OTPDC) : *y.BCD 

PD ^.BCD ^.BCH 
(or PCD) we also have p^^^y^XDC^^^. ADF ^ 

DG 

p-p (by the first equation) ; whence C G X P P X 

S.ADF=DGxPCxS.BCH; that is CGxPDx 

AB2 + AP2-^BP2 ^^ ^^ AB^ + BP^-AP^^^ 

2ABxAP =^DG-<PCx gABxBF ^^"^ 



of vAfiioirs JclKBS. 

C€l xYD X HP X A B^+AV«^BP'±gDGxPC »^ AP X 
AP* 4- BP^ — AP^. , whic h In a lgetffgro terms, is g^y x 

or— 6xa^ + x^— ;y*=/i; X y—cxa^ +y^ — J?** Prom 
whence and the ptecedinfi^ equation the values of x and 
jr wiU be known. 

PROBLEM XXlil. 
455* Supposing a Beam C D moveable about one End 
Cf as a Center f to be sustained at the other End D by 
means o fa given Weight P, hanging at a Rope passing 
I90tr te l^uUey ctt a given F&int A, vertical to O ; it isjpro- 
^MtbfindtM ^r^-AlTK' along wkidh the We^ 
IftUiit ascend^ or idb^cc^d, so ds to he^ ev&ry tiohere, a j'iM 
C(mmiir^f%e ^ f Jte Sedmi 

From the <j3it^C, 
with the radius C 1)9 
let a semi-circle Hl)R 
b^ described, and' let 
DB and PF Be per]j>6tf. 
dicular to the vertiibti 
line AHCR ; alsd ]^t 
CD=a, C)At=i, Att 
=c, AP>^j, PFiy, 
HB a: j^i^d the leifeth 
rfthsifceDAPdm; 
Rkewi§e let HQ (hj^ ]be 
the ^ven value df b 

B^ibkui^ dr(^ wtBigbt and the ' b^toi ' sA altm^r iii 
equilibrio, by hypothdlSI^, their momenta^ .and oon^ 
'^ seq^femly thdr ydocities, in a vertical 4irectioii, must 
1k| every wher^ in a constant ratio; and thei»fitt!^ 
Se distance <il,^.(h'^ic) ascended ^ thcwiei^tA 
will be, tOk tte instance Hfi descended l^ rfier ^a 
qf the beam D likewise in a constant ratio; .let 
^j^is ;];dtib W thiat of 5 to any given quifnt^ty cI, 
tnat isj let A — i: I « ; ! J t rf, ana w^ shall have a A-i- 
ii^bz: moreover, we Ha^ Al)^^ (Cb ^ + AC^^Slfc 

«r :«— 2dff + 94x : whence A P f'm — AD) « w — 
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t/c«-«ctt+«ctr, and thercfcw, jf« (AP»-AP«) = 

mIV^3M+^'-j2. Q. £. J. 

After the same manner a curve may be found, along 
which a weight descending, shall be every where in 
tquilibrio witn another weight ascending through the 
arch of a given^curve. 

PROBLEM XXIV. 

466. To find the Equation o/* a Curve ABH, alm^ 
which a given Weight P, suspended by a String FED 
passing over a Pulley E, must descend^ so that the Tension 
of the String may vary according to any given Law. 

Let E C b^ perpendicular, and 
C P parallel, to the plane of the 
horizon ; also let AE=sa, AC=Xy 
C B=^, E P= V, and let the ten« 
sion of the string (or the force 
acting lit the end D) be denoted 
by any variable, or constant, quan- 
tity Q. 

Therefore, because the oeleritv 
of the wei^t P, in a vertical di- 
rection, is to its celerity, in die 
direction £ P produced, (at the 
celerity of the other end B) as 
X to 19, it is evident that the weight 

itsdtf must be to the tendii^ force Q, inversely in wat 

latio, and consequently Px= Qfi, 

Furthermore, because EC=sa+^ and BC'ssBE^-^ 

EC% we have ,y^ = v« — a + x]* : froa|^ which equa- 
tions, whci^ the relation of P and Q is given, the curve 
itsdf will iJso be known. 

Thus, for example, let the ratio of P to Qy be 
ooBstant, or that of m to n, then mot being = nt?, we 
have (by taking the ' fluent) mx -h nassnv ; whence 

e s a + — ; and therefore y (= a< + — — +• 




i 

OF VARIOUS KIKJ)». ftS9. 

- a« — SflJ — jr-) = - — X 8ar + — - — x «* : 

n n« 

r • 

wtiich is the equation of ah hyperbola. 

Again, for a secdnd cfxample, let the tending force 
Q be to the weight P, as* D E" to AC* x c"^, or as 

i--^" ! af" c"~* (supposing i=:PED and c=anjr given 



line AF), Therefore, since Q 5= -— r-= x jP, and 



- X Pi> (^QdJ^Px^ wehave 6 -^* x ^ 

X 1"+' > ■ • i»fl 

— a — — 1? 



5fc c*^"» a?'*jc, and so - 

n -h 1 

=— ; whence b — ©1""*'^= b — ar"*"* '— 

^^"+^x'^£l', «.d . (EP) = i- 



Wl + 1 



£ m+l « + 1 X C"~«X"'+* 



From whidi die 



wi 4- 1 • 

tdation of x and ^^ or the value of B C, it also 
known. 

But if m s O5 and » ss 1 (which will be the caae 
wheel, the fixrce aetii^ at D is equal to that by which a 
beam or rod is miiSe to moiva dhoiut a center^ as in 
the last Problem) v will then become, barely,' s i — 

i ^ at* — 2cxr, and therefore y^ (— t>* — a 4- xf) 

5. J-. •fZISI^ - gcil* - tf+3« : therefore A BH is, 
in this case, a Kne of the fourth ordet* 
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PmOBLEM XXV. 

457. StqfpanagaBt^ofLigkiABCI)tobereJradii 
ai tke SuHaee of a given SpSart MQND, omT o/ifr- 
tBonlv r^keled amf given Number (n) o^ Tonnes, iPtUm 
tktSphax; todtierwdnetlkJXiianceaftkelneiieniRig^ 
ABfnm tke Axig MN, <o fAoe 2Ae Jrck MBCDE, m- 

£, aqy oe a Mimmam. 

Let the ridm 
OB=l, the ane * 
of inddence BR=s 
9 ma die snie of 
leftaction OP=3f9 
and let the pven 
ratio of the two 
htttbethatof^tof. 

Since all the an- 
{^es of incidenee 
andxeflezioaBCO 
OCD, CDO far 
are eqiud, the aica 

BC, CD and DE must abobeeqoal ; and nnnfifipimtlj 

MbCV&= MB + »H- 1 X BC= MB + ftT+lxBQ: 

• Alt. tt. whose fluxion is to be equal to nothing.^ Now 

the flnxioii of A€ areh ii B, whose sine is i^ allil' 

tAxtltfLFsdius unity, will be = . ; t snd that of 




the ardi B Q, whose oorsine (O F) is^, =s 



^ 

-» 



H<ncs Die Iwre 






v^l-x* VT=y« 



nnec x'.y.lplq, y 



isss^andys^; aiidso^ 



have 



y< . ^- s= ; iriunoe (patting 



. • »i5=fti + >8) X 



9F YAEIOUS IfXm^. 

is found = — \/ — 2 — JL : fton 

which it is observable, that . when 9919 is less dhan p, (u: 
Sfc + S less than ~, the arch MBCD continually in 

Greases with B M ; and therefore is the least possible, 
wh^n B coincides with M. Q. E* /. 



tfl 



PROBLEM XXVI. 

4s58. If two Rays of Light PR and Vr^ from a given 
Point ¥ J making an indefinitely small Angle with each 
other y he rejkctedat a given Curve Surface* ARB ; it is 
proposed to determine (he ConcoursCy or Focus, Q of the 
refined Rays R Q and r Q. 

ILet RO, peirpendi- 
cular to the curve, be 
ihe ladiiis of a dude 
having the same cur- 
vature with ARB at 
R;xndLePHandQM 
perpendicular to R O^ 
Join Q, O ; and put RO 
=:r,PR==j^,RH=i?, 
andRQ=z. 

Then, because the angle of reflection ORQ is ^nmt 
to the angle of incidence O R P, the triangles R Q M 
and RPH will be similar, an^ th^refi>|e^ Ivliz I RM 

«:Hf : wheuee OQ2 (RO^ + R^« r- 8R0 x RM) 

y ^ 

Sttt, fl^lce this qu^ptity OQ^ cot^fini}^ t)ie ma^ 
(by %ppt&ki&) whether we r^g^ p^ ray or tp^ 
iqlbcar [tfi^t |s, whether y stands ipr P R ^^v) ^^ 
fluxion must therefore be e^tf io j|o^iqg^ ihat 
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0: whence 



J^+,y-.j^ 



: but (by Art. 86) i=-^; therefiire «= 



5» 



-,: moreover (by Art. 78) r s= ^ ; 



therefore 






Q, jE. /. 



Example 1: Let ARB be an arch of the logarithmic 
* Art. 74 spiral : whose equation is at) == by :* and then, d 

being =a ^, we shall have z (^ — ^^' — '\ = y : 
® a ^2^0 — vy/ 

therefore in this ease the incide^it ai|d reflected rays 
are equal to each other. 

Ex. SL Let. ARB be supposed to degenerate into a 
right-line : in which case v being constant, its fluxion 

V is = 0; and therefore z ( = -^^)= — v: which 

... ■"'^r 

being nchzative, indicates that the rays do not converge 
after reflectimi, but, on jthe contrary, diverse fibm a 
point on the oontraxy side of- ARB, at the distance^. 
Which is very easy to demonstrate by common ^;eo- 
inetry. 

PROBLEM XXVIL 

' 4S9. l^t two Rays of Li^ht PR €md Vr^from agkitn 
Point P, he refratstA at a given Curve Surface ARB ; to 
ddermint the Focus Q of the refracted Ren/s RQ and rQ. 

Let the lines RO, RH &c. be drawn, and denoted 
as in the preceding Problem : moreover, let the sine of 
incidence PRH (to the radius 1) be represented by\t, 
and let it be / to the sine of refraction O R Q, ixLtht 
given ratio of 1 to n. 



OF VAETOUS KIN0S. 

Then (6y Trigommtry) I'.ns (sine QR M)::g(RQ) 
: Q M = nszi and therefore RM = \/2«-n«««i« 



963 




o , 



= ;8f l/l— n^«*. From whence, following the steps 
of the preceding Problem, we also get 0Q^=r2-i-«« 

— ^rz v/1— wV ; and its fluxion 2;?i — 2ril/l— n««« 

^rzn^M ^ . y- — , 

H — 77- _ . =sO; or z»vl — n*«* — rz x 1 — n««« 



VjL-n 



+n«rz*i= 0. But (by Art. 35) i=-.^y; there- 

fere — ' jzy t/1— n*«* H- ry x 1 — n«^« -|- »rz*i = • 
moreover (by Trig.) 1 (radius) : * (sine of PRH) : C 

y (PR) : \/y* — v^ (PH) whence we have sy =£ 
VvTZ-;^, .^=1-5!, and si = -y^^^ -H^J^y 

Q * * 

-s ^ y^y^ . ^hich values, of *« and « i, being sub- 
stituted in the forcing* equation, it becomes — xyx 

\/l - «« + ^ + ry X 1 - n« + ^ +«r«x 



1 — n« X y* + n't)* + nrz x ©^y — y©i?= ; or (putting 



t/l ^ n* x ^2 + n«t?« = w) " ^ ^ ^ + w^yj + 



^ 



nzv^y - «ya:©6 = 0. But (by Art. 78) r = ^, 

therefore — zyufv + «p*^y + nzv'^jf — «yzt?e = 0, and 

consequently z= ' ^ -^ Q. E. I. 

From this solution, that of the preceding Problem is 
easily derived : also from hence the caustic (or the curve 
whida is the locus of all the points Q thus found) will 
likewise be given. 



PROBLEM XXVIII. . 

460. To find the Time of the Vibration of a Ppidulum 

in the Arch of a Circle, 

*Let AB denote the pen-, 
dulum in a vertical position ; 
and from any point I) in the 
given arch CBH, wherein 
the yibrati<^s are perfiwmed, 
draw I{/*parfillel tp CH ; an4 
letAB=a, BE^c, B/=j, 
and BD ^z: by the nature 
of the circle we have z ss 



•AxUl^ 




ax 



: * whence the 



fli|xion of Uie ^ime, b^ng. 
i aSi 



oi 



iaf XX -^ ■ X 
V'c* — «« X y 2a — X V^c*— ** So 



8jc' 



+ 



8.S*» 






• 

ivhen «;=;;e, (or'ftp.-rJ^]* r» 0) i% (% Act. 140 aod SM) 



3,8.5.5c* 8.8. 5. 5. 7. ?c^ 

"^5.2.4. 4.6. 6.'SS]''*"2.^.4.4.6.6.8.8.^* 

&c.) Which therefore is proportional to the time of 
half one vibration ; where p stands for the semi-peri- 
phery of the circle whose raoius is unity. 

Corollary I. 

461. Since the time of thie perpendicular descent 
pf a body tl^rough any given right-lipe u^ comput^ 
according to the same method, is as the fluent of 

-y=- or 2 Vuy it follows that the time of fidling 

aUf^g the dj^Q^ter 5 JPj;2a;, or tb? c^«y4 C ]^* jrijlbc, ^^rt. ^ 
tlruly defined by Sl/Sa: which therefiffe is to the 

4 
time of the descent thxongh the axuik CDB# us ^r^ to 1 

the time of iallin^ through the dSameter B F, is abso- 
lutely given, by Art. SO^, the true time of vibration 
wiU also be knowp. 

CoAairLARY IL 

462. If t^e ardi \n which the pendulum inbrates I^ 
very small, the above proportiqn wUl become, nearly, 
as 4 to p : from whi(Ui it appears, that the time of 
descent through any very small arch C^is to that alonff 
the chord C B, a$ the j^phery of anyeirck isiofoul* 
timea its diamker. 

Corollary III. 
1^ Ifoi9«> .llehiuseifn^h^f^detemiiiling.^ 

Sirat^yfrodyd^WQ^inngiKfiRlimQ; lgrk»o^ung ' 
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• 

Ihe time of vibration of a ffiven pendolum : fiir, if 
BNbe assumed for the spaioe through which a body would 
descend durins the time of one whole vibration, in 
the very small arch C B H ; then, the distances de- 
*Art 901.soended being as the squares of the* times we have, 

from the last Corollary, as 4« :^« : : BF (2a^ : BN, 
or 1 : ip^ : a : BN ; that is, as the. square of the dia^ 
meter &f a circle is to half the square of its periphery^ 
so is the length of the pendulum, to the distance a 
body wiU freely descend, from rest, in the time of 
one osdlkAwn. Thus, for instance (because it is found 
.from experiment that a pendulum S9»^ inches long 
vibrates seconds) it will be as 1 : 4,934 (=|pO: :39,2 
: 193 inches, the distance which a heavy body will fall 
in the first second of time. 

COUOLLARY IV. 

464. Moreover, from the foregoing series, the time 
which a pendulum, vibrating in an exceeding small 
ardi, will lose when made to vibrate in a greater arch 
of the same circle may also be deduced. 

For let T be put to denote the number of seconds 
in ^ hours (or any other given time) then the num- 
ber of vibrations performs in that time will be as 

^ 3.3e. " ? ^^^^^> Acre. 

■^ 8^2.2a+ 8.2.4.2^* &c. 
finre, in an exceeding small arch (where c may be taken 
9B nothing) will be expressed by T : and so the time 
(t) or number of vibrations lost will, be 7 — 

1 + n. «, «. + 



8.2.80 2.2.4.4.jr5l* 8cc. 



— -t-ggg-j &c. (by dividing by the denominator). 

Now^ if the number of degrees described on each 
iside of the perpendicular be represented by D, the 



bF VAEI0U8 KIKBS. 

arch itself, on each side, will be = 3. 14169 &c. x a 

D . . 

^Tojni which, if the value of D be not more than 

about 15 or SO degrees, will be nearly equal to it9 
chord, represented by i/foc (= V^BF x BE), From 

vhich equation we get — sr^-~- : this valuey sub- 

a 6560 



5167 



stituted above, gives tz=zTx 



1> 



+ - 



BD^ 



8x6560^ 256x6560^^ 



- &c. 



= r X ^^2480 ^^'^y • which, when T is interpreted 

by 86400 seconds (or one whole day) becomes =s 1 1 x^ 
JD\ nearly : and so many are the seconds which will be 
lost per diem in the arch 2>. From whence we gather, 
that if the pendulum measures true time in any small 
archy whose degrees on each side the perpendicular 
are denoted by A^ the number of seconds lost per diem 
in another arch wjiose degrees are By will he nearly 

represented hy -^ x B^-^A^:^ thus, if a pdidulum 

measures true time, in an arch of S degrees, it will 
lose IQf seconds a day in an arch of 4 degrees, and 
24' in an arch of 6 degrees. 

PROBLEM XXIX. 

'465. To determine the Meridional Parts answering to 
4iny proposed Latitude^ according to Wright^s Projection^ 
iq^pUed to, the true spheroidal Figure of the Earth. 

LetDARbethe -n 

^ads, A B the se- ^ 

mi-equatoreal dia- 
meter, and DBR a 
Meridian ' of the 
Earth ; also let bn 
be an ordinate to 
the ellipsis DBR ; 
puttingAD(=AR) Jt 




9^ THB BESOl.pTip)i ,0^ JPRO^LEVS 

sl> BAzsd, ^esXf bn^y^ "Bnjsdz^ a^ the indri* 

oional distance (in parts of the semi-axis AD) sett. 

Then, by the nature of the ellipsis, we have yssdx 

— dxi 

— ao*; therefinre ^ = >> ^ ; and consequently^ 

i F= w^ «2 + |- — r- : which, by putting b- = iP 

r- 1, will be reduced to i = — y —r -. Whenoe, 
by the nature of the Projection, it will be as in 

(rfv/x^a^):AB id) :: i ( ^^-^ ) : « = 

; ■ ^. \,!? . ; )9iucb is th^ fluxion of the quantity 

Vf^uired : b^t yie are no,w to ff^t die same dung €^« 
"ffps^aed in terms of the Latitude of t^e Plfice n.* iii» 
9^er thereto, putting the\sine of that latitu4e^^, we 

bave> fefr trigonometry, as ar (^ x ^- ) : -y 

v/pT^ • • ''^^^ ^^ 1 ) • f » OTd copsefuently 

« t/l +ftV =5 dr ; from which equation x is founds 

: whence ot == ; ; also 1.— «' = 



Z If — JL— z: — zlL /because iP =a 1 + S^^ and, 

lastly, i/l+i?i^( = -) = 7^==^.: 'hid. 
several values being substituted in that of ^9 found ^bnsey 
it ^m become ( = — |-, X ^^^4^ ^ 

3— T=== ) ss -, ' — . ■ .. . ; whifil!, rasolyw 
# X 1 -^ «*'' . .«P — 6V X 1 <- *.* 



6r vA«ioti6' H^JDm m 

( 

into two parts, for the more readily 0ndi|%' t&e fluent, 

^^^:u = rr^-i — J^\, , : wKcrfeof Am? fludBie 
blAftg iEak^, we bav^ 

C «.dO^W5 Ac. >c id X log; i^ii 
^ - 2. SOasSlS &c. X i 6 X lo^. 1^ 

settli-iixis AD) is ^21600 (tWi^e^t^of tli«8jiti» 
periphray in geographical miles) so is the foresaid ValWeF 
of'* lo 

• , > the corresponding value 

o£ Ky in gpofloaphical milesi or the Meridional Parts 
required. 

' • CoitOLl/AR'^. 

"j i6g. t^thellarth.be c6ii^idercdas<fiff^^^^ but littl^ 
- from a spner^, d will be nearly = 1, ani consequently 

il/d^^iytbe vtlud 6( *, very ilmdft: dferefiir^ iti 
Ais eawf the l^ter part of tmr Avmt (-.^^ >< 

a 

d ^rUS\ 

log' -j—r) ^^ Kdfanrf nearly" if *WOi^* (because 

U tabntas » peffcof s^efe^ tUui latft eaqprai^^a frill 
Taaiih, and so tib^ite'of u wiU b^confe lM^Iy9B3958 

^ * Ther^ is . a mistake in p, , 43, and 44 oij my BiMcrtaRoM 
(by forgettfhg to divide by the Modulus % 30!J5 Sec.) wSicH 
may from hence be rectified. 
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X log. . Which logarithm, it is easy to prove, 

eSE^presses twice the artificial tangent of half the ^ven 
latitude increased by 45 degrees (radius being unity). 
Wherefore, if the meridioniu parts answering to any 
givoi latitude, thus found (from a table of logarithmic 
tangents) wjien the 'Earth is conmdered afs a perfect 

? there, be denoted by Jf, it follows that the Meridional 
arts answering to the same latitude, when the Earth 
IS taken as a spheroid, will be nearly equal to M — 

SMObU : which, because A D (1) : A B ( VTT6"«) : 2r 
• Art a07.£30 : 231,* will (by substituting the value of b hence 
arising) be reduced to 3f — 30«. Whence the following^ 
rule: 

As radiuiy to the sine of the given latitude^ so is SOT 
to afourth-propwtional ; which subtractedfrom the Jfe^ 
ridional Porta when the Earth is taken as a sphere (found 
as above) gives the Meridional Parts answering, to the 
same latitude, when it is considered as an oblcUe spheroid. 

Tbu&, for example, let the given latitude be 50^ : 
then, first, for the Meridional Parts in the sphere^ 
we must, according to the foregoing prescript, take the 
logarithmic tangent of 25*» + 46% or 70*» : whidi, 
by the Table, is found =0,48893 8cc. Tins multi- 
plied by the constant multiplicator 791^ (=2 x S958X 
produces 3475 for the Mendional Parts in the sphere : 
then by the rule above, it will be as radius to the 
sine of 50^, so is 80 to S3; which subtracted &om. 
8475, leaves 8452 fer the Meridional Parts answering 
to 50^ latitude, in the spheroids 

PROBLEM XXX. 

467. To determine the Paths which Shadows of Olh 
ficts desisriie upon the Plane of the Horizon^ during the 
Sun^s apparent diurnal Rev(dution, 

Let CSODT be the pUne of the horizon, and A V 
the perpendicular height of the object; then, since 
the rays, intercepted by the highest point V, would, 
m the sun's diurnal revolution, form a conical sur&ce,, 
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V D F E H about that point as a vertejc ; whose axis 
P V Droduoed passes through the pole of the world ; it 
is eyideut that toe path of the shadow, being the inter- . 
section of the' plane of the horizon with that surface, 
must be a conic section. 




Let its two principal diameters therefore (when m 
eliipsis, that is, when the sun never descends below the 
honzon) be CD and &Tt ; also let DP£ and CG be 
perpedicular to VP the axis of the cone, and CQf 
perpendicular to DV : putting the sine of (QVC) twice 
the sun's declination V£P, s^f; the sine of (DCV) his 
greater meridional altitude = gj and that of the lesser 
(CDV)= k: then (ly Plane Trig.) gll (A Y)::l 

(radius) : CV = - ; and A (sine of CD V) : - (CV) 

^ f ^ 

::/(sineof DVC) : DC = -^i moreover, 1 (ra- 

dius) : - (C V) :: p (the sine of the Comp. Decl. 
g 

G V C) : GC = -? : and in the very same manner it 

8 

will be found that DP =:|: but GCxDP=:0 S'' 

(vide Art. 41) whence we have S T (80S) =-7==- : 

V gh 
J* 

from which, and the transverse axis (DCs ^,y the 
curve itself is given. Q. E. /. 
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46$. In any Spherical Trumgk, if radius be supposed 
Unity f the Product of the Sines of any two of the Sides 
dratpn into the Conine of the Angle they include^ added to 
the Product of their (Jh^tititi is equal to the Co^ne of 
the renuiining side. 

This is demonstnCted b^ the writers upon Spherics. 

PltOBLiM XXXi. 

469. The hebbtOH bfihi P6le and the Declinmim of 
the Sun being given, to find at what Time of the Day the 
Azimuth of the Sun increases the slowest. 

It 4a Evident thaf th^ 
tiAe A)uglii: will be 'When tKd 
fluxion bf tKe hour-afigle P, 
b^ars the greatest ratio posd* 
b!e to ih^t of the aziniutn Z. 
"Soi^ the fliixiaii of tW 
anglfe P isl to ttet of Zl 
universally, as rad. x S.ZO 
iS.VO X co^, 6 (tjr Art. 
256, Case 2). Consequently 

iS. PO X CO'S, co-s. O . . . . 1 . 

J & rrr\ i ^^ ri rw r\ >« a fftin»ll«in, m tblS 

rad, X S.ZO^ S.ZO 

case, because P O may be consider^ as consiailt. 

- Let now thejine of P O be nut =^ p, its corsine s:i 
uecb-sine o^FZ=^, thai of ZO = j7, and that of 

O r^y; then, the sine of Z O btfing = V^l — a?«, we 

have.fiy the Lemma) p V^l— cc^ x y+dx=zb ; whence 

^^pt^^' ""^ *^'^'' Xzo (= l/fz^) 

^"■^ — ' , ' , ^ : which put into fluxioBSU and re- 
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diuoed, gives x r= — . "^ — , for the siiio of the 

snn's altitude at the timie required : whence the time 
itself is given, 

PROBLEM XXXII. 

4T0. To determine the Ratio of the Heat received 
, from the SUn in different Latitudes^ during the Time of . 
one whole Day^ or any Part thereof. 

£ret|>:=the sine of the sun^s polar-distance Po (see the 
last Fig.) 
dsiits co-sine, or the sine of the declination. 
b=sthe sine of the pole^s elevation. 
c=its co-sine, or the sine of PZ. 
JET ss the angle (P) expressing the time firom noon« 

J7=: its (line, and Vl-^j^=it8 cosine. 

Then (by the foregoing Lemma) we shall have 

P c\/l-r-jp* + bd =5 OQ-sine 2?© =s sine of the suv's 
altitude. 

Now, it is known that the number of rays fidling in 
imy given particle of time^ upon a given horizontal ^ 
plane, is as that time and the sine of the sun^s alti- 
tude conjunctly : therefore the number of rays M&ag 

X 

in the time i, or ' y ' - (vide Art. 142) will 

r 

be defined by ycx + hdz : whose fluent fcx + hdz is, 
ther^ore, as the heat required.. 

Where it may be observed, 

1. That whtsii the latitude and declination are oT 
diflbrent .kinds, or .P0 is greater than 90 degrees,, 
the value of' J'is Xio be considered as a negative quan- 
tity. 

% That, if; thes expr^s^o^ for the Jieat found above 
h^ divided by the square of the sun's distani^e from the 
earth, .the quotient will exhibit the ratio of the ^t^»X% 
allowing for the excentricity of the earth^s orbit. 

VOL. li. T 



m% 
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COMLLAET I. 

471. If the jplace bropofiod be at the eqiuftor, the 
heat. leeeived in half one dinmal revolution, ^ bia 
barely asp; oecause ftsO, cssi, and xsl. 

COftOLLAAY II. 

472. But if the place be at the pole, then the heat 

will be as d X S, 14159 &o. si^oe, in this case, cs^O, 
is: If and z (=: semi-circle) =r 8. 14159 &€. 

Lemma. 

478r Tk€ Number of PanicUsrfUghtjejecitdl^t^ 
Stmf upcn iht Earthy in a given Timcy m proportumal 
to the Angk dacribedaboutnie Center in that Tiuu^ 

Por, let S rept^^ieM the icenter 
A* of the sun, AEB ijhe oibtt of the 

earth (or thait of any othte planet) 
andlet E tmd r faetwojpcwitB there- 
in aa near as possible to each others 
since the triangle E S r may be 
taken as rectOmeal, its area, if 
the angle ESr be supposed ^ten, 
or every where the same, will be 
as SE X Sr, or SE«: and thoe- 
fi>re the tinie of d^cnbing £r 
(Mng always lis that area^ is also explicable by S E'^ : 
but the intensity of the ligtit^ or heat, at thedistanoe of 

1 
SE is as g^: therefore the intensity compounded 

with the time (or the whok nutnbte of pttrttdes t^ 

mveA in that timft) inll ebnseqilendy be as CT«^ SiE^ 

rs=iy which being every where the same, thepropo^ 
ntion IS manifest. 




PBOBLEM 

" 474. T^ietermneiheStithoftkeBMfieeti 

the 9k» tte ikt JEjwa&r and eUhtr of ike JMee, dnrhig 

tlfe Time tf&nt trfefe Tear, ornf^ mtt^ ' " 
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If the sine of the 
sun^s decjinfttaoii be 
denotedly d and its 
co-sine by p, the 
beat looeiVed ai the 
equator, and the pole, 
during half one di- 
iljBmd reyolwtion of 
^e sun, will be as p 




O F » 



andilxd.l4!l59&c. A. B. _ 

respectiyely ^Jv the 

C^rMiries to tne preceding Problem). 

Let the sun's lonmtude, considered as variable^ be 
iiflw4enoted by jb, ai^ its sine bf s; and let ^ be put 
for the sine of the obliquity of the ecliptic: tnen 
(par ^pherm) wq slu^l have d^fs, aipd conf5eqi|eot1|r|i 

(^ /I ^ iP) s= l/F-T/^: wfaeiefore, se;feiiig tha 
i^tii of heat in the two places, far one haif^l^, is' 

that of •'I— /*>«- to/i X 8.14 &c. let each of these 

i 
teHttH be multiplied by . (=^) * expressing* Art. 149. 

Ae quantitjl of heajt &libg upcoi the earlh in tlr« 
ifane of desisribing z {see the fire^ng Lemm) th<!^ 

jthe products — . i; , and 3. 14/x -y will 

be the fluxions of the required heat, answering to i. 

But now to exhibit the fluents hereof^ let A C B be 
an ellipsis whose ^eater semi-«xis A O is = unity, 
and its excentricity JPOs/,- and, supposing ADB to 
be a circle described about Ae ellipsis, let the arch D H 
express the sun'^s longitude from the equinoctial pp^nt ; 
wtiose sine (OR) being s= «, its co-sine R H will be =;;, 

r 

But, bjr the property of the ellipsi*, OD (1) 

P C : <• ! -y ^> ;: R H (/n^) : bg » 

Vl — f* X V\'— *'' : i»h«se fluxMn beifeg ^, 

T « . 
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— ^ — ;-; , we have V * + i s 

^ *^^'"/*f* ^ the fluxicm of C O. Whencd it: 

appears that the fluent of .---^ =~- » truly defined 

byC6,orCGxAO«. 

But the fluent of the other g^ven fluxion, S. 14/ x 



^;^==,wmhe=8.14/xl-V^l-*« = ADB x 

FO X OD— RH. Therefore the two fluents, when^ 
H and G eomcide with A, will be to each other as 
C Ax AO to A D B x F O : whertof the antecedent, 
multiplied by 4, will be as the heat received at the 
equator during one whole year ; and the consequent, 
multiplied by 2, as the heat at the pole in the WBd» 
time (because the sun shines at the pole only two 
ffliarters of the year)* Hence the required ratio x£ 
the heat received at the equator and pole, in t>ne 
whole year, wiUbethat of CAxAO to DAxFO; 

or,inspecie8,asl--^--2 g 4 4^-g^ 4^4^g ^. 

Art. 484.* &c. to/; which, in numbers, is as 969 to 896, or 
as 17 to 7, nearly. 

» • 

PROBLEM XXXIV. 

476. To find when that Part of the Equation of 
TiW, arising fnm the Obliquity of the Ecliptic to the 
Equinoctial^ is a Maximum. 

In the right angled spherical triangle ABC let the 
angle A be that made by the ecliptic AC, anc^ the 
equinoetial AB; then the problem will be, to fin* 
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whoi the dSflSarenoe be- 
tween the base A B and 
the hypothenuse A C is 
the greatest possible (the 
•an^le A remaining in- 
variable). Now, (by Art. 
254) we have co^. B C 
'.sin. C II fluxion of AC 

fluxion of AB : also {per Spherics) nn. C : €•-«. A 1 1 




rjod. : co^, B Css- 



co-8, A X rod. 



sin. C 



whence, by muU 



tiplying the two first terms of the former proportion 
by these equal quantities, respectively, we get this new 

proportion, viz. co-^. BC\^ \ co^s. A x radius 1 1 so is 
the fluxion of AC to that of AB. But, when AC — 
AB is a maximum^ diese fluxions become equid; and 

consequently co-«. BU\^ = co^. A x rod. From 
which equation B C, and from thenee A C, will be 
known. Q. £. /• 

The same, without Fluxions. 

4ns. It will he^^per Spherics) rod. co^. A 1 1 tang. 
AC : iang. AB ; and therefore by composition and 
division, rod. + co^. A I rad. — cos. A 1 1 tang. 
A C + tang. A B : tang. AC — tang. * A B : : sin. 

AC + AB : sin. AC— AB, by the theorem mentioned 
in Problem 8th : from which, i)y following the steps 
there laid down, it appears that, radius + cos. A I 

^^l^—W ^M^^— ^W ^^^ 

radius — cos. A ; \ radius : sine of AC — AB, when 
a maximum : whence (AC + AB being then = 90®) 
both A C and B C will be given. 

COROLLAEY. 

477. Since, radius + cos. A ! radius — cos. A 
; : eo4ang. | A : tang, i A * : : radius]"^ : Uftig. 4 Af ; 



^ * Vide p. 70 and 71 of my Trigonometry. 



ftTS 
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theldfinre radiui 



AC - AB. Or, radiits ! teng* | A". ! ^fl^Jfif. | A t flic 
sine of the greatest equation : tvhkb, 6t^^{ydsla^ tile 

angle A to be Ua** 29', comes out »» . ^ .^4i. an- 
swering, ih time, to 9 minutes 54 seconds. 

PROBLEM XXXV. 

478. TodetermmttdieHAtabMhaxEmMiMofTim^ 
arUing Jrom the Inequality of the Sutis apparent Mo^ 
tUmy and the Obl^puty of the Ecliptic^ oonjun^yy i^ a 
Maximum. 

L«^ ABPD be tke 
eOmsis in which the 
earth revolves about 
the sun%i|i the focus 
S; let F be the other 
focus^ ahd T tib^ 
j^ace' dt the earth iH 
Its orbit at the titti^ 
requixed* Moreover, 
about S, as a center, 
tet a cirde QBKt be 
desdibed^ trhoto di- 
meter G K is a ineiiD 
prc^tioiHd b^w^eih 
the two axes AP taid 
BD of the ellipsis ; su> 
that the area thereof 
may be equal to that 

of the ellipsis : and, supposing S m to be indefi[nitdy 
^ear to ST, let ESn be a sector of the said circle, equal 
to the area T S m. 

Then, the time in whidt the earth moves through 
the arch Tm being to the time of one intire revo- 
lution, as the area T Sm, or ESn, is to the whole el- 
lipsis, or the equal eirde 6£KF; and tliMidaiieas 
ESit, and G£](I bemg in the ratio <^ the areh £ n 
to the whole pcripheiy 6EEI ; it is evident that E n. 




cm ▼Arntoos koimi. 

cr the ao^es i^Siiy wiU ezpcw tl|e inoQease of the mem 
Ibi^tiriaif, in die fimsflid dme of des^ 
and diat this an^ or increase, bjr reason of the equa- 
lly of ihe areas £ S n and T S in, win be to the «p(^ 
TSw, expressing the cosresponding increase of the true 
A»tit«fc, asST«to SE«. Tlicwfcre, if 4e fenner 

be denoted by Jf, the ktter will be represented by -^ 

X Jf. But now to get a nroper enyfemon for the 
-value of this increase of tne true umgUude, in al- 
gebndc terms ; let F T be drawn, and a£o T H, per- 
pendicolar to AF : puttmg AC (=CP) = a, CB=:6 
CS(=:CF)=c, ST=ir, and the co^rineof (TSP) 
the earA's distance from its perAelum (to the ni£iis 
l)=*x: then FT bring <=AP- ST) = aa-« 
(^ the pivperty of the dEp^is) and SH=«z (by Trig.) 

we hateFT+S T x FT -ST (2o x 2a-as)=FS 

xSCH (2cx2xc+xF) by a known property of tri- 
angles : from which equation z (ST) is fimnd = 

^ "^ ^ar ^ : and tUs ^n^ widi that rf ES« 
a -^ ex a-^ ex 

(soft) being substitn^ in the iaelpease of the true Ion- 

iptnde, ftond abofe, we tbenoe get P^^^ ^ - x M 

tat die measare of that increase ; where If denotes tiie 
jncrentept af the aiflgn nuUum coige y id ing . 

This bring obtained, kt i& Vf op (in die an- 
neabed figure) xepieaent the sonthem semi-rircle of 
the ecliptic, P the place of the perihelion, Vf the 
troj^e or opHcom, the apparent place of the sun 
in the eeliptie, and QQ his dedintftiDn, at the tam 
required : then it appears (from Art. 475) that the 
increase of the true tdngUtudt ^ ©, in an iadefiilitely 
amall particle of time, wiU be to diat of the rif^ 
asceruian ^ Q, in the satne time, as the square of the 
co-rine of Q0 is to a rectangle under the radiiD and 
the co-sine of the angle ^ : therrfore, the former. 
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imiMfnteil br • '^ " ■*■ **^ - 




*• 



rod. X conff. ^ 



wUeh, in the vequired ciicaiiiBtttioe, when the pto^- 
pOMd eqiiatkm (or the diflereboe between the son^s 




/y-jp 



MCDJi moftiiMi and right iuceunon) is a waanniiim, must 
eoDsequendj be equal to ( Jf ) the conesponding ia- 



crease of mean motion; and therefore ^ i 

Ir 



i« 



eo-« 



r©Qi' 



md X ca-«. ^ 



Bttt, to obtain the value of the latter part of this 
equation, also, in algebraic terms, let the sine and 
«D-eine of (vf P) the distance of the perihdion fima 
yf, be denoted by m and n respectively; then, the 
co-sine of P0 bong {as above) expressed by x, and 

its sine bj VX -* Jr% we shall thence get iix 4- 

wV'l — jc« rs co-sine <rf © Vf «= sine of t& @ (6^ tAe 
JBfm. of 7V^.) But {putting the sine of the angle 
& s= |> and iu co-sine ^ f ) we have (per Spherics ) 

radius (1) : »ne ^ Q (nx + mv^l -x"j : ; p : |ww + 
jmrV^I— x^sssine of Q0 ; from whence eo^» QqT 

=x 1 -T pnx + pm l/ 1 — X Y • which value, with 
that of the co-eine of the angle ^, being sub- 

stituted above, we, at length, get ^ ^ \.^ ^^ - ^ 
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l--pnjg+;m 1/1 -£^, ^^ which equatiaa the 

? 
value of X nia^ be determined. 

The forc^ing equation, it may he observed, ^ves 
the time of the maximum which precedes the winter 
solstice ; but if the maximum following that solstice be 
sought, it is but changing the sign of m, and then you 

will have ^ ^ ^ + ^^)^ = l-pnx^pm\^l -x^l 

b^ a 

answering in this case. And from the negative roots 
of thia and the preceding equation, the times of the 
other maxima after, and before, the summer solstice; will 
also be obtained. Q. E. /. 

COEOLLABY. 

479. It is evident that the equation of the earth's 
orbit (or that part of the equation of time arising 
from the inequality of the sun s apparent liiotion^ wiU 
he a maximumj when the center of the earth is m the 
intersection I of the ellipsis and the circle; whe^e th^ 
Mean Motion and True Longitude increase with the same 
celerity. 

PROBLEM XXXVI. 

480. To determine the Imw of the Density of a Me- 
Hum and tke Curve described therein^ by means iff an 
uniform Gravity^ so that the Projectik mayy every where^ 
moot with the same Velocity^ 

It appears, from Art. S67) that \/ ^ is a gene*- 

4raL expression for the celerity in the direction of the 

z /^ 

(Ordinate PBR; whence — x\/^, or its equal, 

' y ^ X * 

"^, must be the true measure of the absolute cele- 



» 



tity, in the diredioii B\S :- wlqdi ixmg a trm^^imt 
ipmAty (by bjpodiegii) ks nqtiaxe must also be oon^ 




•tent» wl io we have -^ ^ ^ ; aod p(«|seqpiettd]r"i« 

Bu(5 in order t9 tbie uob^iom ef ibe ^witian thiu 

ail aietf 

i,«^l > and « = VTF' ^ &^2f—^ ^ ^'^^K ^h«8» 

>» Art 149. tangent is .«* (an4 secant Vl+ti*); apd ar = |a x 
tArtl26.iyp* l«g. Tin? HB a K hyp. log* VI Hr 11^. f 
Therefore, as the hyp. log. qS Vl + tifi is « — 

o ' 

ihe cenmon bgacithn^ of Vl + te* viU be s 
-— — ; anacpueqaentlyjrasaxiKrcAiWfaoie 



radius is unity, and log. recant ^^^^944 &e. x Jf 

a 
MoreoTer, with respect to the density of the medium ; 
if the absolute forcie of gravity, in the direction Q B, 
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mhsnbf 4h« bodjr m ^kx^mied, will be ^xprassild \ff 

•T", or its equal y — : which, as the velocity 

is suppo^e^ to remain every where the same;, must also 
express the fbroe of the resistance, in the opposite di- 
rection, or the true ndeiteure of the requir^ density. 
This, therefore, if jlf Be put for the absolute number 
whose hypeicbldical Icfgarithta i» unity, may be had in 

terms of x, and will be 1 — 'M] */ : because 
hyp* log. 3/1- (= - ) bein^ = hyp. log. Vl + ««, 



.^.^ 



we have v l + it^ =s Ja|*.;i f hence u^M* —1 



y and 



consequently l^^^r^ = 1 - TBT] * 



Q.ii.1. 



PROBLEM XXXVII. 



481. Let a Lme, or an inJUxiblt Rod OP (considertd 
without regard to Thickness) be supposed to revohc 
about one of its extremes O, <is a Center^ with a Mo' 
ItjOfi reguknttd aceordifig to ai^ given Law ; t0hi(st a 
Ringy or Ball^ carried about with it, and tending to the 
Center O with anjf given Force^ is suffered to move or 
elide Jreely along the said Line or R^d : it is proposed to 
d^ermine the Velocity of the Ring^ and its Pressure upon 
the Rodf in any proposed Position, together with the ifa^ 
twre of the Curve A D L descried by means of that 
compound Motion. 

Let D P be any position of the revolving line, 
and D the corresponding position of the body: more- 
over, $u{^osing A C K to be the circumference of a 
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mde densribed from the oe&ter O, thiou^ the given 
point A, let the ^ineasure of the anguUur celerity of 
uut line, in the said circumference ACK, be repre- 




sented hj u ; also let v denote the celerity of the ring 
at D in the direction DP ; and w the true measure of the 
centripetal fbroe : call O A, a ; O D, « ; and A C,. 
r ; and let the given values of u and v, at A, be de- 
noted by b and c respectively. Then it will be, as a ; 

(UX\ 
— J the paracentric velocity of the body at 

D ; whose square, divided by the distance O D, gives 

Art. 311. -Y, fbr the true measure of the centrifugal force* 

arising from the revolution of the rod : from which 
the centripetal force w being deducted, the remainder, 

— — t0, is the true force whereby the velocity in the 
line O P is a^ccelerated. Therefore (by Art. 218) we 

have t>t? = --r — ic xx = — r- *- wx. 

a Or 

Moreover, because the fluxion of the time is ex- 
pressed either by — , or by — , these two values must, 
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ther^ore, be equ^l to each other, and consequently 
t) = -7-: from which, and the preceding equation 



z 



(when u and w are exhibited in terins of x or z) the 
required relation of v, x, and z will also beconie known* 
fiut now, in order to determine the action of the tod 
upon the ring, let O d P be indefinitely pear to O D P^ • 
intersecting ADL and ACK in d and c ; and put OD s 
x+i. Then/ because a body, acted on by no other 
force besides that tending to the center, about whidi 
it revolves, describes areas proportional to the times,** A^t. 224. 
and the angular cderity of a ray revolving with the 
body, is, in that case, as the square of the distance 
of the body from the center, inversely (vide Art. 478) 
it follows that if the rod was to cease to act upon the 
ring, at the position O D P, the ai^lar celerity at e. 



«« 



would then be ^„ x w, instead otu+i. There- 

fore the excess of u+i above u x u, which it 

X + « 1 

=< + V ^' is the increase of the said an- 

gular celerity, at the distance OC, arising from the 
action of the rod. Therefore it will be, as O C (a) : OD 

.0 

fxj \ \ the said mcrease to I 1 &c.) 

^ "^ . \ a a ax ^ 

the; alteration of the ring^s paracentric velocity, arising 
from the same cause. Which, divided hy r^ - 1 the 

time wherein %t is produced,, gives -— H — 
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ax 



&c. for the measure of the force, by which it ^ 



18 moduced. From whence, by substituting — in the 

- X 

xsxm of 7 , and n^ecting a& the terms after the two 

• Art 134 first (in order to ha^e the limiting r«tio'*^) we get 
^+^. Thetdbrp it ^ be, as ?S!* + 2J?5, to 

t Art 911. ---yt or as 55^ + -5^ to uaity, «o » the acticm of 

a Irx o 

the led vfsm dbe rkig^ to the (^v«n) omftifttaal fiirce 
at A -(or the face tint would ffetaw a body in the ckde 
4CK, wiat<tfaftV!cbcilj&;. Q.£.f. 

C0B0Li:iABY I. 

482. If the angular motion be uniform, the equations 
found above^ will heoMne vv ss — ^ — toi, and, v == 

-r- • Brom the latter of which, by taking the fluxion, 

wthmet see V; whenee (by substitution') -^ st 

-jjj- ^ 1^, ^ cowequently « — — = - — ; 
fiom the solution of which, the relatiite of x and z 
will be given. And then the value of v ("r) being 
also known, the action upon the rod, which in this case 

la bBxefy SB — (as -"^J will be given EkewM^ 



^^--1 



09 vMnonnu xivm. 






— ^ the oentriitigal iinrce in the circle 

ACK9 a« -7- to unity. 

CdHotLAitr 11. 

48S. But if the angul«r>celerity he proportional ttf 
imy power fs:'^) of the ^stance, and the centripetal 
force tr be, also, suj^poBed to v^ry accor^K]^ tqr sinM 

Sower t^ J of the same distance : tlien, putting p to 
dnote d^e eenttipetal^ and q the ewtriAigal foiree^ M 
tkegiten point A9 4^ varae «>f c» iriil iwre he «■* 

poMd^ by -;; X|!i» nod that <rf!4^ 1^ 



^ 






inelpei^ nf |]|e«]ng4tD bou^g a 
• ) It ^<ml be as — : — —-r 



ora' 



::?: 



ij««*f« 



,f«+i 



« 



f«8»«+h 



X q, the centrifugal force at^D.* Hence* Art Uh 



»» =s ^^1 — ^-^'9 whereof the (corrected) fluent 



s 



f^««+« 






+ -^^: ftflm whence- » is fcttii4 ss 



v/. 






m+1 n+1 HI + 1 . a«*+* 
tf£ 



K + 1.0" 






loTi 



\/J3 



*^ +i+ 



I * > ■ I—. , i I i li J ■ 



m+1 n+l m+l.fl«*^> «+l.d* 
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moreovor. by substitutiog for ii, and its flttxion, w^ 

^ xvu . ftuv bx'v . ^1 ^• 

get — H s m+2 x-;^,> expressing the action 

of the rod upon the ring : which, therefore, when 
m'is expounded hv -^2, will entirely vanish: and, 
in that oaae, i wiU become s 

expressing the nature of the trajectory described by 
means of a centripetal force, vamng according to any 
power (xf") of the distance. But this equation win 
be rendered somewhat more commodious, by substituting 
the values of b and e : for, if O Q (peqiendicular to 
Ae tangent at A) be denoted by A, it wiU be, h : 

^a« - A« (AQ) : : ft (the celerity in the dixiection AC) 

•Artss. to c = i^^^f!jli*==thc celerity in the direction AH * 

A 

t Art. Sll. Therefore, ft being = V^fl^^t ^^ ^^^^ «* = "if"* ^^ 



and i= 




2p«'+' 



n + l.q n-Hl, ya"+*' 

which equation is the same, in efl^, with that given 
in Art. 242, by a different method. 

Corollary. III. 

484. If the angular celerity be supposed uniform, and 
the ring to have no other motion along the rod than 
what it acquires from its centrifu^ force ; then c, m, and 
p being all of them equal to nothing, i will here be- 

hx cut 

come, barely = — # ==^ s=s ■ " . — . ="^ ; and 

a/ . ^** ^^ -«^ 



tborfore z ^ a x hyp. 1^. ^^ .i -T^- . HcM» 



a 

z 



the. number whose hyp. log. is -^ be denoted by 
JV, we shall have —• — ^ "^^ sz N: from which 

6 



f i6feimd±Ba x -^+^-»; whenoe op is also had =s 

. . JV 1 

fore, it will be (by Cored. 1) as unity is to -^ ^^, 

so is the an^lar velocity (b) in the arch A C K to the 
velocity with which the body refbedes from the center 
of motion: and sO), likewise, is the centrifugal force 
in that arch to hajtf the pressure upon the rod. By 

taking z = the whole periphery, eilr -< = S x 3. 145 

to; N'iM «*mie eut i± 6^. B^Mist^ SUn.1 i€U^ 
fitntt nfeoiitt it af jMrtf Aat* tlM d«MM of die fim 
from the center at the end of one entire revolution wiu 
ke abnort) 268 times a» great as it first. 

485. If a body be supposed to descend from the poiatO, 
^^e^ ^ fiext'/tg.) by me foUce oi^ i^ o\m gravity, along 
an indliled plane OGP ; whflst theplane itself moves uni- 
formly aiottt Akt poi^, flttonan hoMsbtttid'pbsItiOn^Elf; 
then the pUoe, and the pressure of the body upon the 
idanei ni any ^ven position OOP, may also be derived 
from the eouations iwCoiiblaiy 1. Forlet*C^ (^N^^- 
dicular to OH) be puts=^ ,* and let the ratio of the cen. 
trifi^ftnw in the aMe ErC I^ tb the' foio^ df gnU 
vity (given hf Art. S17J he as r td 'lafUy : then, aa 

tMe arilMwtf of ^ former fofce ir ^mretoed bf ^, 
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that of the latter most be repnfeented hj — ; tn^r 
consequently, its efficacy in the direction PO, bj 

-^ (^ \ — ^Oc)' ^l^ich value being substituted 
fyg ^ u>^ in the aforesaid Corollary, we have £ -^ 

•—-ss^-T-. But BOW, in order to the solution of this 




equation, put the radius O C (a)s^\ {that the ope- 
imtion may be as simple as possible) a]so,;i]i8tead of y. 



«' . z^ 



Art, «i&let its equal z — s-^ + q g 45 * ^' ^ sidbstituted 
and let » be assumed := ^z'-hAs^C^^+Dz^ &c. 

^ Then^ by proceeding as is taught in Art. 267, the 

i . z^ t* 

value of X will come out = — "^^g7g"^ a 8 4 5 6 7 

^ + &c Whence 



«. 8. 4. 5. 6. 7. 8. 9. 10. 11 



(ox \ 
-T- ) in the plane, is also ftund ss 

y mto J ^ a 8 4 5 6 *^ WhiA, therefae/lv 



to (t) the angular velocity of the plane, in the aroh 

^ C K, as -^ + Q a A 5 g +^ *c- *o ^- Moreover, 

the centrifugal force in the said arch bein^ denoted bjr 
r (the fi>rce of gravity being unity) it iml likewise be 

(by the above-mentioned Corol.) as 1 \ -r \\r \ (-7-=) 

^"""^ 3. 4. 5. 6 "^ 3. 4. 5. 6. 7. 8. 9. 10 "*" *^^* "^^^ 

force sufficient to keep the body upon the plane. But 
the &roe of gravity in a direction perpendicular to 
the plane (the weight of the body b^ng represented 

by umty) is 5^ = 1 - |% ^-|L-- ♦ &c. From* Art. 495. 
which deducting the quantity last found, there rests 1 — 

-r +i:sn - 8.8.4.5.6 ^- ^ ** ^^''^ "^ 

sure of die body upon the plane. By putting which 
equal to nothing, 2^ will be found =s 0. 67715; an- 
swering to an angle (E O C) of 47'' : 9^ : which angle 
is therefore the inclination, when the force of gravity is 
no longer sufficient to keep the body upon the plane. 

Though the value of ;r, given above, is -found by 
an infinite series, yet the sum of that series is easily 
exhibited by the measures of angles and ratios. For, 

] putting N to denote the numBNBr whose hyperbolical 
ogaritnm is iff, ^ ^ . 

C1+2+— +— +— ^^i — &c. = iV 
wehavef ^ ^ ^i ^4 j tArt4«4 






4.__li_ &c. = 4v 



8.8 ^ 8.8.4 N' 

half the, difieienoe of which two equatimis is c + 



8.8 "^8.8.4.5 8.8.4.5.6.7 8 8i\r ' 

it8 
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ftom which tddngz - iL+-^- ^ ^^^^ ^^ 
fte. := ^ ; and dividing the xenainder by 8r, there le- 

^(r ^571 + ».g.4.g.«.T *"•> fc^ ^ 

JV' 1 

•5- — g^ — y, ftr the true value of x. Which, if 

» 
nquired, may be expeaqed independctot of r ; 1^ pvt- 
ting df for the distance through which a body freely de- 
leends ia the first aeooad of tinic^ and takbig 6 to da- 
note ikt vdbdty of the pUme (fer $eamd) in tiie 
uA ECK: ftr then, the ratb of the. oartgifiigal 
fiirce, in the said arch, la the force of gravity (or 

• Art 911. that of r to 1) being as y (= ttt.) to 2i, ♦ we 
shall have ^ ^ 23 » ^^ consequently « ss - x 

By computations, not Very unl&e those abo^, the 
toQotioa of the moon's ag^ogee^ and the princmal equa- 
tions of the hinar orlnt may be exhibited, by means 
•f proper appiagdnuitiotts, deitved fton. die general 
iqpMiiaiis hi Art« 461^ Bmt tha i» a oonn&RatM 
that would requiie li volume* e^ ilMif, to ^grea^it^ finna 
first prioeiples^ with aH the atte&tmi aad peryeniny 
auitaUe to the importance of the subject* 
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VOLUME THE SECOND. 



SSCI^. I.^Tbe mi^thod of investigating the inclefi- 
iiitely small incrohieiite of the sides md angles iof tri- 
attgtes in this section, is hj no means so degant and 
comprehensive as the following. 

The general proposition may be thua stated :-— » 

Of the three Angles and three Siiei of aniff Spherical 
Triangle^ any tivo being constflM^ and the Fluxion of 
any one of the Variables being eiven, required the 
Fluxiin qf any one of the other Variabies. 

Let the angles of the triangle be denoted by Af J9, 
Cj &Ai fte sides respectively <^p6site, by a, &, c ; aiid 
first let us suppose two sides, (as a, b) invariable, and 
the fluxjini.pf ,tb^ third side giveli, to find that of the 
an^es A, By C. 

^ ^ By TsigcfaioiiMfery (seb WdoAoudii> or Gregory) we 
hav9 



COS. A = 



COS. a -^ COS. bf COS. t cos. a 



sin, b, sin. c 



;-; r*. ■!"; 

Sin. stn. c 



COS. b COS. e 
sin. b * sik. c 

COS. b 



COS. B ^ 



COS. a .to9. c 



stn. a sm. c stn. d sin. c 



_ f^ C09. C C99. a • CM. b 

«tit. a . sin. h sin, a • ain, b 

And taking the fluxions of these expressions we set (see 
vol. 1, p. 168). 

A' J C08. a c . COS. c COS. b c 

«— -d . sm. A z:z '•^ -: — - X 1 x ■ 

stn. b sin. ^c sin. b sin. ^c 

.k* r% COS, b C . COS. C COS* a- c 
— tf . stn. B sz : X ; 1 X 

Sin. a stn. ^c ain. a stn* ^c 

C. . g^ C • owl» C 

• tftll. C ss -^ '■ ^ " ' ^ 

sin, a • 4111. V 
•• A COS. a* COS. c^-cos. b -^sm, a 

Hence —-:=-: : : ^-: r-— ^ :— - 

c' sin. A* sin.b. sin, H sin, A. sin. b, sin. c 
cos.b'^cos.a.cos.c sin. b n 

X ' ; ; =S -: 5= ^.—7 : X COS. B 

stn. CL • stn. c sin* /•• stn. o. stn. c 

COS. B 
stn, B • stn, c 

Therefore u^' ;= r^ — x c 1 

stn. c 

ftimiliurly B' = r-^ x c 8 

stn. c 



• 



, ^. c stn. c c 

and C = -; : = or s 

sin, a. sin. b. sin. C sin, b x sin. A 

. *'' s 

sin. a . sin. B 

NoWy instead of a and b^ let a and c be constant^ 
and it will be found exactly in the same manner, that 

A ^ — r-r ^ * 

stn. o 

jf :s: ^ or ss 

sin. a . sin. C sin.x • sin. A 

^. cot. A ,. ' 



Again, suppose h and c eonstant, and we get 



..a a 

A = -- — . ■ .. I or =5 



sifL h • Wit. C7 sin. c • Wn. ^ 

■n* cot. C 

jB = X a 

«tn. a 

^^ coi, B • 
<7 = — -: X a 

sm. a 

The three first equations are sufficient to resolve, Ttoo 
sidea being given and the fluxion of the thirdj of any 
spherical triangk ; required the fluxion of each of the 
angles. 

Secondly. Awf two of the sides being constanJt^^ and 
the fluxion of an angle eiven; let it be required to find 
the fluxion fif the third side, and of the remaining 
angles. 

From the above results we get 

c' == — tan. B X sin. c x A' ..•* 4 

B' =s cot. A x tan. B x A' B 

C ^ , *f*'^ X A' ... 6 

stn. A • cos. B . 

which three fimns completely resolve the second case. 

Thirdly. Let us suppose an angle, and its opposite 
side constant (as A^ a) and the fluxion of a side fcj 
givQiy to find &', B\ and C 

By Trigonometry we have 

sin. A sin. C sin. B 

sin. a sin. c sin. b 

Therefore, sin. C =z --r^ — x ein. c, and taking the 

stn, a 



fluxions 



^^ sin, A cos, c 

C =5 — X ^y; X C 

s%n, a cos, C 



*tn. c COS. C 
s= tQ», C . tot.cxc 

Also #111. jB s !!?1_ X #1, a 

tftft. a 

Therefine -B" = -r^— x^2^xi'a3te«.jBxcp<.6xi'. 

sin, a cos*B 

sin. . sm. ^ 

T^er^ofe sin. b . «n. c k flW- 4^cos^ a-^co^. J, <ra$. c< 
and COS. Jx (6* co«. &..nn. c+c' cm. c, «&i, i)=:6' sin. J, 
cot. c+c* tftn. c. co«. 6. 

TTmii^ r — tJLi"^' ^^^ b'Tf^CO^.C. *)». * xo##, J) 

4*«M0e ^ SSB ■ ' ■« X f - J ■■■5 — y »~ 

CO*. 0. •m. 0. MtH. ^— nJI. 0« 00».4> 

c (««. c. CM. b—cos. c. sin. b X : : — ^^n-^ I 

_. sin. ft. nit. c / 

^■** .i, . ■ /• - - y -1^' .■•■-LI J f ■ "i ■ !■ > 

, . COS. aT^eos, o, cos. c • , 

COS. o. stn. c X T : — ^^ '-^--stn. b* cos. c 

stn. o • MPt. c 

^ . (sin, ^'^-cos. ^c) . gpj. b-^cos. a . cos, c sin. ft 

"" ofljff . a . ^^ ft — (cosl »ft -f *in. ^ftj . cos. a ^ SSTc 

cos. ft-'cot^a. coau 0. 
a- — c X - 

jcqs. c- ^QOs. a . co*. ft cos,, C 

sifi. (f . «t»k ^ 

Hencei- = -c- x ^?fl^ » 

co». C 

B'sztOM. Mk cot. ftx ft(*^ —C X fnn^ XCO^.ft.,.8 * 

60f> C 

and C :szc X tan. C x cot. c 9 

F(wt%. Let ^ a be eonstant a& Ufen^ iNrt^ 
fluxion of an,an{^e, B', be given to find ft", c\ C 
From equation (8) we get 

"^ * — i^r]^-' ^ ^^ *^ 



% 



X 



\ 



^^ ,. C08.B ton. txe^'JB ». . j^ 

COS. C 4tit. B 

cotBxB' 11 

i&u€ xcot c xtan.b 



aacKTsc* x tan. Cx cat. ess — 



•in. B 



^ff^_cos^ X B' 12 

COS. b 

Fifthly. Let an angle and either of its a/^aant 
sides (as jly 6 J be constant, and the fluxion of either of 
the other sides (as fij 1»e^ ^ven; required to find 
a f B f C 

As before, we havie 

COS. A . 9%n. b . sin. cz^cos. a-^cos, b . cos. c 

.^ . . cos. b • «ii. C'^sin. b x cos. c . eea^ A 
Hence a s=ic x — -^^ ; ^ — • • — ^ 

, . . , cos. a-^cos, b .COS. e 

cos. b . sin. c^sin. b x cos, c x : — r ; 

.• ^ stn^ b . mMm e 

— ^ X ' ■■ 

sin. a 
COS. b . (sin. ^c+cos. *c )— Odi^.a • cos. e 

s=C X ^ : ^ 

«VI% « . SPL. G 

cos. b — cos. <|. cos. c ^ 

zsQ X ' C"T Z^ ^-~ —ex. COS. B 

$in. a . stn. ^ 

Anuu sfn. 4F=?4Vt-&x— r^ , aod taking the flwuoDs, 
•* sin. a 

Ac .we obtain 

^. sin.b. sin. A. cos.a . — m. b. sin.A^ cos.a x c 
COS. B • M»* ^a mt« H 

- = — nn. JB X cot. axe 

Again, «tn. C = : — -; ^and takii^ the fluxions 

stn. b 

^ . ^. c. COS. c. sin. B-^B^» cos. B. sin, c 
we gee C n».6.<m.C " 



L 
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c • wn. JS / . • ^^^ ^ • • - 

s ^ X («tft. a . C09. c •*-' iin* c • 

sin, a . sin* b . eo«. C 
008. a • co». B) 

«t)c. a X C09. C ^n. a . «tn. b 

c\ sin* B 
"" sin. a 

Hence^ then, we collect 

a^cxcos.B 18 

B'sB— m. Bxcoe. axe 14 

_ nil. B > np. 

C = — : • X c... la 

Sixthly. Let A^bhe constant as before, and let the 
fluxion of either angle (as B) be given; required to 
a ^ c y C^ • 

From (14) we get immediately 

-• ??!LfLxB- 16 

«tfl. ^ 

Alsoa = c xcM. jB=s— to».<i. co«. Bx5' ...17 

and C = -^ X c = - -— — 18 

sin. a COS. a 

Seventhly. Let any two angles (as Jy B) be con- 
stant, and let the fluxion of a side opposite to one of 
them (as a) be given ; required to find b\ c\ and C. 

Since sin. b =: ^' . x «m. a, we have 

stn. A 

, . sin. B COS. a . 

b sr :—. X a 

COS. . stn. A 

sin.b COS. a . ._ » . ..^ -w^.* 
cos^ b sin, a 



Again, by Trigonometry, we h&ve 



A B 

tan. -- X tan. — = 



sin. 



^ 



sm. 



fluxions 



a+b+c 
2 



, and taking the 



X^*- — 5 X tan, — tan. --= — L- 



C09. 



2 



Hence 



c = 



2 2 2 2 

^^r — 5 — + C08. — L- — tan.-^ tan.-r- 
2 2 2 2 



(a+i) 



«m, — «. , CQg^ — ^ — — co».— ---«i».- 



2 



2 



2 



^. a+6+c a+&-<c , a+b+c . d+&-<; 

«in. — ._ . co«. — ^-. +co».— r— . «n. ^— -^ 



= (a'+b') X 






2 2 



2 



2 






a-¥b+c a+b-a \ 



=<a +*)._- 



«n. i— --4. I 

2^2/ 



aifi:(a+b) 



fiut &*= tan. b X cot. a x a 

Therefore c = a x (1+ ^^^-^'^ ^ x *"^ ^ 

C09. A . sin. 0/ m. (a + b} 

a' sin. c 
^tn. a . cos^ b 

Again, since sin. C = «t». c x !!±-£ 
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* 



^^lBXkl^i%^ 



^ C08.C am. A . €0$.a ni^,.cy.9vu,A 

co8»C 8tn* a COS. L nn. *a 

a 9tn, A (sin, c • cos. c cos. a • sin, c\ 
COS. C \sin. ^a * cos. b sin. *tt / 

a sin. A . sin. c x sin. b f cos. c-^cos. a . cos, b \ 
"" sin. a .* cos. C . cos. b \ sin. a . sin. b f 

. n». A. sin. t? . sin. b . . ^^ ^ ,^^ * 

*= a ; ^ — =^ ^ It x iJWi. C X ton. 6 

sm. a • CM. 6 

Hence^ collecting results^ we get 

V^ian.b X cioi.a x a...% 19 

c s= -: -. X a 20 

sxn.a. cos.o 

C =:nn. C *tan.bxa ...^Mi.. SI 

EiriU%. Let if , £ be oonstant, and C given t 
tofiiida,6'i e. 

From (21) we get 

a^^ y C-- 22 

stn. L 

cot. <t /-,. ^«^ 
Alsob'mtan,b.e9t nxa =s -~7,xC iv* 23 

«tn.C 

c = -: ixa=s ; ^ i ; . — xC=: 

stn. a ^ COS. \ nn.Ki. sm>o. sm.a 

r* 

t-/^ ... 9A' 

m. a • «tn. B 

Ninthly. Lei A B he constant, and the fluxioa 
of the side lying between them (c') W given ; to fina 
a', &-',. tfnd c • 

F9om (M^ we get 

stn. a . COS. b . 4«^ 

a= : X4? 25 

sin. c 

From (19) we have 

s=<an.6xc«l«aX({ = • Xc ••• **' 

stn. c 



And fifom (84) , 

C* s sin. a . nm B x c , o;««. 27 

The last three eases. we haye resolved without the 
aid of the supplemental triangle. 

This method has one great advantage over that in 
th» text, in exhibiting limether the 6.uxij6n be positive 
or native, or whether the side or angle be increasing 
or decreasing. SeeX 2> 4, 6, 7, 8, 10, lg» 14, 16, 17» 
18, &c. The reader is advised to apply these observa- 
tion^ in the astroooqaipal extJtaipleitw 

The foriocis foi ri^bit-aQgled. triangles may evidently 
be deduced, as particular cases, from the ahove forms. 
Moreover, a siiwlar process will 9pply in fbding the 
jBuxions of the sides and angles ofplam trianglea fron 
corresponding data. See Coteni Estvmatio fiirorum in 
mixta Mathm. 

SECT; lI.^Thf Sttl^ect of Ffaixional£f nations, 
from the time of Simpson, has been cultix^ated with 

unknown at that period, have been obtained. 

The limita oi aa lyp^ndin 9iok penni^tin^ us to 
discuss the subject in its detail, we shall present the 
student meiely with am outline c^ these improvements. 

I. Let the variables be already separate. 

^ y 
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Make - =5 ^a+bx^^^ax^-^fy^-^ex* s? ^X 
Mid ^ -s K^a+fty-fgi(»+4^HQt* * y^Y 

ana 4- -^ as , . - + ..^...^ 
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Put X +y sz Uj and x — ^ = ». ' 

=6t)+c«c + Jdc. (8tt2 -!-«*) + f € ilo (««4-«M*) 
Multiplying equation (1) by v, and subtractbg, we get 

^ — !fr =s - «?' + ewoS which beini? again multi- 
plied by — , we have 



v' 



and taking the fluents, t' being considered constant^ 



( 



«« 1 



X — sas const. + d X tt + Cll*. 



Hence ^. == /JT + V'F= » /C + dtt+c«« 

• 



By the same process we resolve 

and obtain ' ': , 

Also 

./^ ^r__j^zJL_ ft«+cw»+ 
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By this method we find the fluent of 

est) 4. » rt 

to be 

Also from 

(3) - ^ "^ + ^ ^ 

•C + 26. (x + J^) + c . (« + j^)< 

(4). Instead of resolving, by the above method, the 
equation 



X 



y 



we have {«n. ""'a?=arc whose sine is a? to radius 1, &c.) 

situ -'« + stn. -^y = con*^ =3 sin. -'c (the constant 
being perfectly arbitrary). 

Hence c = sin. (sin. "~'x + «». -^y) 

^sin. (rnr'a?) co5. (wii.-'jir)4.co«. («».-'«) x 

==x. yT=^ ± y IZP x^, as^it wiU be^ 
readily perceived by attending to the meaning of the 
symbols sin. ^'op, &c. 

5. Required to resolve 

We have tan. (fa». "'x ± /an. -'j^) = const. = fan. -'c 

Hence 

e=ztan.{tan.-'x± tanr'y)=: ^'^'0^^''''^)±^n.(tanr'y) 

1 -f tan.(tan.-'x) . ran.(ten.-'vj 

1+xy 



6. Required to uuht 



at 



Here we have 

log. (r + t/l +«*)+/cjf. ty + V^l +y)s=con«^=/o^.c. 
Therefore, by logarithms 

c= (ac+ i/l +ar<) . (y + /l +jf«) 
which admits of fiiither reduetions. 

The above methodr diow that the flneats, although 
logarithimc* or circular, when t^en separatdy, may 
/frtiuiiidy be f ea J ttdl a^bnde, byapttjparaMuoafitioii 
of tne form of the arbitrary constant. 

II. We wiH now proceed to solve Homogeneonu 
Equatwna^ or those whose terms are each of the same 
4imeBsioD, which comprehend an extlensiv^ dass, mti 
prooosit Ulde difficidty. 

Every Homogeneous Equation muf hti wAawk tsi 
this form 

4 « a fonetito* of i "^f^- 

For the equation being ^ = -^ (JTaud i^aieio- 
mogeneoua functions of x and y), assmne" 

^ = If , or^ ss xtf 

X 

Then, substituting for y iwM and N^ x will rise to 
the sane dimmnina invcveiy tenn of tbeniV Mid by di^ 

sion^ ss -^ will become a function of the new vMlM^ 
» M 

oq]^ That is 



Therefore w H = f^ 

and - = J in which the vaiiaUes hmg 8epa« 

rated we have 

lag. X = I 

J fu — u 

Ex. 1. ^ = ^l±i^. 

X ay* 

Let ^ = u'x 

tfop 4- itf 07* + iif*ar 1 + itt* 



Then 



a avTo^ avT 



and - = - — — which is to be resolved as a 

X 1+Jm"— aM^^* 

rational fraction (Sect. V, Vol. II). 
(2). As a more simple case tale. 



Here we get 

X ^ u 

« " 1/1 +tt« 

and %. 0? :;:::%. /^I^ + l/l + ««) 4- % C 

Therefore x=c (u+)/T+iF)=€ . (^ + ^^'^^Y 
and by reduction 

(3).|=L±if. 

Assume »= jw. Theatl^ ^ yt±S =: „ + i 

VOL. II. X 
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Therefore ^ = ; = «, 

y u -f 1— tt 

and log, ^ = u + const* = u — log c^ 

or te = /og^. cy, 
and cyse* (e being the hyperbolic base) 

(4.) * = — ^!^^ ' Make xzsyu 

and we cet y \/ = c. 

(6.) for-l-ftyj .y+f[^+gy^ « = 0. Make^=a»r 

and we get - = ^— ^ and takin£r the 

fluents we shall obtain, aflier the requisite reductions, 

X 

or C . (x+y) = c""+y. 
This process is applicable even when such forms as 

log. (- j, e* , COS. (-) &c. and generally any functions 
of '^j enter the equation. 

III. (1). Equations reducible to the form 

^ + Jjry-hA,x''y''^+A^x 2j^2 + .= 

. nuiy be rendered homogeneous by the assumption 

w y =: u"" =z m'""". 



whenever * 

m + 1 m, + l 9?i2+l 



1— n 1— n, 1— »j 



= &C. 



For we find, by taking the fluxion and substituting^ 
that 

rvT'^ T + AjTv'*' + A^x "y" + = 0, 

a? • 

which will be homogeneous when 

r — 1 =:m + n^ = 9ni + n^r = &c. 

or when 

m + 1 m, + 1 

r s= ,; = = = &c. 

1 — n 1 — »! 

Ex, 1. ^ + AjTf/^ + ^i -^ = 0. 

OP •^ X 



Ex. a. ^+^*-y + -4j« — • y +-^8^: "-' y = 0, 
and so on to an indefinite extent. 

Generally J to investigate the Conditions for rendering 
the above Equation homogeneous by assumptions of 
the form 

y = u'sf, 

• • 

Since T = rtt'^V.- •\-su'x'^\ we have, by sub- 



• . • 



stitution, 

rM'^V- + «tt'af"^ +-4x-*""'ir +-4j2' • ' tt * + &c. = 0, 

and it is evident that wh^ n this transformed equation is 
homogemeofus^ we must have 

r + »— l=:m+n« + nr=mi+ni#+nir = &c. 

w+n— 1 .«+l m,+n,— 1 .«+l 

••. ^ = 5 — — = =s ke. 

1— n 1— n 

the conditions required. 

x2 
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It appears hence that innumerable equations of the 
fbnn 

^ -h u<xy + ^i« ly " + &c.= 0, 

I 

by assumptions such as 

may be rendered homogeneous^ and therefore integrable. 

In a similar manner may be fbund the conditions 
requisite to the applicability of the assumption 



r a r 1 



y =s attV + aiU^V + ^tt J? ' + • 

in rendering an equation of the above form homoge- 
neous, a, ptx9 ^29 ^* ff ^19 ^29 &c. 8f 81^829 &c. bemg 
constants to be determined by convenient as^im^p^ons 
in the result, and u a new variable. 

Ex. Required the Condkimis of IkUgrabUAy of the 
Equation 

^ + Ay» + Bar =: (a) 

by the J btum p i ion 

By taking the fluxions, and substituting ^r ^ and y 
m the equation, we obtain 

OB 

Ju^x ' + Bar = 0. t 

^i-l = * + «») and «» + 2^« = J 

1 
Hence « =? — Ij « =;= ^^ and ^i 5? -^^Jt* ;;;; — 2. 

or' 
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tod T dT* + Au^x"^ + BxT = 0, 

X 

t 

or ^ + Jtt««"-« + !?«"•+* = (b) 

which k homogeneous when m = — S. 
When 191 is —4, equation (h) is zeducible to 

Hence, then, the given equation becomes integrable in 
the cases of ms£ — S, and m = — 4,. when transformed 
to equation (b) by the assumption 

y « -J + HOC-*. 

Again^ let tc = y j*^*, and oc'^* = »i . 

Then, by substituting for u and tf, x and i, we get, 
after pro^ reductions, 

and putting 

^1 + ^.^,» + 5,x" = r«.; 

irhich being similar to equati(m (a)^ may be treated in 
like manner. 

Hence, by putting ^i =a -j- + «ivPi""% we obtain, as 
before, 

% + -rf.tti^^^-* + jB,x/'^*= fij 

which is i&tegrable when wii= — 2, and when wii= — 4. 

Hence it is evident that by repeating the operation 
f* times and putting successively 



80e 



810 



m+8 

mi +8 



=A, 



=Jf 



= A 
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&c.=&c. 



m+3 
m,+8 






TO + l "> 



m. + 3 



^8 



&c.=&c. 






= Wt2 



S=5 JII3 



i 



&C.S&C0 



we shall at length arrive at an equation 



(K) 



which is integrable when m^ =: — 2 or — 4 ; and the 
equation from which this is immediately derived 



X. 



'^J^yJ + B^x'* = 0, 



(aj 



is integrable when m^ = (for then -j — ^ ^ + «^ = 0); 

hence the given equation (a) is integraUe whenei 
m^ = 0,-2, or —4'. 



But «*i as — • 



ms s: — 



3m + 8 
Sm+5 
5m +12 
3m+7 
7m +12 



'^^ - ^ 5m+9 

&C. =: &C. 

(^-l)m+4v* 



•'• ^V ■" "*■ 



fxm+2f*+l 
Hence equation ^a^ is integrable when 

(2/*— l)m + 4¥A n a ^ 

= Oor —2 or -4, 



or wh^ m = — 



, f(m+2/x+l 
4/x 



2f*-l 



or —2, or — 



4ix * 



• 
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This example contains a complete discussion of 
Ccfunt Riccatfs Equation. 

Every equation of the fonns 

^ ^ A7fi4-Bofr+ — \ are reducible to the 
X •^ X ' 

and-^ + Ay^ofT +' BjT + Cyx"" 

X 

finrm of Riocati's equation, by the respective assumptions 

1 1 

■«^' = M, y = M + -T-; af+'=u, and then^ = ^ + "7"' 

X AU 

(2). Equaitohs of the form 

y . AxTiT + Bx^ y' + kc. 

* (w?y + Ajc » 9 * + &c. 

may ie rendered Homogene&us by the Assumption 

1 

y z=z u"" =: u^ ory:=iu ^-f*'"'^ 

whenever 
jii + rn = wij + nil = &c. = p + rj + r — 1 
= p, + rj^i + r — 1 = &c. 
hold good simultaneously. 

The trath of this becomes evident upon substituting 
-in the given equation for y and y, and equating the 
sums m the exponents in the results. 

(3.) Equations of the form 

y A-^Bx^-Cy .. . . 

— + r =^=() (a) 

X a-\-lx-k'<y ' 

become Homogeneous by the Assumptions 

A -^ Bx -^ Cy = ul 

and a -h Ajc + cy = i>J 
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For ^ + Cy 3s « ) 
andb£+ cy^i^y Hence, by elimination, 



and A7 = 



.'. by substitution we have 
bit *— Bv u 
Ci—cu ^ v"^ ^' 
whence is easily derived 

« Bv^Cu ^ 

-T - -T— ; = /"ftJ 



Aomcgime< 



e. 



(4.) Equations of the general form 

+ «3 ' {«3 ^ + *3 . — + } + &C. &C. = 0, 

the logarithmic forms -i ^c. being taken in amf 
order whatever, becom£ homogeneous iy assuming^ 

m 

a?3 ' = M3 
&& ss &c. 
and making the proper substitutions. 

5^ L ^« 



&c. = &c. 



^ 
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and .*. we get, by substitution, 

+ &c. rs 0, which is homogeneous, the sum of expo- 
nents in etch term being Zero. 

Ex. 1. P^ ^ rt ^ ^, (seep- 290). 
First we reduce this to the above form by bringing it to 

Then, putting y = te, j?'*'^^ = o, and substituting 

1. u y 1 V X 

— . - for — , and — -r . — for —, we get 
n u y m + 1 v x ° 

(p V r u\ 1 

*-^ . — + — .—) « = — rr ^ 
m+1 V n u/ m+1 

which is manifestly homogeneous, and may therefore be 
integrated whatever be the value of n. 

It appears from the text, that Simpson was not 
acquainted with any method of integrating the above 
equation, except in the case <^«i=sr. It is easy even 
by the method of factors (that which he uses), to 
accomplish this object. 

Equations of the form 
(^«y + 5«"y + )(al + ft|^ + 

(JVy + W>' + ) («»^ + *^|) = 

I I 

are reducible to homogeneity^ whenever 

mi— m m^—mi _ Pi^P _ Pi'^Pi q^ 

n— ni "" III— «8 ■" *"" ^'— 9i ?i— ft "" 
stAsist simultaneously. 



i 



\ » 



^ 
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^ = «' ) 

^ , ?- and substituting for x, j^, and 



For, putting^ = «' 

and 

j^, y, the second fiictors preserve their form, and first 
factors are rendered homogeneous by^ making 

nr + m« = fijr + m^< = &c. =5 ^r +/» = 9ir + pi« = &c. 

whence 

*fl|— III Iflf— Ml 



11 — Wi fit— Wfl 






Generally f, (x, y, ar, &c.) . (a — + 6 — + &c.) 

X y 

= y. («,y, ar, &c,) (a' — -f 6' - 4- ....) «wy always 

* J' 

&e reiuIerecZ Aomogvneou^ when the functions dmoted hy 

fif, art capabk of such transformation by substituttons 

<^ the form 

jc = «£% y = if| * &c. 

For by substituting for x, y^ &c. the powers of any 
other variables, we do not change the form of 

(a . — + * . ^ + ) &c. &c. 

\ X y 

which, therefore, remain homogeneous. 

The foregoing considerations will enable the student 
to integrate a ereat number of curious and interesting 
equations. Many, will, doubtless, occur, of a perfectly 
novel character. 



y a* « 

Tht equation ~: — y x — = Jc' becomes 

^ ^ » Va^y X 

homogeneous by putting ^"^^ ~ ^ r > ^^ we findy 

X" ss U I 

<ifter much labour^ that 



a+y _ 5 xg+a(l + \/2) y/g-fy I ^^^ 
'x2 + 2 (1 - v/2) ^/'aTy 
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Also ~ = V^2x*4-fty becomes so, by putting j^-ss z^. 

^ ' y Ay+Be' 
Asam, ^ H — -— = 0, becomes homogeneous 

by putting w = c*. 

IV. Having discussed at some length the subject 
of Homogeneotis Equatixms^ we now come to an exten- 
sive and highly important class, called Linear Equa- 
tions, 

To integrate thegerieral Linear Equation of the first 
order 

where JC, X' denote any functions of x. 
laeiy = uv. Then 

V . V . ii u . V 

± = J 

XXX 

and by substitution we get 
V • ik V . V 



X X 



+ -X'. ttt) + Jr= 0; 



^and since we can make another assumption with regard 
to If; Sec. let 



u X ("I 4- JTt?) = 0, ^ 
v.j^X'^0. \ 



Then v . - 



Hence - + Xx ^ 

V 



••• / . t> + fXx = const, ss I.e. 

c 
and t> =; ce"^^'. 



L 



»• 
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Jx2 






e 

.-.^ = iw = - ^^^ X {'-fxj^e^'' + C} (a) 

C, the final aitatnuy oonstant, bong put ss eo'. 

Ex. 1. 4 - - - — .^'^O, 
X a a 

a 

a 

•^ a 

But, integiating hy parts j ve faave 

« « « 

mm m 

« « « 

/ar-*c"-« = — oar-* c"*+a . (n^«)/ar^c"* « 

&c. = &c. 

Hence, by suooessively substitutiiig, we get 

m 

/ jcJPc^'* s cc"* (af + i«Mr-'+ » . (« — 1) ^3^ 

.-. j^ = c' { — ce • (jf +1102^'+ n. (»-l) te«ar^ + . • .)+€} 

= — c(jf+wa«^* + ».(n-l)a«a[^"*+...) + Ce- 
which is exactly the same result as that in page 393, 
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deduced by cmr author from principles less inteffi^bk 
and conclusiye. For the controversy which that equa- 
tion led to, see London Mag. for June. 1T75, and 
Tumer^s Exercisea, page 94. See also Irish Trans. 
VII, 351. 

In his Miscellaneous Tracts^ Simpson subsequently 
gave a general method of integrating Linear Equations 
with constmt eoefidents of all orders. 

Ex. 2. ^ + .y *--a 38 0. 

Ans. y= C (x+ i/lT^)- — 1- . (x+ t/T^)--' + 

a J 

^(y^^YS (^+^1+^0 Euler Inst. Cal. Int. I. 

a. 8. 1 + (.-I)|-_ + -j-j-^, = 0. 

which expresses the sum of the series 
m i»+l m + 2 

n n+1 n + 2 

See Lagrange. TA^ortlc dcs Fonctiom AnafytiqueSf 
page 10^. » 



1 + r-^ + r-rr ^ + — t-sjp' +... oo. 



Bx. 4. To find the mtfuve of a curve swA that, a lint 
heing drawn from the v^tex, making an angle of 45" 
with the axis, the ordinate may be to the corresponding 
subtangent, as (a) to that part of the ordinate producm, 
which is intercepted by the curve and the line dr^^onfrom 
the vertex. 

Let X zs the abscissa of the curve measuned from the 
vertex, ap4 y th« Wip^wniiing ordin»te^ Then since 
the Z is 460, the part of the ordinate cut o#by the line 



1 



\ 
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issuing from the vertex = jr. .*. the part intercepted 
ssy^x^ Hence 

yx 

which gives 

ax 

which is ItneaVf with respect to x and its fluxion. 

This may be integrated more expeditiously than bj 
the general method, m putting 

which gives 

y au 

a "" a— tt* 

V c 

Hence - =r fc — Z (a — w) = / . 



a ^ a— 1< 






.', X =1 y + ae ' + C ssi y + ae • — a, 
which expresses the nature required. « 

7%e Equation 

Mr 

M reducible To ^Ae linear form^ by putting u = ^~*. 
For the equation becomes, by substituting for y andy, 

T - nJCu - n-y = 0, 

' a? 

Hence 

i = tt = - c^' {/iii^'e>^' + C}. 

y 

Ex. 1. ^ + y — ay^ = 0, gives an integral, 



i 

1 
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Ex. 2. f + =-^ - »V^ •= 0, gives 

i 1 — T* 
V<y=C.(l-»») g— . 

v.— M^Aencucr Me e^mttton 

Py + Qjc = fa; 

^ = ^ (h) 

X y 

(P and Q demttng functions of xy and constants, and 

PQ' 

-7 , —the partial f/uxwrnd coefficients of P and Q, 
X y 

relative to x andy respectively), it is integrable. 

u 
For, let P = -7 fu being a function of x, y, at 

present undetermined;. 

Then — = -rr = -r (by equation 6). 
X yx y 

•• •■ 

Q' u 

and taking the integrals on the supposition that y is the 

u 
only variable^ we have Q =s -. 

Hence, by substitution, equation (a) becomes 

|:y + |* = o = « r«V 

which is a complete fluxion. 
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u 
Now, since -7 y as Py 

V we have 
u 
and T » s Qi 

X 

/« or /y denoting that the integral is takbn on the sup- 
position of « or ^ Deing constant, and X or F a function 
o£x oty respectively. 

Hence 

/.Py - /, Q* - r ~ X (e), 

from whidi equation we can evidently determine either 
F or JC, by putting a: = 0, or y = 0. 

7%e eqwUwM (e) and (c) are, eonaequently^ st^gjiciefU 
to determine the integral of (a) whenever the equation of 
condition (bj, caUed the Criterion of Integrability, is 
found to subsist. 

Ex. 1. ^ - "^""-^^ = = i^ + Qi. 

1 ^ 
Here P = — : 



Q = 



.^ ^ _ako^ 

The equation is, there&re, integraUe. 






Z. « --ff.-7= = &— f. / 



/• 



APPENDIX. 321 

(s^ Vol. I, pp. 141 and 842) s= I . {Vx'^ + 'f + ^) ; 



X 



also /,x=/,. -===== /.(v/jT^ + ys + j.) (Vol. I, 
page 140.) 

Let X :=x Q 

Then Y — amst. = - 

or> = C 

/. i« = /,Qx + K = / (V^FTy + x) + C = 0. 

Let C =2 — L c* 
Then Z (l/ir«+y + fr) = 7c 
and we finally get 

The equation, being homogeneous^ might have been 
integrated by the process delivered in p. 305, Vol. tl. 

Ex. 2. 2aryjc + aa;^y — yH -^ Qxfy = 0. 
Here P = ax"^ ^ &xy^ 1 
Q = gory -y I 
P' ff 

s £ ^ y' 

or the equation is integrable. 

Now f^Py = /, (ax^y — Sxy'^y) = ax^y — «jr^ 
and f^Qx^f^ {zaoyx — y'x) == <iy«« — ^^ar 
.*. F — -X" = ax^y — a?'j/[ — oyx- + y^x 
= ax^^ — ayx. 

Letj: = 0. 
Then F-C 5=0 
tt = /^ Qi + F = ayx^ - ^^x + C = 
is the integral required. 

VOL. II. Y 
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JIx. 8. X sin. 3f+xy cQ9.y+y wn. x+yx fp*. arssp- 
Here P = j: cm. j^ + m. a: 1 
Q =z y COS, X + «tn. y ) 

F Q' 

.•. -r = cos» y + CM. a? = -7-, 
« y 

or the equation is integr^})!^ 
Again, 

rs o:^ ftif, j^ ^ y PJ^x (Vol. I, page 88% 
and /, Q,i = /, (y^ eoa, x + cc nn» y) 
= y sin. X -{• X sintf. 

Hence F - JT = 
Let X = 
ThenFr- C = 0, or F = C 

is the integral required. 

In the preceding example^, F has merely been an 
arbitrary constant, or a function of y involving ^ only* 
Those that follow exemplify the Theory more mlly. 

Ex. 4i. X (ax -{■ by + g) + y {bx -{• By ^ q) ^0. 
Here P =: bx + By + G\ 

or the equation is integrable. 
Again, _ 

f,Py=bxy +, -^ 3(> + % 



B 



.-. F = Jr + ^y« + Gy - |,« -yx 
Let X ss 0. 

.•.« = ?x? + jr + ffVf -i^ g3! + Gy + C = 0, 
the inti^ad i^ipi^. 

Ex.5. Let* = *-^+J±l^ + 8i^. 

and - - _ — f3i_ _ ^^!rfL _ «' 

or the equation is int^rable. 
Aglin, 

and /, Qi » «i^^ + «2_ ^n -' - 

y ^ 

Then F^s C + 6y» - 1- = O' + ^J. 

the integral required. 

y2 
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When a s ft = 0, we have 



which is employed by Lapkce in the denaonstTstion <^ 
the paraUdogram of forces. (M^can. C61. 1. 1, p. 6). 



Ex.6. T^ffr ^ + ^/^^+.yy 

(x + V J?« -i- J^«) V J?« +y 

By proceeding as before, we get 

tt = C + L (»+l/«2+J(2). 

r 

Ex. 7. Let « = 7^ K^ Tn.'^ , 7 = 0- 

(j+j^)V2y.(x-3^) 

Then it will be easily found that 
Again, 

Let \ / — -^ = w. Then x ^ y . z : 



uu _ m' 



and J? +y = t"-^^,. Hence by substitution we get 

▼ X'vy ■ 
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Now, instead of determining Y by finding the value of 
/; P^, it will be easier to find its fluxion by taking 
that of equation (1.) on. the supposition that x is 
constant. 

Let \/ ^^ = V 
Then flux, of sinr^ v = . = . , 77 

• Hence . 

r = Py - Py = 0. 
and F = C, an arbitrary constant. 

V x+y ^ 

.\ sinr' s/^-^ = - C = Binr^ C 
V x+y 

X 1 + (7^* 

^^°^ y = riTc* = ^"' 

the integral in its most simple form. 

The same result would have been more readily ob- 
tained by multiplying the proposed equation by its de- 
nominator, and dividing by ^^ ; for thereby we get at 
once, 



'^5 



y^ \yj 



The above process, however, serves to show, that an 
equation ^i—xy=0 may be rendered immediately in- 
tegraUe, either by multiplying each of its terms by 



-i or by T- — ' J i...ry..= , , a circumstance whiA 

induces us to investigate l9ie inte^buity oF fiuxions, 
by means of the factor generally. 

being muUy^Ued into 

funcHons whatever ofx^y. . 

1. Sup]^driflg ejf. f0> to have been derived ftcm 
eliminating some constant (m) from its^ iditegralj 
fi'iSff m)=0, and the immediate 6uxion {f{nijf% m)}' 
sO (which may always be eflbeted), kt us put 

Then = m = — v + T *• 

m 



Q 
alsoy + p i = 



an<l since neither of these 



/ 



equations contains the constant (^)9 tod ate also prime 
to each other, they are identical. 

•••«• = j-ry+|i)=j.-^(^y+Q^)..-.....(6) 

. in' 1 
and since »' is a complete flwdoiii -? • p must be the 

factor that renders Py'{'Qx also a complete fluxion; 
that is, when/ever the equation (a) ia9. arisen from the 
elimination of some constcMt (m) from its integral, by 
means of ine immediate ^uxion, that equation ie^smes 

m \ 
ifnmediatety ifUegraik ty the factor rr • p. 
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m 



Wl 1 

The same "may be proved of the factor "t • -q • 



>?• *« 



X. Let Pp + QjcssO,* be supposed to have Been' gene- 
rated hj the aWitite of P, y + Qj x*±?0, F^y + G^ i«0, 
Pay +Q3i=;0. &c. which are each susceptible of im- 
mediate ffit^j^on, hj a Mdi^ oNti^ foi^m 

Wl 1 1 Wl 2 1 Wl 3 1. «: ' i 

jr Pi y Pa y Pj 

being the eliminated constants; theii| calling these 

factors, fAi » fAs 9 fAj &€. ive have 

w\ +iii'8+m'3+ ...=fA,. (Piy + Q, i) +/L4. (P,y + Qiji) 

and m\ +ift*a4- • being a^ompletb fluKion, rt will be 

shbtM a;s befefe^ diat : — - p '^ - is* a factor ca- 

pable of 6otnpleting the fluxion P^ + Qx. 

.The proposition may be prard<^ in like manner foir 
other cases. Those above, which, in a certain degree,' 
coincide, are s^iffident to show that a factor (u) exists 
capable o/r^ndcrihg 

(P^+Qi)i^=iO 
a complete fluxion. Hence^ it . may easily be shown, 
fhat there are ifinumerable such' &!ctors ^ 

For, putting (Py+Qx) yu^m\ we have 

^•denoting any function whatever of (m). 
Ei. xy — yx = 0. 

y 

This equation we know has an integral ^ xe m. 

xy -^ yx 
.\ {xy --yx) fjkzsm = • - 



a* 



/, ^ = -^ is one value of f*. 
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and {xy-3£) -1 = (^) ^ . | = (^|) =0 being a 

complete fluxion, will give innumerable others. 
Thjt integral will be the same for every factor. 

For, since ((p\^] = 0, 

x/ 

(^' . ^ = c; 

^~'c denoting the inverse of fc. 

Although, as we have just seen, there are innu- 
merable factors capable of completing the fluxion 

^ Py + Gi; = 0, , (a) 

they have been found but in very few cases, the prin- 
cipal of which are the following. 

The Complementary Factor may be found, (1.) when 

P' Q* 1 /Q' P'\ 

-7^ = -^ ; (2.) when _ , f -~- — ~- J is independent 

ofy9<yr— L-, :- j of X ; (3) when the iiUegral 

is known; (4) when we can separate the variables; 
(5) when we can so decompose the equation into parts of 
the form P,^ + Q, «, P^V + Qs* &o. as to obtain 
out of the innumerable Complementary Factors of the 
parts, those which are identicid. 

(}.) Let f* be the factor* Then since 

f*Py+f*Qa& = 0, 
is a complete fluxion, we have 



i' 
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X y \ X y I 

an equation which it generally is more difficalt to in- 
tegrate than the one proposed. In the present case, 
we have 

X y 

ButQ=-i..P. 

X 

.'. — oc + — y =a 0, 

or |A = con^f • = c. 

Equations of this kind satisfy the Criterion of In- 
iegrahUity. 

(2.) Let-^ f — . ^ --.j be independent of y. 
Then...-.(-_^j=--;^.-(e,.6) 

X *y «\x y *" X , 

•T-P KJ~7) (") 

whence we find fA in terms of oi;. 

. 1 /Q" P*\ 
Similarly, if^ (-; rjbe independent of x, it 

may be shown that 

fL-i{^ El] /A 

Ex. 1 . The Linear Equation is 

if + Xyx + X'x = 
Here P = 1, Q = J?y + X' 

\ 



*^'' P * ("5" ** T/ ^ ** wMdi hem^ iniepeaiiekt of 
3ff we Itnrtf 

.•• f'y+fXy-l'X') e^" ^ 0, is i complete fluxion, 
which may be integrated by the methbd in p. 819. 

Ex. 2. « + (ai + »bsy) •r+15 5= 0, gives 
1^ / F ff\ %x . 2 ^_ 

Hedoe by eiftation (c) 

I 



/.' fU s^ 



' > 



l/l +;r« 



Ex. S. ar'y + (4x^y - 7ff^) "^ = ®' 8^"^^' 

— = -, and multiplying by > = ;r, we get the 
inte^hl- 



(3.) Let the known integral be te s /^a (Py + Qi). 
Then vt& hhnr 

y * 

which b^g identical 

y « 

tt 1 U' 1 



/ 
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(4*) . If dK attl jjT betk life n«# TsmMet flNM^^ 
wof b^ §BjfimMi yrbm flttbAkMed ih thtf e4iisMii 
Py+ Qi=0, the xestii Wffl be tf tko fens 

JT being a fanctien of x\ and F" of ^. 

Ek. 7^ jP^ + Qv =£i 0, be kmogeneom^ each ferht 
Min^ supposed af^ m dmenrnns^ the variables may he 
sepataiei hjf j^uXHng ^ =± r A), and a Cmpk^ieMary 

FacMris = — ttt- 
-Py+Q* 

For sub8titutin|y we giet 
i Parflr+ (Pa/ + Q)i= Py + Qi 

•••*^-^<* + p)x* pT" 

,3? « Py + Q« Py+Q« 

But <? = «*/. (jO» and P =si or f (jj*) wM a: #ill 
rise to the same*^ dime^on in every term of Q and P, 
bjr the *ibttitit1a*i ^taifs: finr Jf. 

1 

.*. , ^ is evideatljr a fimctidti .of x^ done^ or the 

P 

finit tt^nihei #f 

jc" »_ Py+Qi 

a^-\-Q^%^ Py4-Q« 
P 

is immediately iht^grAble. 

/. j^ ' ^ is a cwnpUmmtarj/i fader of the Ao- 

mogeMQius eymUmf 

Py + Ciac = ft 
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This result may be, verified by th^ Criterum of In- 
iatrabiliijf. It might have been deduced from Euler^s 
TheoTCin (see page 295, Vol. I.) 

The fiu^tor of 

xjf^x{y+ l/i«Ty ) = 
being.xy — yx — x l/x* + ^ = — op Vx« + ^, 

X* •«« +y • y — (^ l/«M^ + a:' + ^) jc = 

becomes intemble by the method explained in p. S19> 
VoL II. The intc^al is 

(6.) Let Py + Qi = P,y + Q.i + P»y + Q»« 
and suppose (Piy + Q^ x) ft, =s « 






Then /xj f i u, ^a, <^, v will represent the general fimn of 
the Complementary Factors ; and if, by any artifice, we 
can identify them, either of them will, evidently, be 
the Complementary Factor of Py +• <2^ =s 0. 

Ex. 1. Jyi + Biy + ayafx + iylj"' af^'y = 0. 

Here6=^ + ^ = i (jyi + Bxy) 
* y xy 



ax hy 1 

1 



and t? = — + ;^ = TnTi • (ajT^^+S^""' *''^'y) 



^1 = rr.> A** == 



Hence the general Factors are 



APPEXBIX/ 
11 1 

since ^j and ^3 represent arbitrary functions. Now to 
select such forms of these Factors as shall render them 
identical, we will put 

^.<P.(**y)=-;^.<Pa(*-y) 

and making 9, (x^t^) = (x^y^y 

and(p,(«-y) = (x-yy 

by substitution, &c. we get 

which will be identical if 

AG = ag -^n 1 
and jBG — 1 = cjf — m ) 

a + in — am 



SS8 



6 = 



aS-'bA 



« - • - » 

A-^-Bn-^Am 

.'. the Complementary Factor of the proposed equa- 
tion is 

which will give an integral 

11 

— . a?AG^Bo ^ _ ^ ^y,r + C = 0, 



Ex.2. ((Mr-3^Va;«+y — a«)y — (ay+»t/a:« +y-a«)» 
s P = oxy — ay« — (]yy + xx) l/j«4-y«— a* 
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•'• Ml = *"*» f^ ~ ^ 

and ;^ ^ B ss f , . (#«+^-««)* ?i f^. Of* +4^) 
1 /I 

_ 1 1 111 1 

and ?i . — . 




liiiiiig thf}. idfioKiljr ^ the fiuston i 

1 

lat of the proposed equation : 



and the integral is 



a ton. 

or a . ton.""* -^ 

ax 



In the preoedii^ discussion we kave seen that'^veiy 
equation of the rorm P^-^QxszOi is susceptible of 
bc^g i^ideBed uni^^^dia^^ istrndbie tgr m^aaa 4£a 
Factor, fJlh^uA jt^ij^ ,ii»ry jdiffiqpt, if not impossiUe^ 
in most cases, to discover the fdirnt of that factor. If tnis 
could be eflfect(9j^,^erallj, tl}^ intpgratjiim of eguationa 
between two varikoles, would beoompietelj accomplished. 



9M 



lEaler an4 others, deBnuiiqg of mj g^eat success m 
diia pursuit, bave abanooned it (at me rerecse on^- 
tha^ of fio^JDg ^ fektioa vjucn pu^t to buJhu^ 
betveen P and Q, given in fin^ only, ttiat die equattQi^ 
i^+ Qi=0 may ^pc^e mt^idt^e w^e^ n|ulti^ed hj 
a factor also given in iona. By 'fhis method ai\ in- 
finity of equations a^ v^emb^e, hut b^u^ such as 
scaioelT evei ue t^icount^rfd m Ae BesdAtion «f fro- 
blems m the oUier branches of sdence, it Is sufficient to 
state tbftt such a metbp^ exu^ We shc^ul^ not, iiideed, 
have insisted so much at li^^h on the Direft Method, 
were it not of importance, as we shall see herq^fter, to 
eab^h th« iMt ^ ^ asist^kpe of a faotor aq^Ue 
of rendering jP5+Qrf=0, a ct ' 

. §m^app?«s^;Bp;^ 

nay^ be^ but Uttle ^avm^tec 
W^ xufvi pass on to fff n^wi 
Eowtiiom, ^ou^ are E9 d^t 
not being comprised in the 
arbitiaiy constant of the integral. 

^Wf-Givm ya My (a jifuction o^ «J| on iUigtal 

ofKt=f^(^ 3/), to Jbd mluiier M. ^. q Singular 

Salatiim, apu^m^ apoftiaihr Int»r^l dtAicSik/rmk 
tit Gtaa^ Jat^xoi y\ mffs, c) Bi/ (ungaii^ to.M« 
arbitrary corutant c some partic^ar value <^. 

Xf ^= A* be a Particular lotagral, since^— w, must 
= when c = c*, we have, }^ Me Theory cf Algebraic 
Equations, 

(c-O- X Q..,, (i) 

wdffit of G — «^, aad Q 

'as shall ndthersOnoc oo when 



m being the htflhwt wd^ of g — «:, aad Q huH a 
function of X and c—c' as si 



Let (c-cY X Q= k. TTien 
3fi=y + A, and by the qpastio^ ^ = Z' ( x, y, > 
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te f (x,yfk) = f + - = F(,x,y) + j. But, by 
Taylor's Theorem, F {x, y + A) = F(«, y) + 

• ^ *• F (X, y) , . F'(x,y) A« 

^TT ft+-^. r— 5 + &C (2) 

*" 
But -r is evideiitly (by the supfXisitioD with i^aid 

Mr 

to. Q) susceptible of developement, according to the 
ascending powers of h. Hence then^ we infer that 
y zn Xj wdl be a Particular Integral or A Singular 
Solution, according as the members of equsition (2) can 
or. cannot be rendered tdenticalf that is/ according as 

•• •• 

■fr or -rrz &c. is not oo or is oo . 
ay a?y» 

Hence to Jind the Siangular Solutions of an equation 
^ = F (Jt, y\ put rr =s 00 , and the resuhvug values^ 

between C6 and y which satisfy the proposed wHl he 
Singular Solutions. Others may be found by the like 

X 

research with regard to tt = oo . 

yx 



X a^ 



Ex. 1. ^= 1 + o 



Here vr = — t-^ = « gives no result. But 



ocy a^ 9, 



X — a'^y 

* y« — ay + a2 = 

which does not satisfy the proposed, and is therefore bo 
singular Solution. 
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Ex* %^^2x ± %>/x- — y. 

1 



X 



Here tt — y— — 
xy. Vx^^y 



=r Qb 



.*. ^ =s »^ is a. Singular Solution, 



and rr = 



and .-. OP + \/x2 —^ = 0, giving y 
a Singular Solution. 



00 



= 



9 

Ex. 3. ~ = 

X 



X 



/x« +y^ — c- — .y' 
a:« + V2 — c«. 



gives 



Ex. 4. ^ = \/y* — aps + a, gives 

Mr 

y =z X. 

Other examples may be seen in a Collection of Ex- 
amples of Applications of Integral Cal. by G. Peacock, 
A.M . &c. 

Given the General Integral t«=y(jc,^, c)==0 
of Py 4- Q« = 0, to find its Singular Solutionsj 
if any. 

ii it ^ . ^ . . 1 1 

Since ^ = - j& + - v + ~^ <^ » 0, it is dear that c 
•X y^ c 

may either be constant, (when c'=0), or such a function 
of X, yy that 



-. = 

c 



(1) 



In the former case c = const, being substituted in 

jf (x, ^, c) = 0, gives only a Particular Integral. In 

the latter, c may either be a particular constant, or a 

function of (x, y), which being substituted inf (ar, y, c) 



837 



VOL. II. 



S88 AHPR'Nnix 

=0 will yield either a Particular Integral, or a Singular 
Solution respectively. 

Hence the values of c derivable from Eq . (1) which 
are variable, produce, ( except in extreme cases ) 
when substituted in the General Integral, Singular 
Solutions, 

Ex. 1. Given u =r x**— sin. (2y + c)=0 the Greneral 

XX 

Integral of y = . , to find its Singular So- 

lutions. 

u w Sv 

Here -, = cos. (% + c) = ; .:• % + c = -^ , — , 

— , &c. .-. 1 — j:" = 0, and J + «r" = are both 
Singular Solutions. 

Ex. 2. Given («^ +f' - b) (y^ - %) + (x^ - ft) c* = 
to find the Singular, Solutions. 

By £5 . (I) we obtain 



c = 



= "^^ TZTa ' which gives, when substituted, 

X* — o 

for a Singular Solution. This, however, is deducible 
from the General Integral in the extreme case of c=:0. 

Ex. 8. i£ = y* — gey + x2 — c2 = 0, the Integral 
of (x2-.%«) (I) - 4xy ^ - x2 = 0, gives 

c = —^ and x2 + 2y*=0 for a Singular Solution. 

Ex. 4. Required the nature of the curve to which a 
straight line cutting off the same area from an angidar 
space in every position, is always a tangent. 
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Taking the line of abscissae along that bisecting the 
given angle (C)^ and its origin at C, let x and y be the 
rectangular co-ordinates of the eurve required. Also 
put 9^= the given area. Then T being the poiiit of 
intersection of the axis CT ^ith' the cutting line AB^ 
and PN the ordinate, at any point of contact P, we 
evidently have, 

C 

2q'^^CTxsin. T {AT+BT^ = CT' sin. T sin. -^ 



I 



J 1_ !_ -w CT^sin.^Txstn.C 

2 



Istn. (T''C\^am. (T+C\ I 
2/ 2)} 

Hence, by proper reduction, we get 

C' rr, C ' 

CT- + q" tan, — x cotr T =i q" cot — . 

But CT = a: — J/ -7, cot, T = -7 ; substituting, 

C C 

therefore, and putting q" tan, -^ =:i^, and <f^ cot. -5 =a% 

and taking the root, we have, 



x-y- = jx\/^-,-- a) 



Now taking the fluxions on the supposition thai; y is 
constant, there results 






(S) 






• * 



a 



*f or V V rr ~ T^ = * — > and — = . ^ ■ ... (4) 
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X 

If -r = c be substituted in (1) there results 



. 4 A* 

M = X — CJif — 6 \/ Ti — C' = V 



(g) 



the General Integral, which is the equation to the 
cutting straight line. 

« 

a u ' oc 

\f 7- . , ' be substituted for -r in (1), we have 



hxVh^^-y'r=.a . (fc^+y«), whence 

3'' = ;r! (*'-«') (^) 



a* 



a Singular Solution, which shews the locus of the 
intersections of all the straight lines represented by fgj 
taken two and two, or the curve to which they are 
tangents^ to be an hyperbola whose semi-axes reckoned 



from the center C are b and a or q 

'/ — c 

and q \/ cot -^ respectively. 



\/ton. £; 



U 

We shall arrive at the same result by taking -r = 



X 



in eq . (g), (which gives c =-t- . . J , and sub- 

stituting this value in e^ . , (g). 

From this example, it appears, that if we can deters 
mine from given conditions, the equation of a curve 
u:s=.f(x, y, c) = which is supposed to move according 
to a given law, then the locus of the intersectifms of thts 
curve with itself, or the curve to which it is always a 
tangent, may be found, by substituting the value of c 
derived from 
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c 
in 

the equation to the locus being a Singular Solution of a. 
certain jluxional^equation, derivable from the consideration 
that]fhe locus and curvcy have in every position the same 
subtangent. By" this process, which, in fact, obviates 
the integration of a Fluxional Equation, and is con- 
sequently attended with less labour than other methods, 
an infinite variety of elegant problems relating to the 
motion of curves may be resolved. Our limits will not 
permit nK>re than two examples. 

Ex. 1. Supposing the center of a circle to move 
in the drcunference of another^ whose equation is 
«*+^*=/2^ required the Locus of' Intersections, 

Let the equation to the moving circle referred to 
same origin and line of abscissae be 

(«-«)'-l-Q/-/S)2=r2 (1) 

a and being the co-ordinates of its center. 

Then «2+l3«=/% and substituting in (1) 

(x— «y + O- V'r'2-««)2— r2=0=M (2) 

U a y 

and — . = — a: -f « + . - . (y — Vr'^ — a^) 

= — aij/r'2 — «2 + fl^y = 

r^x . . r^v 

,\ a = . , and similarly = ■ \ ' ... 

which give firom eq . (1) 

the equation to a circle either exterior or interior with 
respect to the moving curve, which is the locus required. 

Ex. S. Let a straight line move so as always to cut 
off from the lines A X^ A Y^ forming ^n jL ^ A^ 
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segments whose difference shall ^ a given quantity D ; 
required the Locus of Intersections. 

Let y = Mx + N .,. (1) be the equation to the 
straight line in any position, referred to the lines 
AJC^ AY BS co-ordinates originating in A^ and let it be 
supposed to cut them in a, h^ respectively. Then when 
xsO, we have Ab:=-y^N^ and when ^=0, -4a= 

N 
jc = — -ji, and by the question ^ Ab — Aa ^ D 

N N 
^.N^rjTL = -|>. (M ^ 1). Hence the equation (1) 

becomes 

MD ^ . 

Uszy '- Mx- -iT : = (2) 

^ iH — I 

in which M varies with the position of the cutting 
Hues. Hence ^ 

u D MD ^ . 

J/ = 1 -f i/ — , which being substituted in eq . (2), 

and necessary reductions made, we get 

3^- - 9,yx + x2 - 22> ( y + x) + 2>^ = 

an equation to a parabola^ since 4 x 1 x 1 = (~2)~. 
See Wood\s Alg. page 291 . The reader may transfer 
the co-ordinates to rectangular, and thence find the latus 
rectum^ &c. ^ 

The above method will also conduct us to the equa> 
tions of the Cycloid,. Epicycloid, and generally df aU 
curves generated by the revolution of one given curve 
upon another. It will, mdreovei', be useful in de- 
termining Caustic Curves, ^hfetheit of Reflection or 
of Refraetion. 

VI I Ij-^ Hitherto we have confined ourselves t6 the 
Ihtegratioii of PluxitJnal Equations of the First Ord^t 
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and Degree. In the resolution of Physical, and other 
Problems, however, it frequently happens (from opera- 
tions that may have been performed upon Fluxidnal 
expressions) that the equation, finaUy to be integrated, 
assumes the form 



J'.O <• 



(a) ... P + Q. I + « ■$ + sJ~ + &c. = 

in which P, Q, £, Sec, .are certain frinctions of j:, y. 
Equations of this kind are evidently reduciblie to those* 
of the First Order and First Degree, by the resolution 

of equation (a) algebraically with respect to -,, In fact, 

supposing r, r, , r.2% &c. functions of ar, j^, to represent 
the real roots of (a), we have 

•^ - r = 0, ^ - r, = 0, &c. 

which being integrated by the processes already ex 
plained, their integrals, supposed R=0, i2i=0, iZjssO, 
&c. will each satisfy the equation. Also since 

Flux. CR X R, X &c.) =zR\ R,. R, &c. 

-hR,. R. R^. &c. -^ R\. R . R,. &c. + &c. 

and R' = 0, R\ = 0, R\ = &c. 

it is evident that the product of any number of iZ=0, * 
J?, = 0, Ri = 0, &c. will likewise satisfy the proposed 
equation. 



Ex.1. y.f^+2x. ^ =t/. 



Here 4 = = 



X 



y 



and V^j:^ + j/^ = c -f .r 
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Ex. 8. ^ - OX = 0. 
Here t = + V^ax. 

2 y 2 , 

.-. Jf = g V 0** + c,3f = — g^ Ka»* + c, 
and oombining these values, we have 

Although the above method is general in principle, 
yet it is frequently more commodious, in particular cases, 
to aiofpt the following processes. 

y x 

(1.) Let the Fluxumal Equation involve ^, or — 

X y 

with one of the variables (Xy y) only^ or be of the form 

ao 



y 

Then putting '^ =z p^ since 



J/ = P^ — fpx 
we have by substitution, 

y = px-fpf.(p) ............ (2) 

which being integrated, and p eliminated from equa* 
tions (1) and (2), we shall have the integral required. 



»« 



Ex. 1. Let 1 + ^ = r* 
Here x = 



.\y =j»jc — tanr^ p + O. 
But from p = ^/ . ^ 



= v/jr - j;2 — tow.-' V -^ + C. 





\ 








• 






1 
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Ex. S. Let 




: ax . -r« 




Here 


(after making p : 


= ux) &c. we 


get 


y 




(I +ttO' 


a« 1 
■^ 8 • l+« 


r + 



. and from the proposed equation determining the values 
ofp and .'• of te, We easily obtain the required integral. 

ft 

(2.) All Equations of the Forms 

^ =«.!+/. (4)...; (1) • 

X ' X 

X S5 V • "*^ ^" / # , ' •••••••••••••••••• \^M 

\ y y 

named after Clatrautf become integrabk upon taking the 
fluoeions. 

For, putting —^ =z p. Equation (1) becomes, after 
taking the fluxions. 



iX + r— >- X 2> = U 




(8) 



andj?+ -^-^=0 I (4) 

andp, derived from (3)*, being substituted in (1) will 
give the General Solution involving an arbitnuy con- 
stant (c). Also, by means of (1^ and (4), we may 
eliminate j>, and thus obtain an integral involving no 
arbitrary constant, which will be a Particular Soluttoh, 

Here, the general sdlution is 

y = c« + a \/l + c^ 



n 



45 
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And since 

" P /l + p' 

ap ^ ± X 

.\ X H — y = 0, or » = y , 

which being substituted in the proposed equation, gives 

Va} — j:2 I for the Particular Solutions, 
and y 






Ex. 2. j^ = a?.4+aV 1 4-^. 
By the same process, we easily find 



c^ 



and^= ^1 • 

Ex. 3. To find the nature of a curve, such that the 
locus of the extremity of a perpendicular let fall from a 
given point upon the tangent^ vivay be a given straight 
line. 

Let a b^ the distance of tlie given straight line from 
the given point, and supposing x to be measured along 
this distance from th^ given pointy we shall readily 
obtain 

y X y^\ 

jf;= j;. 4 + a. — . (1 +^^J, 

r X y ^^ 

or y = /}x -f -- . (1 4- ;i^) 

whose integration affords the Partictilar SolulioH 

y-^ = 4 . a (rt rf x) 
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the equation to a parabola^ whose parameter is 4 a, Und 
directrix the given straight line. 

Another example is contained in Art- 438. 

♦ 

IX. — We now come to treat of the Integration of . 
Fluxional Equations of Orders superior to the First ; 
and more particularly of those which occur most fre- 
quently in Philosophical inquiries, viz. those of the 
Second Order. 

The general equation of the secoiid order is expres- 
sible by 

in which x is supposed constant, and f denotes any 
function whatever. 

This equation may be subdivided into the particular 
cases 

which we shall proceed to integrate separately. 

(1.) Let/(|^,x) = 0. 

Here putting the equation under the form 



we have 



-^ = rx(t>x = jr+ C 

X "^ ^ 

> 

X denoting a function of X. 
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.-. y = fXx + Cx ^ Ci 

^X, + Cx + C, (a) 

the integral required. 

' This method applies also to the form of the vf^ order 
whose int^al is of the form 

or sinoe C, C, , C„ &c. are arbitrary 

y =X-i + Cjt^' + C.a— + C^ (6) 



Ex. 


1. 


Let ^ = a«- 


• 




• 

Here^ 

X 


1 


m + 1 


+ c 




-y- 


aj-+* 


L r*- I '^ 


• 


~(»i + l)(«» + 


2) + ' 


b/i» ^^ ^-'1 • 


Ex. 


2. 


Let ^ = X. 


• 





Here JT^i = fxfxf&fx fxx tow — 1 terms 

"" 1. 2...n 
.'. by eq . (6), we have 

1 .- X ... It 



. •• •• 

(«0Let(J,J^) = O,^=frj'> 



Here -— = 2y^, 
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and supposing x constant we have 

.'. y = * ^c -f 2/y (i>y 

/. x= f . {^ +'C ....(c) 

the integral required. 

This method applies also to all equations of the 
form 






For putting ^;z^ = «? we have 

X" 

and by the eq . (c) by integrating, we have 

«= -7===^=== + C 

. 'J Vc+^fu<ffu 

Hence deducing u we have 

whose integral will be given by the form (b). 

Here 

a« 



(<i) 



3S0 



=/ 
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t/c»- 



y 



•^ C (c being arbitrary) 



= a sinr' — + C 
c 

or — =s wn. 

c a 

,\ y z:z c stn^ - . co«. c «w, — co«. - 

« o * a a 

= c «*. ^ + c coa.,- , 



since c and C are perfectly arbitrary. 

>• - « 
Ex. S. ^ =! 



*«'> 
X" 



The integral is 
*= a « (v^ - 2c) ^/y ^■ c + c'. 



3 
•Ex. 3. 1 = 1. 

Here«=i 

«• 

u 



••• J« = «» 

and equation ((2) gives 



= / . (» + V^c2 + tt2) + C 
.-. tt + t/c2"+lt2 = e»-^ = cV 






^ 
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.-. the constants being arbitrary, we have 
-^ = M = cV + ce-* 

X 

j^ = cV + ce" •{• Cx + C, 
since /ce* = cV, and /ce"^ = — ce""*= cc 

(S.)Let/. (|,i)=0,|=,.|. 

Here putting 'r = jp, we get 

: ~ p 

X = 



^-r/*; 



•••«= It^tv («> 



Also y = 
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•-y^^fk) ' ^^^. • 

- and eliminating p from equations (e) and (y*), we get 
the integral required. 

This process liJsewise ap]^es to tl^ form 



For making "—i^ = «, we have 

X 

u 

X 






and we hence get 



S62 
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tt = (P'X (1) 

and by fonn (6), ve finally get ^ in terms of x and 
constants. 

Ex. 1. Required the nature of the curve j whose radius 
of curvature is tonstant^ i. e. let 



<' ^ I) 



x« . • 



Here |. = -1. (1+1)^=^(1), 



and by equations (e) and (f) 









op 



«\T 






V'l+p* 



= c' + 



^ 



and eliminating j7, we get after reduction 

(c - x)« + (c - 3^)« = a* 
the equation to a circle whose radius is (a). 



Making ^ = p, we have 



X 



- zrz <p(p, X) 



(e) 



which being of the first order, niay be int^prated in 
certain cases by methods already explained. 



^ APPENDIX. 

Let th^ integral thus obtained be 

.\y = fx(p^x (h) , 

N. B. It is, in some instances, more convenient to 
get the form 

X:=i<P^p fg'J 

in which case 

y = fpx=zpx — fxp =:px — fp 9'p (A') 

' whence by aid of equation (g^) we eliminate p and thereby 
obtain the integral required. 

Ex. (1.) Required the , curve whose radius of curva- 
ture is a given function X of its abscissa x. 

(^+ 1) 

Here JT = — ~— 
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«* 



whence 



1 + P« J ^ 



Vi +p 

and j7= 



_ C JTx 

• ■ •" ~ J \/Tir^<t 

m 

which expresses the nature of the curve required. 

Ex. 2. Let (1 +p«) -h «p^ =r a^)/l + p«. 

This equation becomes Linear, when put under the 
(arm 



xp 
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xp y__ 
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which being solved by the lisaal method, gives 

op + c 

whenoe, by eq . (h) 



X = 






,« 



and substituting for ( j?), we finally get 



y = •a^+c*— *« — c/. 



Making^ = p, we have ' 

I 

^^vp-y^(f^y) (1) 

whose integral, found by previous methods, let be 

ji = (^(y) ... (2), or j^ = (p'(p) (8) 

as may be most convenient. 

I(p = ^' (yjy we have 

'=Ji ••••••(*> 

If y as Y fp)f we li«ve 






+ J -^rr • P (5). 



Here/ • Oty + a) 3=^ . (1 + P*) 
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y pa 

or -r -y 



which being Linear with respect to y^ by the form (a) 
in page 31 6, we have 

j/==a;> + ci/iTp^ (6) 

anda?= (^ = a/. (c» + c/. {p + V^lTp } 

ay + c v^y« -j- a- — c* 
and substitutinJEC for p its value -=^-^= --^^ , 

derived from eq . 6, we have the integral required. 

** A * 

Ex. 2. -^ + -r + -By = 2), wAtcA w «Ae Linear 

X* X "^ 

Equation of the Second Order with constant co' 
efficients, 

P 

Here ^ 4- 4P + % = -^ 

^ I* - 

or^ + ^p -f A/ = 2>. 
Let By -^ D :=s^ Bu. Then we easily get 

u p 

which, being hom/ogencous, becomes, after making jisuv, 
and substituting, &c. 



u v'^-{-Av'{-B (t)— a) . (a)— ft) 
a and ft being the roots of v^ + ^t) + J5=:0. 

Hence 

y '^ ** 

JIP 222 " ■" 332 ^■■•^ 555S *^^^ 

p p uv, 

- t^ 

"^ (tj— a) . (v— 6) 
2 a2 
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and we .*.* have 

i .-WW, -» 

cw = r , — — 6i == 

tt V — o u t?— a 

.'. / . cti . (t? — &) = ox, / . c'u (t? — a) =r hx 



whence 

u = r . ( r J = cc*' + c'e*» 

a — 6 \ c c / 

Cf c' being arbitrary. 

Hence 

D D 

5f = ~ + « = — + CC" ^""^^ • 

the integral required, which will require some slight 
modifications when a, b are either imaginary or equal. 
This will be noticed hereafter. 

We will take two other particular cases of the general 
equation of the second degree, viz. 

-| + P| +Qj^ = 0i (6) 

• • a ^ 

and|-+P^ + Qj,=2?^ (7) 

P, Q, J? -being functions of x only. 

•• * • 

(8.) To trUtgrate. ^ + P -^ + Qj^ = 0. 

Let J/ = eJ^. Then |- = «</-, f =e^-'.y + ««), 

and substituting, &c. we get 

" +«* + Pte+Q = (A) 



-; 
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an equation of the first &rdtr, which being integrated 
will give i« in terms of* and .'.^ = c^"* in terms of a?. 

(7.) Tb integrate the general linear equation' of the 
second order. 

This must first be reduced to the form (6) by as- 
suming 

which gives 

X X x-^'' x^ »« ^' x'^ x'^r 

and by substitution 

Now assuming 

•• • 

f^ + P.f +Qj,, = (a) 

we have also 

©>©-<--y)-f <« • 

But equation (a), the same in form as (6), may be in- 
tegrated in like manner, producing 

yi =/(^) ;• ip) 

which being substituted in e^ . 6 renders it a Linear 

Equation of the First Order, with respect to (-:)• 

Hence we find , 

and t> = /i/'a; = ?:c (e) 
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Hence we finally determine 

Ex.(l.)|-+4-.--4 = -T^. 
^ ^ «« * X x^ x^^l 

Here P = 1 , Q = - 1 , if = —1. 

tq . f' J^ by which (a) is integrated becomes 

tt „ M 1 

- + ««+-= -Y (m) 



1 
Make m^ =s - ; then we get 

-tt. 1 1 1 



xttj «| xtti X* ^ '^ 

which being homogeneous, put x = Xi w^ , and we obtain 

«, _ xj •+ «, — 1 

T X, . (x? - 1) "^^ 

whence 

1 . Ai + 1 

X| V X, — 1 

and therefore, since Xi = to*, we have 

x«— 1 

...^.:=e>^ =—-..... (r) 

Again, eq . (&) hence becomes 

^vV t5 l+Sx^ . _ axx 



<xj • X* x(x«-l)- (x«-l)« 
whose integral, which is easily found (see p. 856) gives 

/(flX + c) XX 

ajT + c ^ j^-1 

^. -; — 7 + ot . c . — -^. 
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Hence, we finally have 

cLx+c JT*— I , j:— 1 

Ex. (2.) -^ + y = — A COS. X. 

Here P =0\ Q=l, i? = — ^ cos. x. And the 
integral is 

Ex. (8.) I" - 1^ 5' = -iU • 



D 1 , ,^ c inx \ 



(8.) We shall conclude this division with e-xhibiting 
the integration of the General Linear Equation^ 

Pn + Ap^, + Bp^ + Np,-^ My:= X 

• •• 

where©, ±= ^ , », = ^, &c. = &c. -rf, fi, C 

iNT, Jlf are constant, and X is a function of x. 

For this purpose, we will take the equation of the 
third order 

p^ + Ap^ + iB;>i + Oy = Jr {A) 

Assume 



M « m « 



Then since 

p, = «~{««/y, < + 2niy. + ^ j- 



^ V • 
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By substituting &c. in the above equations, we get 
~ + (8m« + ^Jm + J5) -f ' + (3m + J) y, + 

(m* + Am'' -^ Bm + C) fy, x = -^. 

Now assuming 

m} + ^m« + iBm + C = b (1) - 

we reduce the integration to that of 

- + ^. - + B.jr, = - (a) 

u<, , -Bi being put for Sm^ + 2-4m + -B + and 8m + ^. 

By the like assumptions with regard to 3^, , we find 
m? + ^, m, + 5i = (2) 

and^ + (2m.+ ^,)j^, = ^^^ : (J) 

And again (making 2m, -f -^, = -^j) 

m, + ^, = (3) 

and 3^3 = ;r,— ^. (c) 

Hence then we get 



2 



mx mx [* ir± 

andj^==e-/e'i/e^ijp:^;;^;^ 

Again, let the roots of the equations (1), (2), (3), 
be denoted respectively by 
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and diminish the roots of (1) by any one of its roots 
(ai for instance) by putting 

u + Ci =^ m; 

then the resulting equation will be 

u^ -f (8a, + ^) tt« + (3a] +2Aa^ + B) u + 
a] +• :4a?4- Ba^ + C=j 0. 

But by equation a] + Aa] + Bat + C == 0. 
we have 

u^+{Sa, + A) u-\-Sa] + 2Jat-^B=zO (20 

whose co-efficients being =^i and J7| , (2) and (2^ ^^ 
identical. 

Hence m^ = w = wi — a, 

.•. bi =1 Ui ^ tti) 
bi = (I3 — a,) 
In the same manner it may be shown that 
nii = w, — bi , or that 

Ci = a3 -' a, •— (oj — a,) = a^'-^ai. 

Hence, substituting a, , a^—a^ , (h—<iz for m, m, , w^ , 
we finally obtain 

^ = c' /e« ' i/e^ «i - 

J ^3 
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>3 



which will be the complete integral of the Linear Equa- 
tion (A)^ because of the necessaiy introduction of 
three arbitrary constants by the triple integration. 

1^ an extension of this process, the equation 

p^ H- Ap,^, -f ... Np, -^^ My — X ^ 

may be integrated, and it will be found that if flj , a^ ... 
a, be roots of the equation 



36B 
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m" + ^m—* + JVifi -f if = 

the integral will be expieiged by 

■ « («—«)» (•—•)« («—•)* CXx 

y^e'fe* ' i/f » « */.e ^ ^ «/ ... — . 

If a^y of the roots Oi > a, &e. be equal, the above 
solutioh still holds good, contaiiiing as before (n) ar- 
bitrary constants. 

If any of them be imaginary, the whple expression 
may be rendered real by means of the Theorem 

C08. d ± y/"^ . sin. 6 = et*"^! 

and the circumstance of the entering by pairs. 

•• •• • ' 

Ex. 1. I- - 3 . I- + 8 -} - y = X 

Here 

»i^ - 3m« + 3m - 1 = = (m — 1)* 
or ai = a^ s=s Oj =s 1, and .*. 

y = d'fxjxfx — 

which is easily integrated when X is known. 
Let X = Q. Then fx x = c, 
and^ = e* {cxX^ -f CgX + c^}, 

y 

Ex. 2. -^ + By ss ^, which is called the Problem 

of the Three BodUsy from the circumstance of its in- 
tegration being required in the Theory of the Pertur- 
bations of the motions of Three Heavenly^ Bodies 
arising from their mutual attractions. 

In this example, since m^ -f £ = 0, we have 

a,=: l/ — jB, a, = — V" — jB, and 
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Asa particular case, let ^ ^ 0. 
Then /O x x=zc, .-. cfe"^'^ x= Zl e^^'^+c" 

=cc-^'-* + c'. Hence, 

=c (cos. xVB — V^ — 1 . M». x^B) +c' (co«. acV^JB 
+ ^/^ sin. xVB) 

= (c + O . cos, WB—y/ — \ . {c — c') sin. xVB ' 

«=c COS. x^B-\-c' sin xVB. 
since the constants are perfectly arbitrary. 

For other particular cases, see Woodhouse's Astro- 
nomy, pp. 28, 97, 99, 100, 107, &c. 

X. In the preceding divisions we have explained 
the principal methods of integrating Fluxional Equa- 
tions between two variables. It yet remains for us to 
initiate the Student in the more refined and abstruse 
Theory which leads to the Integration of Equations 
involvmg thrtt variabks. 

Equations of this kind may be represented gene- 
rally by , ' 

Pi + <iy + «i = 0, 

P, Q, J?, being any functions of (x, y^ z) ; and they 
are called Total or Partial Fluxional Equations, 
according as they involve all or only some one or two 
of X, y, z. 

'the Total Equation 

Pi + Qy + ili = (A) 

being proposed, it is required to investigate the conditions 
of its integrability. 

Transform the equation to 

P Q . 

= P, X + Q, y by hypoth. 
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Then, supposing it a perfect fluxion, we have by- 
page 819, Vol. II. 

^ = ^. 

y X ' 

But since P^ may be considered a function of (y^^) 
and, agaip, z a function of (x, y)y we have 

^ = -?J + i . :^ (see page 286, Vol. I) 

and by like reasoning we also get 

X X ■ A z 

, y y'z X x' z 

and substituting for P, , Q, their values we finally get 
after reduction 

(a)...P.?— J?.:L+j?.^_q.^ + q.:^-p4 = 

y y XX z z 

the condition required. 

When this condition is fulfilled, we may proceed to 
integrate (A) as follows : 

On the supposition that z (or a?, or y) is constant, . 
let the integral of Px + Qy = 0, found by previous 
methods, have the form of 

/. (x, y, z,Z)=zO 

Z being an arbitrary function of z ; then taking the 
entire fluxion of this integral, and comparing its terms 
with those of the proposed eq . (A), we shall obtain Z* 
in terms of Z, z^ z alone, which will give Z, and there- 
fore determine the integral required. 

Ex. 1. Let X (y + z)-^y (x-^z)-hz (^+j/) = 0. 
Here, since i = 0, we have 

^- {y + ^) +'y (^ + ^) = 
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X 



and considering z constant 

/ (x + z) 4- /. (y + z) = const = l. Z 
.•. (x + z). (y + z) := Z. 
Again, taking the fluxions 
Z'= (i+x) (y + z) -]- (^y-f i) (x+z) 

==i. (x + tz-h^z) +x. (y + zy+y(» + z) 
. ==2zz 

.-. Z =: Z^ + C. 

Hence the required integral becomes 

xz -\- yz + jn/ =^ c 

-\ 

Ex, 2. zx-^xy H-^i= 0, does not satisfy the Criterion. 

Ex. 3. (x* +y^) z=: (z -^d) (xx + yy). 
Here »« + y^ = Z«, 
and we easily find 

Z r= c . (s — a), \ 

which gives 

j:* + y2 = c« . (2r — a)^. 

Ex. 4. (y^ + yz + z^) X -\' {x^ + xz + z^) y -^ 

y 



Here ^ 



JC 



X* + «« + «* ^' + yj^ + 2* 
whose integral is 
2 



= 0, 



z 



2 r z+Sx , Z + &U} 

l/8 1 zy/S zy/S V 



or since Z is arbitrary. 



-. '+^,_ 



af+2ar 

zV^ z^ 



f 



i 



■^^.i^Mikrihtaa 



.-. z= 
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, (*+ar)(«+%) 



which reduces to 

Z = 



8«« 



j:+y+« 



2-— «jr— jgy— 2iy' 

Hence taking the fluxions, &c. we finally get 

jy+xar+yaf=c (x+y+«). 

Would our Umits permit, much more might be said 
on the subject of Total Equationlt. . It would be easy 
to show that the method of the Factor is not applicable 
to them, except when the condition (a) is fulfilled (and 
therefore that there are equations between three variables 
which it is impossible to tnt^ate), and many other in- 
teresting^ circumstances ; . but we must proceed to 
Partial Fluxional Equations. 

(1.) Required to integrate 

Since y is not involved, y is supposed constant, and 
the integral containing an arbitrary function of y may 
be obtained, on that hypothesis, by the ordinary methods 
for equations between two variables. Similar reasoning 
will apply to the form 



Ex. (1.) (— - S«0 ^ = 0. 



z 



Here -7- = 8**, .". « = «* + fy. 



Ex. (s.) X - 4-v^««+y= 0^, 



w 



Here i =i 
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\/««-f *'« 



r 



z 



Ex. (S.) -T l/a«-;^-x« = a. 



ax 
Here i = 



a: 



.*. jsr ss a «tn. "' 



s/a^^y^ 



Z 

Ex. (4.) -7- *y 4- 02 = 0. 
Here x being eonstant, we have 

or JS*J^ SS: c = <P«. 

Ex. (6.) — . Cy + J?*) = ^2 + «S which being 
homogeneous, we get 

Z X 

tanr^ ten."* — = ton.""' c 

y y 

Z 30 

. ^"^^ - c 

(S.) Rehired to. tnt^ate (when possibk) the 
Partial Linear EauATioN 

Pp+ Qj = y ^j; 
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P, Q, V^ being functions of (jc, y^ z) and Pf q the 

z z ' 

partial fuxional co-efficients -r, "-r, o/*2 relative to x,y 

'X y 

respectively. 

Since z is supposed a function of (x, y), we have 

2 -px + qy ., {B) 

and substituting p^ derived from (BJy ineq . A, we get 
(Pi- Vx) = q {Py^Qx) (a) 

the integration of which presents two cases. 

^ Case 1. Let P and V contain only (jt, z) and P^ Q 
only (y, x). 

Then, since 9 is indeterminate 

Pi-.Fx=0, and? (Py-Q«)=0 (6) 

and there exist factors fi, /x' capable of rendering these 
equations perfect fluxions (see p. 319) JT, Jl^^ 

Hence ' 

Jir=^. (Pi-Fje)=A^. iPy-Qx) 

= -7 • 7 X JIT', 
which cannot be the case unless -^ o is a function of JIT, 

^ denoting an arbitrary function. 

Ex. (1 .) Let px'\-qy=s, nz. 

Here P=sx, Q=^, and F=nz 

.-. xi — mtt s= 0, and xy — yx' = 

i X - y a? 

.-. — i = w -, and "2. =s - 

2^ X y a? 

Jf = 4, and Jir = ^ 



x« X 



APPENDIX. S69 

which is an homogeneous function of x y. 

Ex. (2.) p a:2 + jy = z«. 
Here P = x«, Q = y, and F= z« 
.\ x«i — jr«« = 0, x*^ — yx = 

.-. Jlf = , ilT = 



z— ar 



-fv) 



xar V ^ 



Case 2. When x, ^^ 2 are intermixed in P, Q, V 
(eq . a), if we can determine two integrals of equations 
(b^ viz. Mzizaf M'sL»\ the integral of A will also in 
this case be 

For let 

AT = -rfi + 5^ + C* = 0> . . 

JT = at + iy + ci = 05 ^*^ 

then, in order to find the conditions on which M^ pUfsz 
will satisfy Pp + Qq^ V, wfe take the fluxions relatively 
to (Zf x)y and (z^ y) thereby obtaining 

iC'-e<p, (M'))p + J - a(p, (lif) = 

{C'-c(p, CMj)q + B'-bp, (M') = 0. 

Hence deriving p and q and substituting them in eq. (A) 
we get 

JP+2?Q+Cr=(p, (lip) . (aP-^bQ+eV) ... (f) 

the condition required. 

But since, by hypothesis, M and M' satisfy equations 
*(&)> by substituting for z and x their values hence de- 
rived in eq . (e), we get 

ilP+SQ+Cr=0, andaP+iQ + cJ^=: 0.. 

which show that the condition ff) is fulfilled by 
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Mss^Afj and oonsequendj that it is an integral of the 
proposed equation. 

Now, smoe we qbiab from equalioiii (() another 
Q^— Fy =0, the rule may be thus stated : 

Find ttoo integrals JIf :?«, Hfssia of cay two of the 
. equations 

Pi^ Fi =^ 0, Py - Qf = 0, Q^ - Fv = ; 

then the integral of Pp + Q9= F will be 

Jf = ^ . JT. 

Ex. 1. Let qxy — px« = y^. 

Here ««i + y*i = 0, x^y + ryi = 0. 

From the latter we get jy:=zm=sjlify azri substituting 
in the former &k y , 

z+a . ar*otzszOf and .'. z — 5-: =«— l-sia^plf 

and the integral is 

Ex. a. px + jy ■= «V«*+j^. 

Here opi— nx/^M^ 5= 0, xj^— y« =«: 0. 
The second gives a' = - = JIT 

and .-. aez — impxV^1+»« 5= 
.-. z — nap. >/! + «« = 
s — nl/x2+y2= «t=; Jf 

•^ Vx/ 

For complete information on this subject, which is 
intimately connected with many of the most important 
proU^ns in Geometry and Natural Philosophy (as he 
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will discover on consulting the immortal works of 
S'AIembert, Euler, Monge, Lagrange, and Laplace), 
the Student is referred to Lacroix, 4to edition. 

Having already exceeded the limits originally pre- 
scribed to ourselves in this Appendix, we shall forbear 
to comment upon the remaming Sections; and the 
rather, because the details by our author are of them- 
selves sufficiently ample and diversified. We must not 
omit to notice, however, the oversight committed in 
Art. 899, which , our author himself subsequently 
corrected in page 135 of his Miscellaneous Tracts. 
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The works op THOMAS SIMPSON, F.R.S. 

viz. 

The Elements of Geometay, with their Appli- 
cation to the MensanUon of Superfices and Solids ; to the Oeteriniiia- 
tioD of the Maxima and Minima of Geometrical Quantities, and to the 
Construotion of a great Varielj of Geometrical Problems, 8?o, a new 
EditioD, corrected ; with additional Notes, and an Appbndix, contain- 
ing a description of the Analjtioal and Synthetical Modes of reasoning 
made use of by Mathematicians ; an Account of the lost Analytical 
Works of EncLio and Afollonius, and of the seferal Attempts of the 
Moderns to restore then. 8vo. 78. 

Triconometby, Plane and Spherical, with the 

CoBftraotion and Application of Logarithms, 8vo. 5th Edition, 3s. 

A Treatise of Algebra^ wherein the Principles 

are demonstrated and applied in many usefbl and interesting Inquiries, 
and the Resolution of a great Variety of Problems of different kinds. 
To which is added, the Geometrical Construotion of a great number of 
liinear and Plane Problems, with the Method of resoWing the same 
namerically, in 8vo. a new Edition, carefully revised from a Corrected 
Copy, by the Author, with an Appenaix containing a PaAXis, or Colleo- 
tion of Questions, without Solutions, applicable to the most useftil 
purposes of Science, and calculated for the improvement of Students in 
Algebra. • 

Select Exercises for Young Proficients in the 

Mathematics, containing a great variety of Algebraical and Geometrical 
Problems, with their Solutions ; the Theory of Gunnery ; a New and 
Comprehensive Method for finding the Roots of Equations in Numbers; 
and a Short Account of the Nature and First Principles of Fluxions. 
New Edition, 8vo. 7s. 

A Treatise on the Nature and Laws of Chance, 

Bvo. The whole after a new, general, and conspicuous manner, and 
illustrated with a great variety of Examples, 4s. 

A SUFFLSMEKT tO the DoCTRINE of ANNUITIES 
and REVERSIONS, deduced from General and Evident Principles ; 
containing the Valuation of Annuities and Reversions, for single and 
joint Lives ; with the necessary Tables. 8vo. 3s. 6d. 

The Doctrine and Application of Fluxions ; 

containing (besides what is common on the subject) a number of new 
Improvements in the Theory ; and the Solution of a variety of new and 
very Interesting Problems in different branches of the^athematics. lu 



Mathematical Works printed for J. CoUingMoood. 

Maclavrin's Account of Sie I. Newton^s Phi- 
losophical DISCOVBRIES, with UfeortheAolfaor.by Dr. Mon- 
oocB, 4to. 15«. 

The Same, large paper, ISs. 

An Introduction to Fluxions, designed for the 

Uae, aod adapted to the Capaoities of Beginners. By the Rot. F. 
HoLLiDAT, Bto. 7a. 

N. B. This Work was intended as an Inlrodaction to more difficoU 
Books, espeoially Emerson's Floxions. 

De Sectionibus Conicis Tractatus Geomb- 

TRICUS ia qoo ex Nalara ipsios Coni Seotionnm affectiones ftditim^ 
deoucuDtnr, methodo nova, auctore H. Hamilton, A. M. Coltegti S. 
Trioitatis Dnblinii Socio. 4to. Londini, 15». 

A Geometrical Treatise of the Conic Sec- 
tions, in which the Properties of the Skotions are derired from the 
Nature of the Cone, in an easj Manner, and bj a new Method. 
Translated from the abore Latin of Hugh Hamilton, D. D. F. R. S* 
4lo. 15s. 

Lawson's (Rev. J. F. R. S.) Mathematical 

WORKS ; containing— The two Books of Apollonias Pergaoas, oonoem* 
tog Tangendes* aa they have been restored bj Francisous Vieta, and 
Marinns Ghetaldus, with a Sopplement ; and Mons. Format's Treatise om 
Spherical Tangencies. — Alsoyjlhe two Books of Apollonios Pergssus oon- 
ceming Determinate Section, as they have been restored bj WiUbrordoa 
Snellius; with the same two Books hy William Wales,^ F. R. S.— A 
Sjnopsitf of all the Data for the Construction of Triangles^ from whioli 
Geometrical Solutions have hitherto been in print — A Translatiiw of 
Dr. R. Simson's Treatise on Porism^. A Dissertation on the Geome- 
trical Analysis of the Ancients, &c. &o. In One Volame, 4to. 15s. 

N. B. Either rf the Tracts contained in the above Collection may he 
had separately. 

Dissertation on the Geometric 

CAL analysis of the ANCIENTS, with a collection of Theorema 
and Problems, without Solutions, for the Exercise of Young Students. 
Sro. 4s. 

Stewart's (Matt) Tracts, Physical and Ma- 
thematical ; containing. An Explication of several important 
Points in Physical Astronomy ; and a New Method for ascertaining the 
Sun*8 Distaiioe from the Earth, by the Theory of Gravity. 8vo. 7s. 

Propositiones Geometricjb, 

more Tetemm demonstralse. 8vo. Edinb. 1763, 6s. 

The Method of Finding the Longitude at Sea 

by time-keepers ; to which are added. Tables of Equations to 
Equal Altitudes, more extensive and accurate than any hitherto pub- 
lished. By William Wales, F.R.S. A new Edition, corrected and 
enlarged by an Appendix, containing Two Practical Rules for ascer- 
taining the Longitude by the Lunar Observations, by the Rev. i, 
Brinklry, D. D. F. R. S. &c. &c. 4s. 



